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On Supersonic Wind Tunnels With 
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Mem. ASME? 


Low Free-Stream Disturbances 


\Teasurements in supersonic wind tunnels have become almost routine in the last decad: 


and yet little is known about the free-stream disturbances, which are present, and about 


the means of minimizing them. 


The present note outlines the problems of minimizing 


the mean as well as the unsteady variations of velocity and temperature and gives guidance 


where the trends are clear 


It is found that in many wind tunnels the free-stream fluctua 


tions are likely to be dominated by aerodynamic sound in the sense of Lighthill and b) 


shivering Mach waves. 


Only conjectures can be offered on the means of minimizing the 


resulting sound intensity at the present time 


a, RBANCES in the free stream of supersonic sec- 


tions can be classified as (a) nonuniformities in the mean flow, 


observable by d-c instruments, and (b) unsteady disturbances. 
The tolerable level of these disturbances obviously depends upon 


The 


task of keeping the disturbances extra small, which is often ex- 


the objectives of the experimental programs in the tunnel 


pensive and time-consuming, may not always be warranted while 
for some experiments such as those on instability and transition 
of shear flows, an all-out effort is indicated. Certain principles 
for minimizing the disturbances, however, appear to be generally 


valid. 


Mean-Flow Nonuniformities 


The cause of mean-flow nonuniformities (a) observed in super- 
sonic tunnels has been almost invariably traced to imperfections 
in nozzle and wall contours. There exists a large literature on 


the subject ol prevention of and corrections for such nonuni- 


Most which form the background for the 
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received after the 
Nott 
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Division 


formities (see, for instance, bibliographies in Kenney and Webb 
{l 3 Mever i2}, MacDermott [3], 


agreed that, in order to make nonuniformities small, contours 


and so on It is generally 


should be curved gently, and continuously; that very close at- 
tention must be paid to joints in the walls or to eliminate them 
if possible; and that the development of the boundary layer on 
the walls best be taken into account \ number ol good tunnels 
have been built along those principles . 
with any references where mean- 
the 


The author is not familiar 


velocity nonuniformities in supersonic sections have been 


traced to nonuniformities of the subsonic mean flow upstream of 
the nozzle (except for a Case of a mild axial swirl and obvious 
cases of local separation). There is some experimental evidence 
that constant-pressure mean temperature nonuniformities (strati 
fications) tend to persist in the flow. The extremely rapid pas- 
sage through the nozzle must be essentially isentropic so that the 
deviations AT’ of the 


only in 


static absolute temperatures T’ from the 


mean decrease proportion to the absolute t mperatures 


(see Corrsin [11], Equation 7 


AT, AT, 
r 7, 
Mach-number 


formity in the supersonic section, however, appears to be small 


The corresponding influence on the nonuni- 


and on the same order as the influence of the velocity nonuni- 
formities. This can be concluded from the remainder of the com- 
pressible perturbation equations of Corrsin [11], corrected and 


modified : 


end of paper 


ite References at 





Nomenclature 


effective nozzle length a 

. Iriction 
size of integral seale of fluctua- 
tions 


local Mach number 


time in sec 


wall 


absolute stagnation or total tem- A = 
perature 


velocity = 
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velocity, ( 


horizontal component ot ve locity 


perturbation 
absolute static temperature = ratio of specific heats 


perturbation 


boundary-layer 


density 


viscous shear 


Subscripts 


1 = conditions is settling char 
2 ; conditions in supersonic 
tion 
in the quantity 
Superscript 
rms value 


thickness prime 
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where 7’, is the mean stagnation temperature: 


— = 
r= 1(1 re . m.) = rs (1 +7 


9 
- ~ 


M:') (4) 


Large contraction ratios to the sonic throat make M,? small in 
Equation (2) and minimize these nonuniformities, AM:/Me. 

One other nonuniformity of the mean stream is known to exist 
in two-dimensional nozzles (from scattered, unpublished experi- 
mental data) but has not apparently been explored carefully. 
There is a lateral flow in the boundary layer, tending to accumu- 
late a ridge of low-speed air on the axis of symmetry of the side- 
walls. The corresponding variations of displacement thickness 
induce a pressure field, often not insignificant, which is difficult to 
trace during tunnel calibration because of its three-dimensional 
nature. 


Unsteady Disturbances 


Turning to unsteady disturbances [category (b)], criteria for 
judging the unsteady disturbance level in a supersonic tunnel and 
for designing for one of low-disturbance level have been essen- 
tially nonexistent. One reason for this gap was the poor under- 
standing of just what these unsteady disturbances were, what 
were their sources, and how they could be measured. Partial 
answers to these questions were recently given by Kovasznay [4] 
and Morkovin [5] and [6]. In particular from the discussion of 
free-stream disturbances in [6], the following concept emerges, 
Fig. 1. Free-stream disturbances in supersonic tunnels gen- 
erally consist of comparable contributions from vorticity-mode 
fluctuations (turbulence), entropy-mode fluctuations (tempera- 
ture spottiness), and sound-mode fluctuations. Here ‘‘compara- 
ble’? means that the unsteady velocity fluctuations correspond- 
ing to the vorticity mode and to the sound mode are of the same 
order, and the unsteady temperature fluctuations corresponding 
to the entropy mode and sound mode are comparable. As a 
consequence, an electrical signal from a hot-wire anemometer 
corresponds to all three modes (except near M = 1, where the low 
sound sensitivity suppresses the sound contribution; Morkovin 
([5]). However, the signal from a single hot wire cannot be gen- 
erally decomposed into the contributions from the three modes. 
This follows from the fact that at supersonic speeds the relation- 
ship between the hot-wire sensitivities is such that the informa- 
tion content consists of three numbers only.‘ Generally, one 
needs four to ten constants to describe the three modes and their 
interrelationship in the free stream. With systematic assump- 
tions of the missing information one can bracket the intensities of 
the fluctuation modes as was done in [6] for the measurements in 
the Johns Hopkins Supersonic Wind Tunnel. Comparison of 
these inferences with simplified theories of the contraction effect, 
Ribner and Tucker [7], Moore [8], and corresponding low-speed 
measurements of Uberoi [9], together with additional subsonic 
to supersonic measurements, leads to the following observations 
and working precepts. 


Suppression of Vorticity Fluctuations 


It is relatively easy to minimize the vorticity fluctuations (tur- 
bulence) by simply designing for a large speed ratio across the 
nozzle, U:/U,; i.e., by choosing a large ratio of settling-chamber 


*Morkovin [5], p. 15. 
‘Ibid., equation (3.4) enlarged for different sources of sound. 
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cross-sectional area to sonic throat area. The charts of Ribner- 
Tucker [7] appear to give a satisfactory guide for the upper 
bound on the vorticity expected in the supersonic section for a 
given settling-chamber turbulence. Since both the axial and 
lateral fluctuation velocities u’ and v’ decrease very rapidly as the 
speed ratio U;/U; increases, it is not necessary to use excessive 
effort to reduce the settling-chamber turbulence to very low 
levels unless there is a constraint on the usable settling-chamber 
area. 

When the level of turbulence in the supersonic test section of a 
tunnel already completed turns out to be undesirably high, the 
remedy lies in the low-speed techniques of minimization of 
settling-chamber turbulence by several screens of decreasing 
meshes. Because of the foregoing suppression of turbulence as- 
sociated with large values of U:/U,, a relatively high turbulence 
level of 0.5 per cent or less in the settling chamber should prove 
satisfactory even for measurements of transition in the supersonic 
section. 

If one wishes to measure the disturbances in the supersonic 
test section one should place an effective fine filter (cloth or 
paper) in the settling chamber so that dust and dirt particles 
flying at high speeds do not cause breakage or pitting of the sensi- 
tive elements of the meter. Larger settling-chamber areas and 
correspondingly smaller settling-chamber velocities facilitate the 
installation of the filter. A larger settling chamber also allows 
ready accessibility (if planned for). Accessibility to the regions 
of potential sources of disturbances, such as the settling chamber 
and the nozzle region, is very helpful when one needs to identify and 
eliminate existing disturbances. In particular, one can locate 
and eliminate sources of irregular low-frequency oscillations some- 
times observed in supersonic tunnels (e.g., Lukasiewicz [10], 
unpublished JHU findings, and others). Many of these fluctua- 
tions have been traced to locally separated regions at the wall of 
the settling chamber; e.g., at beginning of nozzle contraction; 
immediately downstream from a high-density screen or filter; 
in diffuser of settling chamber, and so on. 


Entropy or Temperature Fluctuations 


The sources of entropy fluctuations (temperature spottiness) 
are traceable to the settling chamber and farther upstream, Fig. 
1, especially to where dried air is introduced into the main flow 
circuit, and to the cooling stations. Entropy-temperature fluctua- 
tions are, of course, evened out by heat conduction as they are 
convected downstream. Townsend®* considers a sinusoidal tem- 
perature distribution of wave length L in a direction z, AJ’ = 
AT» cos (2rx/L), and shows that, after a time ¢, the amplitude 
AT will be diminished by the exponential factor 


F = e~ *t(2e/L)* (5) 


For laminar flow, the expression (5) is exact and & stands for the 
molecular heat conductivity of the medium. For turbulent flow 
the expression (5) is only approximate and k represents an average 
turbulent diffusion coefficient, which is essentially propor- 
tional to the square of the turbulent fluctuations and which is 
usually much larger than its molecular counterpart. 

When the temperature is also stratified sinusoidally in the y- 
direction, the decay factor becomes $*. For sinusoidal cellular 
structure of equal scales L in three directions, the decay of the 
spots is accelerated further by an additional power of the factor 5. 
Although realistic temperature distributions are not regular and 
usually represent a mixture of all sizes, it is clear that one can 
suppress the temperature variations substantially faster by in- 
creasing their three-dimensional character. One can even speak 
of an effective scale L (Townsend*). 


6 Reference [12], pp. 58-62. 
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entropy spots 


heat exchongers 


Fig. 1 Free-stream distur- 
bances in supersonic wind 
tunnels 


reducing valves 


diffusors 


compressors 


Mixing, due to turbulence in the ducts and due to the effect of 
the screens, accelerates the decay primarily through the terms k 
and L in Equation (5). These factors vary from tunnel to tunnel 
but the rms temperature fluctuations in the settling chambers 
of four different supersonic tunnels were found to be inconse- 
quential or were made so by relatively simple precautions. In 
particular, it is well to provide separate temperature controls on 
any channels running in parallel so that at least the mean tem- 
peratures can be matched at each junction. Large-scale tem- 
perature stratifications should be avoided since they appear to 
decay slowly as would be expected from Equation (5). Maximum 
passage time should be provided between the junctures of parallel 
channels, in which there is energy exchange, and the supersonic 
section. The velocity in ducts being usually on the order 50-150 
fps the passage times through the ducting tend to be rather short. 
A large settling chamber with screens of decreasing size can double 
or triple the passage time in question and also bring about faster 
decay by increasing the effective k and by “‘filamenting’’ the tem- 
perature spots, thus rendering the effective L smaller. 

The high acceleration through the nozzle makes the transit time 
small (approximately £/U, log,(U:/U:) where £ is the nozzle 
length) so that the corresponding decay is probably negligible. 
In the test section the temperature fluctuations due to the en- 
tropy mode (or their upper bounds) would then be related isen- 
tropically to those in the settling chamber; i.e., they would be 
smaller in proportion to the absolute static temperature ratio, 
similarly to the steady mean-flow variations of Equation (1). 

The high acceleration of the associated density spots could 
generate sound waves and vorticity fluctuations (Fig. 1, labeled 
“interaction”’) which would make the analysis in the test section 
much more complicated. Quasi-one-dimensional treatment of 
Moore [8] leads to insignificant sound intensities propagating 
into the supersonic section, largely because of the choking effect 
of the sonic throat which is probably exaggerated by the one- 
dimensionality. Otherwise, little appears to be known about 
these interactions in the nozzle, theoretically or experimentally. 
In one exploratory attempt to create large but pure entropy 
fluctuations in the Johns Hopkins Supersonic Tunnel, a makeshift 
heater made of six */s-in. U-shaped rods (net length 30 in. per 
rod) was placed in the cone diffuser to the settling chamber (up- 
stream of most of the screens, where local speed U; was ap- 
proximately 10 fps) and heat was discharged into the tunnel at 
the rate of 0.8 kw per rod. The signals of the hot-wire anemome- 
ter in the supersonic section (a little over a second downstream of 
the heater) disclosed stratifications as expected, with the entropy 
fluctuations indeed dominant over the vorticity and sound sig- 
nals. The maximum rms value measured corresponded to 0.56 
deg where the static mean temperature 7 was 186 deg K. The 
vorticity measured was almost perfectly anticorrelated, as is 
reasonable,’ with the entropy signal and corresponded to mere 


7 The fluid lumps which received the most heat from the heater 
were those that were slowed down the most. 
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0.3 fps in u’ (with free-stream speed U, ~ 1500 fps and M; = 
1.76). The smallness of the vorticity testifies not only to the 
effectiveness of the screens and contraction in suppressing the 
velocity wake from the heater rods but indicates that there could 
not have been appreciable generation of new vorticity during the 
acceleration through the nozzle. If this conclusion is general, 
then the significant entropy and vorticity fluctuations found in 
the supersonic test section are generally traceable to the settling 
chamber and farther upstream and can therefore be minimized 
by the various precautions already discussed. 


Intensity of Classical Aerodynamic Sound 


The same cannot be said for sound fluctuations. The sound 
levels in the supersonic test sections cannot be measured with 
precision with a single hot wire, but the decibel level may reach 
120 to 130 and higher, Morkovin [6], at moderate supersonic 
Mach numbers. As explained in [6], the generators of such in- 
tense sound are to be found in the turbulent boundary layer on 
the walls (or models) of the supersonic section, Fig. 1, rather than 
in the settling chamber. 

The general concepts of aerodynamic generation of sound of 
Lighthill [13], [14], and [15], in free stream, and of Curle [16] in 
presence of solid boundaries, do provide partial appreciation for 
the sound sources in the supersonic test section, but in words of 
reference [13]: “As a final restriction, the theory is effectively 
confined in its application to completely subsonic flows ae 
Information from shadowgraphs of bullets in free flight, from 
hot-wire anemometers [5, 6], and from intuitive arguments* 
agrees that the sound energy in supersonic streams is predomi- 
nantly radiated in the general direction of the free-stream Mach 
waves, even though individual wave fronts may be inclined at 
different (variable) angles if the effective ‘“‘sources’’ are moving 
with respect to the free stream and the solid boundary 

The truly aerodynamic sound in the sense of Lighthill, category 
(b) of Fig. 1, and of Morkovin [6], is radiated from a distribution 
of quadrupoles over the volume where the turbulence is large, 
i.e., over the volume within the boundary layer, and from a surface 
distribution of (turbulent-pressure) dipoles, Equation (2.18) of 
Curle [16]. Dimensional considerations indicate that the dipoles 
may be dominated by the quadrupoles at high speeds but similar 
dimensional reasoning had apparently oversimplified the picture 
in the case of high-speed jets* when compared with experiment. 
At any rate, no other estimates for the dipole radiation are availa- 
ble at this time. 

As for the quadrupole radiation, it should depend (as at sub- 
sonic speeds) upon the intensity of turbulence, seale or frequency 
of intermediate-size eddies (Lighthill [14]), and effective con- 
Furthermore, it is strongly amplified by mean 
This 


vection velocities. 
shear, while mean temperature gradients have little effect. 
* Lighthill [14], pp. 29-30, for example. 


* Ibid., p. 1. 
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information, however, does little to answer practical questions 
such as whether, for a given Mach number, one can reduce the 
radiation by thickening the boundary layer. In so doing, one 
probably would reduce the turbulent intensity and the mean 
shear, but would increase the volume over which the quadrupoles 
are distributed so that the net effect is not certain. Similarly, for 
a given Reynolds number per inch in the supply section, the rate 
of increase of the radiation intensity with increasing Mach num- 
ber of the test section is obscured by the rate of thickening of the 
layer and by the drop-off of the skin-friction co- 
Furthermore, there is evidence (Morkovin [17] and 


boundary 
efficient.” 
Kistler [24]) that the turbulent velocities, even when nondimen- 
sionalized with respect to the significant Prandtl shear velocity 
l r (iT p) 
corresponding density] are considerably lower at supersonic 


*, where 7 is the viscous shear at the wall and p the 
speeds than at low speeds.!! These intensities are likely to drop 
farther with increase in Mach number. 

The foregoing considerations have a particular bearing on the 
sound generation in the boundary layer of the nozzle, where the 
favorable pressure gradient tends to develop a thin layer of high 
mean shear near the wall. 
in the nozzle of the JHU tunnel disclosed the presence of a dis- 


Iixploratory traverses with a hot wire 


tinct high-intensity thin turbulent layer within a much thicker 
turbulent boundary layer. Since turbulence in a boundary layer 
is produced largely near the wall'? and is then “diffused’’ out- 
one can interpret the thin layer of vigorous activity as a 
(The effect is 


[17] when a 


ward, 
“diffusion front’’ associated with the higher shear. 

probably similar to that documented in Morkovin 
sudden rapid expansion wave distorts a supersonic boundary 
The sound from the throat area then radiates into the 
If the high-intensity turbulence and the 


laver.) 
test section proper 
amplifying high mean shear should have more effeet on sound 
generation than the total quadrupole volume within the boundary 
layer, this nozzle region could contribute heavily to the total 
sound level in the tunnel. Increasing the length of the nozzle ex- 
pansion would tend to decrease the shear and the local turbulence 
level while the boundary-layer thickness would grow. . There is 
probably an optimum nozzle length in which the advantages of 
slower expansion are balanced by the additional contributions 


from the lengthened layer. 


Shivering Mach Waves 


Another type of sound, the unsteady Mach waves, Fig. 1, 
category (c) of Morkovin [6], however, needs to be considered 
in any criteria for optimum geometry. The incremental contribu- 
tions to sound intensity (above the more or less homogeneous 
background) due to a steady pressure gradient, which is dif- 
fracted, scattered, or reflected by a shear layer, can be measured 
quite well if the gradient is sufficiently sharp, Morkovin [5] 
The small positive-negative mean pressure gradients generated 


by the imperfections of the nozzle contour, window joints, and 


Recent unpublished hot-wire measurements by J. Laufer and T. 
Vrebalovich in the 18 X 20-in. and 12 X 12-in. tunnels of the Jet 
Propulsion Laboratory of the California Institute of Technology in- 
dicate that the radiated sound intensity decreases [!] as the Reynolds 
number per inch increases at constant Mach number. Furthermore, 
for a given Reynolds number per inch, the measured sound intensity 
increases as the square of the Mach number and tends to dominate 
other free-stream disturbances. 

Lighthill suspects a similar decrease in jets [14]. It would ex- 
plain the disagreement of experiments with the dimensional predic- 
tions, which assume wu’ in a fixed proportion to U's as lL’, varies. 

Schubauer [18], p. 18. 
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so on, are often “sufficiently sharp’’ at supersonic speeds. There 
is in fact little doubt that this type of sound dominates in many 
wind tunnels where its intensity eften reaches above 130 decibels, 
at least locally, Morkovin [6]. 

\ fixed observer senses this sound because the wrinkled Mach- 
wave fronts are displaced back and forth with respect to him 
For a linear steady pressure gradient, O0p/Oz, the nondimensional- 
ized rms acoustic condensation, Ap’/p, outside the shear layer 


should vary approximately as follows: 


Ap - Ap = C(M) op 5AM 6 

p YP p oO 
Here C(M) is a factor characterizing the wave-front geometry and 
AM’ a fluctuation in Mach number, representative of the layer 
The 
x-displacement of the fronts is accounted for by the term 6, the 
Actually this term puts empha- 
i.e., on lower frequency fluctuations. 


(which is due to both vorticity and entropy fluctuations). 


boundary-layer thickness in (6 
sis on the large-size eddies; 
(When the velocity of a perturbed wave front is integrated to ob- 
tain the displacement, the frequency f appears in the denomina- 
tor, thus indeed favoring lower frequencies. Similar trends can 
4 of Morkovin [6]. 
pressure gradient in Equation (6) is approximately that which 


be seen in the experin ental Fig The mean 


would exist in an inviscid flow for the same wall geometry (with 
imperfections) except for the softening effects due to the bound- 
ary layer, of the type discussed by Lighthill in connection with 
“upstream influence,”’ [19]. When positive and negative pressure 
gradients follow each other, such as those caused by bumps and 
waviness on the wall, the softening effects appear stronger and 
may cause the net mean Ap to be some 30 per cent less than the 
inviscid Ap (Morkoevin [20] 

Clearly, much of this type of sound is suppressed when the 
mean-flow nonuniformities due to contour imperfections are de- 
creased. The efforts in keeping the wall smooth and continuously 


eurving pays then double dividends In some tunnels such 
measures would constitute the single major Improvement of un- 
steady disturbances in the stream 

The continuous design-pressure gradient in the nozzle, how- 
ever, will always remain and will therefore contribute to sound 
in accordance with Equation (6 It, would appear promising to 
lengthen the expansion nozzle since 0p/dOxr would decrease propor- 
tionately, while the increase in 6 would probably be compensated 


by a decrease in AM’ 
test 


However, the mean Mach line through a 


fixed point in the section would now pass through the 
houndary layer more times between the throat and the point in 
question The sound generated by diffraction of a given mean 
pressure gradient at two successive passages through the boundary 
layer would be largely uncorrelated so that the rms amplitude 
would rise by a factor of \/2 rather than 2. If, furthermore, the 
intensity of the unsteady plus-minus pressure waves were 
damped upon each reflection from the wall, there could actually 
be an advantage in lengthening the nozzle. Since it also is easier 
to avoid or to polish away the offending waves and bumps for 
contours which are more gradual, a longer nozzle could well be 
helpful in decreasing the sound from “shivering Mach waves 
Hot-wire traverses in the JHU tunnel at Me of 1.76 have not 
disclosed any isolated shivering Mach waves associated with con- 
tour nonuniformities (other than those produced on purpose 
This fortunate circumstance probably stems from several con- 
struction features. Perhaps it is well to conclude the discussion 
with description of these features from an unavailable 1950 report 


by L. T. Miller: 
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“The nozzle contour is formed by two '/,-in. brass plates which 
were warped to the approximate basic contour and then filed and 
lapped to compensate for secondary bending. Each plate is 
positioned by an end block and 84 jack screws arranged in groups 
of three across the nozzle width. The jack screws have a 
differential adjustment of 0.0035 in./rev through the use of an 
8-36 and 10-32 thread. Coarse adjustment is provided by the 
The jack screws are attached to the contour plate 
Tests of this at- 


10-32 screw. 
by threading into a tapped hole '/s; inch deep 
tachment method showed that the combination of tapped hole 
and attaching stud avoided the production of local flats'® on the 
contour surface since it maintained the local stiffness of the 
plate approximately at its original value.”’ 

Removable windows extend from upstream of the throat to the 
end of the test section without joints. They also provide ready 
accessibility to the nozzle region. In particular, the final adjust- 
ment of the jack screws was carried out optically; reflections of a 
line light source from the nozzle contour were viewed and the 
screws adjusted until no distortion of the deflections due to 


waviness was observable. 


Sound From Wall Vibrations 

Most supersonic tunnels have a construction at least as rugged 
as the one just described, as required by the criterion of very small 
deflections under load. One would then expect that the sound 
radiated into the tunnel by unsteady lateral deflections of the 
walls would be considerably smaller than the sound radiated into 
this 


along the lines of 


fuselages of high-speed aircraft. Assessments of sound, 
of Fig. 1, and of Morkovin [6 


} and Corecos and Liepmann [22], confirm these ex- 


(category (d 
tibner [21 
pectations and indicate a level of 70-95 db for the JHU tunnel 
The 


main factors which limit inward radiation from the walls are (a 


from this source depending on particular assumptions 14 


relatively large thickness of the wall, (b) the very low air density 
near the wall, (c) the relatively high density of the wall material, 
and (d) the relative thinness of the boundary laver which governs 
the scale of the pressure fluctuations. 

One observes also that the same wall undulations must give 
rise to pressure fluctuations outside the tunnel, which in the im- 
mediate vicinity of the walls are not radically smaller than their 
counterparts inside the tunnel. Since pressure fluctuation levels 
from all sources just next to the wall or windows of tunnels seldom 
exceed 90 db, the sound of category (d@) inside should not be ex- 
pected to reach 110 db. Unless it were concentrated in a critical 
frequency band, its effect can be neglected in comparison with 
the boundary-laver sound in the sense of Lighthill and with the 


shivering Mach waves 


Conclusions 


Mean-flow nonuniformities in supersonic tunnels apparently 
can be made sufficiently small by standard techniques A large 
ratio of the settling-chamber area to the area of the sonic throat 
decreases effectively those mean Mach-number nonuniformities 
which come from upstream of the throat. Great care in keeping 
nozzle contours continuously curving without bumps or waviness 


minimizes not only the mean-disturbance wave pattern seen in 


Which plague most flexible-wall tunnels 
14 Note that experience of JHU as well as calculations, based or 
Mair’s estimates [23], indicate that Mach waves just observable by 
sensitive schlieren apparatus have an a-c component, which cor- 
responds to a sound intensity of 120 to 130 db 
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many schlieren photographs, but also the unsteady, often 
dominating, sound level from shivering Mach waves 

Supersonic turbulence (vorticity fluctuation) is effectively sup- 
pressed by a large contraction ratio. 

Entropy (temperature) fluctuations can be reduced by match- 
ing mean temperatures at any duct junctures and by providing 
“long passage time” from such junctures to the test section. In 
particular, a low-velocity settling chamber with graduated screens 
to decrease the effective scale of the temperature nonuniformities 
is thought effective. 

In considering the effects of free-stream disturbances, their 
spectral distribution may be relevant, for instance, in connection 
with the excitation of Tollmien-Schlichting waves. Vorticity and 
entropy fluctuations will not be important in the frequency range 
above 8 ke, 


speed passages and because the high-frequency components de- 


Morkovin [6], because they are generated in low- 
cay very rapidly. The sound generated in the supersonic section 
ho V,ever, will have frequencies characteristic of thin high-speed 
layers; i.e., up to 60 ke and higher 

The offending sound in the supersonic section is generated in the 
wall boundary layer: by surface dipole and volume-quadrupole 
distributions and by unsteady displacement of mean pressure 
gradients causing the shivering Mach waves. This sound is very 
difficult to measure experimentally or to predict theoretically 
Furthermore, it appears that little can be done to reduce its leve! 
appreciably (except in tunnels with contour nonuniformities 
One could (a) attempt. to change the boundary-layer thickness 
seek an optimum nozzle 


In either case there appear to be compensating trends 


without changing nozzle geometry, (6 
length 

It is important to keep in mind, however, that the residual 
sound level, as large as it may be, may not affect the experiment il 
objectives in the tunnels. It is probably irrelevant except in 
transition studies 
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Velocity and Temperature Fluctuation 
Measurements in a Turbulent Boundary 
Layer Downstream of a Stepwise 
Discontinuity in Wall Temperature 


Results are presented of an experimental investigation of the coexisting thermal and 
velocity fluctuation fields in a turbulent boundary layer downstream of a small stepwise 
discontinuity in wall temperature. The statistical behaviors of several relevant fluctuat- 
ing quantities have been obtained at a typical cross section of the boundary layer in the 
region whe-e the thermal boundary layer has not yet reached the free stream. The in- 
stantaneous surface of demarcation between heated and unheated fluid was found to be 
sharp and distinct at all points, resulting in intermittent temperature fluctuation signals 
well within the fully turbulent region of the momentum boundary layer. From the 
measurements at one section, the balances of turbulent kinetic energy and of turbulent 
temperature fluctuations across the boundary layer have been evaluated. In addition, 
the distribution of the local turbulent Prandtl number (ratio of the turbulent diffusivities 
of momentum and heat) through the boundary layer has been obtained; it is not con 
stant and varies between limits of 0.8 and 1.2 





Introduction 


ONVECTIVE heat transfer through 
boundary layer is a specific case of the general phenomenon of 
turbulence and turbulent fluid flows. No theoretical solution has 
been obtained for such flows, but their occurrence in nature and 
technology is so frequent that it has been necessary to learn as 
much as possible about them. This has led to a great number of 
experimental studies, some of which have resulted in tech- 


a turbulent 
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nically useful empirical or semiempirical analyses. The con- 
cept of isotropic turbulence and the concomitant accent upon the 
statistical nature of turbulent motion, together with the introduc- 
tion of the hot-wire anemometer as an experimental tool, con- 
siderably increased the depth of such studies. 

The results presented here were obtained in the course of an 
experimental study of the velocity and thermal fields in a turbu- 
lent boundary layer immediately downstream of a stepwise dis- 
continuity in wall temperature. As an aid in the interpretation of 
results, the number of controlling factors was reduced by imposing 
simple, reproducible boundary conditions and by restricting flow 
velocities to values low enough to permit neglecting the effects of 
compressibility. In particular, it was desired that the dy- 
namically significant properties of the working fluid be un- 
affected, within the limits of experimental accuracy, by the ad- 
dition of heat.2 Such a restriction has the advantage of simplify- 
ing the problem to one involving an existing “known’’ flow with 
the transfer process simply superimposed, Furthermore, since 


? This implies a relatively small value of a parameter such as 


(Tu — To)/To, where Tm is the maximum mean temperature en- 
countered and T> is a reference temperature such as that of the am- 








Division, May 9, 1958. Paper No. 58—A-81. bient or free stream. 
Nomenclature— 
c, = specific heat at constant l = microscale of turbulent tem- R, = Reynolds number formed 
pressure perature field using length a 
F¢ £4/(£2)?, flattening factor of m(Y) = two-point turbulent tem- Ra ab/a‘'b’, coefficient of correla- 
fluctuating quantity & perature correlation co- tion between fluctuating 
f(Y) _ two-point turbulent velocity efficient—see equation quantities a and b 
g(¥ ~  gorrelation coefficients (17) Ra," ab*/a'b*, triple correlation 
see equations (14) and P = instantaneous value of static coefficient 
(15) pressure Se £3/(£2)'7*, skewness of fluctue 
Pe = Péclet number ating quantity 
k = thermal conductivity p = instantaneous value of static Se = Schmidt number 
L, L, = integral scales of turbulent pressure fluctuation Scr = €y/€w, turbulent Schmidt 
velocity field—see equa- Q = heat flux per unit area number 
tions (14) and (15 gq? = ut +? + pw? (Continued on next page) 


Journal of Applied Mechanics 


september 1959 / 325 





the ‘“‘contaminant’’ (heat) does not affect the turbulent motion 
which transports it, measurements of appropriate properties of 
the contaminant through the flow give further information about 
the undisturbed turbulent motion itself. 

Previous measurements of heat transfer in a turbulent bound- 
ary layer were usually made to obtain heat-transfer data and 
hence have not included detailed information on the fluctuation 
fields. However, certain of these have reported some results 
which are comparable with a portion of the results reported here; 
detailed comparisons are made later in connection with the par- 
ticular quantities involved. The only other known turbulent- 
boundary-layer measurements generally similar to those of the 
present investigation are those of Nicholl which are described 
briefly by Batchelor [1].* 
study the effect on the turbulent motion of rather strong heating 
or cooling of the wall, a condition avoided as far as possible in the 


The object of these, however, was to 


present work, 

The paper presents results of an experimental investigation of 
the velocity and temperature fluctuation fields occurring when 
the temperature of the wall on which a turbulent boundary layer 
has formed is given a stepwise increase. The physical situation 
studied is sketched in Fig. 1. With the experimental configura- 
tion used, the heated wall was not long enough for the thermal 
boundary layer to grow out to the momentum-free stream. Re- 
sults of measurements of the distribution of mean properties and 


Numbers in brackets designate References at end of paper. 


Free stream velocity 
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heat-transfer coefficients for this same set of conditions have been 
reported elsewhere {2}. 


Pertinent Analytical Relations 


Turbulent-Energy Equation. 
lent-energy equation can be expressed as 


In Cartesian co-ordinates, the turbu- 


Oq? ~ Oq? ou; ° 
+ U, = —2uju; - (mg? 
ol Or, ' Of; OL, 
20 u*g? Ou; ou; 
_ (pu) + — 2p 1) 
p Ox, OF, OT, or, Or, 
where g? = u,u, and the Reynolds restriction, 
Ud) = 0, + u(t); P(t) =P +4 p(t i; = p 0 (2) 


has been applied. Equation (1) is a relation governing mean 
turbulent kinetic energy and represents the balance existing at a 
point among the processes of production, transfer, and dissipa- 
tion. For a two-dimensional, steady boundary layer with OP /dzr 


= 0 and axes oriented as in Fig. 1, equation (1) reduces to 


~ Og? ov m) 2 2a 
l t = —D)y - (vg? pi 
or oY OY Oy p oy 


se -»(2)(2) 
v ~ 2v 3) 
orY* Ou Or, / 


The terms on the left side of this equation represent convection 
of mean turbulent kinetic energy by the mean flow and those on 
the right side are, in order, production of turbulent energy from 
the mean motion, transport by the turbulent motion (sometimes 
called turbulent convection or diffusion), pressure work done in 
turbulent transport (alternatively denoted “pressure diffusion’), 
and (the last two terms together) energy changes due to viscous 








4 F profile transport and dissipation [3}. 
+ y ao 7 ‘ ; 
J 4 aid Tea) TA Teiay) In the case of isotropi turbul nee, the viscous effect is only dis- 
Sy | os sipative and can be written in Taylor's form 
te pe ee — ~ ~ 85 
T, }+—-» Wall heated to temperature T, 10v be { 
d? 
Fig. 1 Sketch of velocity and temperature fields 4A repeated index indicates summation. 
Nomenclature 
T = absolute temperature Y = intermittency factor for u A = integral scale of temperature 
i @:/pe,U«, friction tempera- velocity fluetuations fluctuation field—see 
ture Ye = intermittency factor for tem- equation (16 
{ = time perature fluctuations AX = microscale of turbulent ve- 
t', Vv, Wo = instantaneous value of ve- . . ¢g r — 7; ; locity field based on gf Y ) 
° . ° oO di ° » 
locity components in direc- 5 T, T, My AX, = microscale of turbulent ve- 
; J wear = 
tion of x, y, z-axes, respec- euiiatiinn Gidtem ef locity field based on f(} 
tively lineal = dynamic viscosity 
! 1/9 er ee ver ee thermal layer k ‘ ‘ 
(t , frictio velocity . . , i : ’ ‘matic Viscos 
: ° /P) - , ‘ 5e = geometric thickness of ther- ‘ MiP a Te 
u, , w’ = instantaneous values of tur- saislllanine p = density 
bule relocitv -tua- ‘ oak . rs nbe 
rule nt ve locity fluet la 8. = geometric thickness of mo- a uc,/k, Prandtl number 
tions in direction of x, y, z, ; a7 €y/€y, turbulent Prandtl 
: mentum boundary layer . 
respectively en 0 number 
r, v, 2 = co-ordinate axes 6** ; (1 dy, rT = shearing stress 
: , Us l 
r = distance downstream of lead- J0 ; 
ing edge of heated plate momentum thickness of | Notation 
ar fers o-ordinate axis (Car- 
» w distenee em wall momentum boundary refers to ith CO-O1 linate axi ir 
‘ laver tesian tensor notation 
z = distance from tunnel center ee 
i €y,€4,€w = turbulent diffusiviiv for mo- (po, free-stream condition 
ine a 
; mentum, heat and mass, ( );, condition at wall 
Y = distance between two points respectively ¢ } [( )2] /?, root-mean-square value 
used to define f, g, and m 3 = instantaneous value of tem- ), time (or ensemble) average: i.e., 
a = k/pe,, thermal diffusivity perature fluctuation mean value 
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where A is the “‘microscale’’ defined by Taylor [4] and is a length 
characterizing 
Kolmogoroff’s theory of “local isotropy” [5] states that, for suf- 


Reynolds number of the turbulence (e.g., Ry = 
u’d/v), the small-eddy structure of a shear flow may be isotropic. 


the dissipative eddies in isotropic turbulence 
ficiently large 


Since large-Reynolds-number dissipation occurs chiefly in the 
small eddies, it is often assumed that at very high R, the dissipa- 


tion rate in shear flow is approximated by expression (4). For 
fixed Ry, this estimate may be expected to be worse in regions of 
higher shear; e.g., near the wall in the boundary layer. Also, it 


may not apply in the intermittent outer region of the laver. 
Some of these matters have been examined by Klebanoff [6] and 
Uberoi [7]. 

The 


fluctuation equation is derived from the mean heat-transfer equa- 


Turbulent-Temperature-Fluctustion Equation. temperature 


tion by a edure analogous to that leading to the turbulent- 


In Car- 


prot 
energy equation from the Navier-Stokes equations. 
tesian co-ordinates, it is written as {[8, 9 


od? | 7 20? — oT m) 5 
or ” Oxy on 7” 
‘ (2°) (2) : 
+ aV*32 2a (5 
or; or, 


where a Reynolds restriction has been assumed for the tempera- 
ture as well as the velocity: 


T(t) = T+ Ht); UO = 0, 4 


u(t J = i, 0 (6 


Although this equation resembles (3), there is no term correspond- 
the 
boundary laver with steady two-dimensional mean flow, equation 


ing to the pressure-velocity correlation. In turbulent 


(5) reduces to 


oy? 
oy" 


~ Or? 
o =. 
Or Oy 


= (22) (22) e 
2a i 9 (7 


Like the turbulent-energy equation, this expresses the balance 
at a point among convection, production, and molecular effects 
on the mean-squared value of the turbulent temperature fluetua- 
tions. The terms on the left side of the equation represent mean 
flow convection; the first two on the right side correspond to the 
production of 3? from the mean temperature field and the turbu- 
lent convection of 2, respectively. The last two terms together 
the effects of 


molecular “smearing’’ (analogous to the dissipation of turbulent 


represent combined molecular transport and 


kinetic energy to heat 
When the velocity and temperature fluctuations are isotropic, 
microscale / de- 
For the 
reduce to 


it is convenient to introduce a temperature 
fined in a manner similar to the velocity microscale A 
isotropic case, the conductive terms in equation (7) 
[19 

—l2a (S 

/? 
Hence if an assumption of locally isotropic conductive smearing 
of the temperature field is made [9], this expression can be used 
to approximate the final term of equation (7). A requirement 
for this substitution is the existence of a sufficiently large turbu- 
lence Péclet number, u‘l/a. 
Turbulent Prandtl Number. 


it has sometimes been assumed that the momentum transport 


In the study of turbulent shear flow, 


(shear stress) due to the turbulent motion can be expressed in the 
this led to the 
viscosity’ €4, which, for 


same mathematical form as that in laminar flow; 
introduction of a “turbulent (or eddy 
two-dimensional boundary-layer-type flow, is defined by 
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re) 
—ul €w 
oY 


The same idea has been applied to scalar transport processes 


thus the turbulent diffusivity (or “exchange coefficient’’) for heat 
transfer in the boundary layer is given by 
" oT 10 
=o €n \ 
oY 


The turbulent diffusivities €,, and €, should not be expected to be 
independent of position in the flow. 

Just as the molecular (fluid) Prandtl number is a measure of the 
relative magnitudes of momentum and heat diffusivity in laminar 
flow, sn analogous “turbulent Prandt! number’ has been formed 
as 

Or €y/€n (11) 


to express the relative magnitudes of the local turbulent diffusivi- 


ties. Its magnitude can be considered as a characteristic of a 
given turbulent transfer configuration; comparison of values 
from different experiments or configurations is of interest. Using 


equations (9) and (10), the local turbulent Prandt! number in the 


(=) 
ul Oy 


= — 12 
7 (22) 
OY 


a turbulent mass-transfer process, where the Schmidt 


boundary layer is given by 


For 
number Se serves the same function as the Prandt! number in 
a “turbulent Schmidt number” 


heat transfer, corresponding to 


C7 would be 


Sey € yy /€w (13 
where €, is the turbulent diffusivity of momentum and é€y that of 
mass. Since the heat-transfer and mass-transfer equations have 
the same form for very small contaminant levels (such that 
physical properties are constant), it is to be expected that under 
analogous boundary conditions the two transport phenomena will 
be analogous. In fact, for such “‘dilute’’ cases, equality of fluid 
Prandtl! and Schmidt numbers should lead to identical turbulent 
transport problems for heat and mass 

In jets, the turbulent transport rates of these scalar contami- 
nants have been found experimentally to be equal and, in additior 
for fluid 


between 0.6 


quite independent of molecular properties, at least 
Prandt! number about 0.7 and Schmidt 
and 800 (13, 14]. 


Additional Quantities of interest: 


number 


Intermit ten 
the 


(a) Intermittency. 


is a measurement phenomenon associated with bound- 
arv region between turbulent and nonturbulent fluid, such as at 
the outer edge of a turbulent boundary layer. In such a region, 
the flow recorded by an instrument at a fixed point alternates be 
tween turbulent and nonturbulent as the sharp but irregularl) 
shaped boundary between the two types of flow is convected past 
Corrsin and Kistler [15] have analyzed the properties associated 
with the turbulence intermittency at the edge of the boundar 
laver, jet, and wake. A convenient measure of intermittency at a 
point is the “intermittency factor” yy, which is the fraction of time 
during which the passing flow is turbulent.” 


Since the turbulent velocity field is the chief agent in the turbu 


Originally suggested by Boussinesgq [11] 


® The definition (11) is arbitrary; Reichardt [12] has defined a 
“generalized Prandt! number” which is o¢/er 
? This definition of 7 is due to Townsend [16]. 
september 1959. 327 








screens mesh solidity 

















| 30 0.63 
2,3 10 0.43 
3'x7' 3'x7' 4 360 (0.42 
cross section cross section 
5 43 03 
screens eam 
: 12" x ie" end 2 0.17 3 X19 Fig. 2 Sketch of wind tunnel 
centrifugal cross section cross section 
fan , " 
yy ' Smash screen 
a 
(— Vi 
ed = 
5 eae 3' trippers a 6' ol 
15 HP rf heated plote 
OC motor |, 20 " 
lent transfer of a scalar property such as temperature or mass —s , (8) 
(away from the boundary, and with o or Sc not <1), it is plausible ieee (=2)"/8 
to expect that there will be intermittent regions associated with saa 
the fluctuation fields of these quantities as well. In particular, rz 
one would anticipate finding a region of temperature intermit- Fe= (zs (19) 
s 


tency occurring at about the same location as that for the velocity 
in the case of fully developed heat transfer through a turbulent where £ is the fluctuating quantity. The former is particularly in- 
boundary layer. Buch a phenomenon was noted for a warm jet in dicative of the probabilistic unsymmetry of — and hence is per- 
—— [15]. Similarities and differences between the two tinent in any nonlinear stochastic phenomenon. The flattening 
would be of interest. : ae : factor is a measure of symmetrical peakedness of the probability, 
Here we are concerned with the possible intermittent character hence varying with intermittency 
of the temperature signal when the thermal boundary layer is . F 
still appreciably thinner than the momentum boundary layer. 
(b) Integral Scales. In the statistical theory of isotropic Equipment and Measurement Procedures 
turbulence, Taylor [4] defined lengths which are characteristic of The measurements reported here were made in the simple 
the larger scale (low wave number) portion of the turbulent mo- open-return, blowing-type wind tunnel sketched in Fig. 2. The 
Won. _For steady mean motion, these integral scales may be de- walls and roof were adjusted to give a constant static pressure 
fined in terms of the two-point velocity correlations. For “trans- through the test section and all measurements were made at a 
_ J s ” , : — > 3 RS i e 
verse corre lation, g(Y), the parallel velocity components are free etream air speed of 25 fps, at which condition the free-stream 
normal to the line segment Y connecting the observation points: longitudinal turbulence level u’/U, is 0.07 per cent at the entrance 


, Uius ° . to the test section. 
WY)=——, and = [ g(Y)d¥ (14) Data were taken in the boundary layer along the last 6 ft of 

— 70 fioor of the test section, where the boundary layer is between 4 

For “longitudinal correlation,” f(Y), t.e velocity components are and 5 in. thick. This portion of floor is “satin-finished”’ alumi- 
num-alloy plate whose temperature can be raised as much as 35 
- = deg C above ambient by means of electrical resistance coils 
KY) = “re and L,= ff f(¥)dY (15) directly beneath. The temperature distribution over the area 

1 Us 0 of the plate is given by 25 copper-constantan thermocouple junc- 

—— . tions whose voltages are measured with reference to a junction in 
Corrsin [10] has defined the analogous thermal integral scale the free stream ahead of the plate. The junctions in the plate are 


aligned with the vector Y; 


for the case of steady isotropic temperature fluctuations as soft-soldered into brass plugs pressed into holes in the aluminum; 
© : after finishing, each junction is flush with the plate surface. 

A= f m( Y )dy (16) Measurements were made with the plate heated 15 deg C above 

where free-stream temperature; this gives a value of 0.05 for the 
OD. — parameter (7; — 7)/7> and was chosen after comparing mean- 

mY) = ~ oP ‘Ds! ' (17) velocity and longitudinal turbulence-level profiles at several over- 


heats with those over the unheated plate. Some measurements 

Here J, and J; are the simultaneous temperature fluctuations at | were also made with the plate unheated, as noted later. At the 

two points separated by a distance Y. plate temperature and flow velocity used, the thermal boundary 

Although integral scales are simply meaningful only in homo- layer did not grow at a rate sufficient to reach the free stream be- 
geneous fields, their association with large-scale structure (they fore the downstream end of the plate was reached. 


may also be interpreted as an “average eddy size’) makes them Probes are positioned normal to the plate surface by a device 
useful for order-of-magnitude comparisons among various flows _ similar to a vernier height gage; the zero reading for any traverse 
and fields. (made with the tunnel running) is obtained by measuring the dis- 


(c) Other Statistical Properties of Fluctuation Fields. Just as tance between the probe and its reflection in the plate through a 
the integral scale and microscale are quantities characteristic of a _ telescope having a reticle scale. The estimated accuracy of loca- 
given turbulent field, so other statistical properties can be in- tion is +0.0015 in. in the first inch of travel and +0.004 in. beyond 
formative even though they may not be specifically involved in the first inch. 


the simplest governing equations of the field. Among these The hot-wire anemometry equipment used isa duplicate of that 
might be mentioned the skewness and the flattening factor of a described by Kovasznay [17] except for some physical rearrange- 
fluctuation quantity; these are defined, respectively, as ments and minor circuit changes. The distributions of velocity 
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oo2 laterally. The intermittency factor y was measured for both u- 
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U,(T,-T.) Fluctuation Levels and Double Correlations. The distributions of 
-004}5 e ve = u’/Uo, v'/Us, w’/Uo, and 8'/(7; — T>) through the boundary 
- UT) layer at z = 47 in. are plotted in dimensionless form in Fig. 3; 
E temp values of v’/U> from measurements in both the “hot” “and cold”’ 
Ere ror es et as boundary layer are included. Fig. 4 shows the variation of the 
G 2 4 € y & 10 '2 double correlations uv/U,*?, vo /Ud 7: — To), and ud/UdT, — To) 
aa at the same location, and the corresponding correlation co- 


Fig.4 Double correlations 


and temperature fluctuation levels, pertinent correlations, and so 
on, were measured on the center line 47 in. from the leading edge 
of the heated plate. Where gradients in the direction of flow were 
required, additional data were obtained at 59 in. 

All measurements with hot-wire 
no length or wall-proximity corrections have been applied but 


were made anemometers; 
results have been corrected for temperature loading according to 
tuetenik.2 Depending upon the quantity 

to be measured, a single-wire or two-wire (“ 
used; the former were made with 0.0001 and 0.00005 in. nominal 
the latter 0.00015 in. 
Wire lengths varied from 0.8 


the method given by 
X-meter’’) probe was 
diameter platinum wires and with 
nominal diameter tungsten wires. 
to 3 mm. 

Details of the measurement procedures and of the special 
equipment and techniques utilized will not be given here; a full 
description is contained in reference [18]. It may be mentioned, 
however, that the distributions of some of the quantities involving 
the transverse velocity fluctuation component v were measured 
in both the “hot’’ and ‘cold’? boundary layer (not including, of 
course, those quantities also containing the temperature fluctua. 

§ J. R. Ruetenik, “Investigation of Equilibrium Flow in a Slightly 
Divergent Channel,”’ Report I-19, Department of Mechanical Engi- 
neering, The Johns Hopkins University, August, 1954, pp. 23-24, 
and Appendix III. 
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efficients are plotted in Fig. 5. The extreme scatter in /,» for 
y/6** > 2 is doubtless a result of the very low thermal] signal-to- 
Two sets of values for uwv/Uo? and R,, are given as 
in the case of v’/U». The values of u3/UdT, — To) and Ry» 
represent the best mean among results of measurements by a 


noise ratio. 


single hot wire at several overheats and of estimating values from 
correlation diagrams obtained as time-exposure photographs of 
oscilloscope patterns.” 

The quantities v’/U» and uv/U¢? measured in the boundary 
layer over the unheated plate differ by more than normal experi- 
mental scatter from those obtained with the plate heated. This 
discrepancy is particularly apparent near the wall where there is 
an unusually sharp rise in the latter. The reason for the dif- 
ference is not readily ascertained, but is probably due to experi 


®* The data have been plotted in dimensionless form, using Us and 
(7; To) to normalize the and temperature fluctuations, 
respectively. It may be more appropriate to utilize the ‘“‘friction 
velocity” Ux = (n/p )'/? and “friction temperature” 7 Qi /pepUs 
instead. These are analogous quantities and it has been found in 
studies of the distributions of mean properties in isothermal boundary 
layers that normalization with Us eliminates certain effects of wall 
roughness and Reynolds number variation. (See, for example, F. H 
Clauser, “‘Turbulent Boundary Layers in Adverse Pressure Gradi- 
ents,”’ Journal of the Aeronautical Sciences, vol. 21, 1954, pp. 91-108.) 
The values of Us/Uo and 7*/(7; T») applying to the data pre- 
sented here are 0.037 and 0.076, respectively 

1S. Goldstein, editor, ‘Modern Developments in Fluid Dynam- 
ics,’ Oxford University Press, England, 1938, vol. I, pp. 269-270 
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Fig. 6 Simultaneous temperature and velocity fluctuations at three 
positions in boundary layer. Timing pulse = '/, sec, instrument 
sensitivities such thet approximate match in amplitudes; 5,, = 5 in., 

b60 = Jin. 
mental error. Some portion may perhaps be ascribed to the 
greater complexity of the measurements in the heated boundary 
laver as compared with the simple X-meter technique utilized in 
a flow Furthermore, 
tained in the cold layer are as consistent with the results of 


without thermal effects. the values ob- 
Klebanoff [6] as are the measurements of u’/l’y) in the heated 
layer. Consequently, the measurements of v’/U> and uv/l’y in 
the unheated boundary layer have been accepted as the more 
reliable ones. 

Typical oscillograms of the simultaneous temperature and 


longitudinal velocity fluctuations at three distances from the 


wall are presented in Fig. 6. The high negative correlation be- 
tween these two variables is quite evident at the point closest to 
the wall and it appears to decrease with distance from the wall, 
as indicated by the numerical data in Fig. 5. 

A second fact revealed by the oscillograms is that the tem- 
perature fluctuations become intermittent as the edge of the 
thermal boundary layer is approached, even though the velocity 
field there is still fully turbulent.!' | This same occurrence was 


'! This phenomenon has been discovered independently by Nicholl; 
see Batchelor [1]. 
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v(t), normal to wall 


w(t), parallel to wall 


Fig. 7 Typical (nonsimultaneous) intermittent signals from lateral 
velocity fluctuations at y = 4.0 in. (5,, = 5 in.) 


observed over the entire length of the plate and, in all cases, the 


fluctuations in any turbulent “‘burst’’ were distinctly one-sided, 
i.e., positive with respect to the nonturbulent “base line.”’ 
Oscillograms showing the character of the v and w fluctuations 


in the intermittent region of the boundary layer also were ot 


tained; these are given in Fig. 7. 
Triple Correlations and Mean Cubes. 
v3/U,3, and pw?/U,3 through the boundary layer are presented in 
Fig. 8 and those of m92/Uo( 7; — 7)? and 33/(7; — Ty)’, together 
The corresponding correlation 


The distributions of pu?/l 


with the skewness of J, in Fig. 9. 
coefficients 
vu? 2 rep? 


q » ? . 

R.2 an R,? vr 
and the skewness of v are plotted in Fig. 10. The accuracy of 
determination of these quantities becomes less in the outer por- 
tion of the boundary layer where the fluctuation levels decrease 
This fact is generally true in the measurement of fluctuating 
quantities, of course, but its effect is probabiy more pronounced 
in the case of a triple correlation where the end value involves 
relatively small differences between quantities independently su!- 
ject to random error. 

Microscales and Integral Scales. The longitudinal velocity and 
temperature microscales at z = 47 in. are plotted in Fig. ll. Re- 
sults of measurements of the transverse correlations were too 
scattered to permit any reliable estimates of the transverse micro- 
scales to be made and hence no values are presented for thes: 
Also indicated in Fig. 11 are the values obtained by Townsend 
[19] and Klebanoff [6] as estimated from their plots of results 
These corrected for 
teynolds numbers of their flows and that of the present investiga- 


have been the differences between the 
tion (the latter is approximately 64,000 based on geometric thick- 
ness of the boundary layer). 

For the case of isotropic temperature fluctuations in an iso 
tropic velocity field, Corrsin [10] has given the value ¥/ 1/¢ as an 
estimate for the ratio of microscales at a point. For air, with a 
value of 0.72 for a, this ratio is 1.2, The ratio of measured 
microscales in the present case is of the order of 1.4 in the region 
where the temperature field is fully turbulent 

Longitudinal velocity integral scales through the boundary 
layer are shown in Fig. 12; single values for the transverse tem- 
perature and velocity integral scales at y = 0.5 in. are also plotted 

In the fluctuation fields studied here, the turbulent Reynolds 
number Ry, = u’A,/v and the turbulent Péclet number u‘l/a are 
of the order of 160 and 90, respectively. 

Intermittency Factors. The intermittency factors for both tem- 
perature and longitudinal velocity fluctuations as measured at 
x = 47 in. are plotted in Fig. 13(a); the occurrence of the zone 
of temperature intermittency within the fully turbulent velocity 
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Fig. 9 Triple correlations and mean cubed 
thermal term, skewness of J 


field is quite evident { comparison of the form of the two dis- 
tributions of intermittency factor is provided by Fig. 13(b) where 
each has been plotted in terms of its appropriate dimensionless 
distance from the wall and zero shift has been applied to one 
scale to make the curves cross at about y = 0.5. No similarity is 


evident in this case where the thermal boundary layer is not 
fully developed 

Corrsin and Kistler {15} found that the distribution of inter- 
mittency factor as a function of distance was Gaussian over most 
of the intermittent region in a boundary layer, jet, and wake. 
Fig. 
14 is a plot on Gaussian scale of y and ys» as measured in the 


For the boundary layer, this was verified by Klebanoff [6]. 


heated boundary layer; it is seen that the velocity intermittency 
is Gaussian within experimental accuracy, agreeing with the 
earlier findings. The temperature intermittency, however, is 


clearly non-Gaussian for the case studied. 
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Discussion of Results 

Turbulent Shearing Stress and Turbulent Heat Transfer. It is pointed 
out in reference [2] that the distributions of turbulent shearing 
stress uv(y) and turbulent heat transfer v(y through the bound- 
ary layer can be calculated from measured distributions of mean 


velocity O(x, y) and mean temperature T(z, y). These calcula- 
tions have been carried out and the results are compared with 
the directly measured quantities in Figs. 15 and 16, The agree- 
ment is much better for wn /Uo( 7, — To than for ywv/U,?, although 
there is a region of some disparity near the wall in the case of the 
between measured and calculated 


former. The disagreement 


values of u»/U? is not immediately explainable. There is, how- 
ever, some evidence that a slight deviation from two-dimen- 
sionality existed in the mean flow; this was felt to be a principal 


reason why the skin-friction coefficient at z = 47 in. did not have 
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Fig. 10 Triple correlation coefficients, skew- 
ness of transverse velocity v 
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about the same numerical value when determined by several in- 
dependent methods. It is possible that the same condition which 
led to a rather wide variation in apparent ekin-friction coefficient 
values also resulted in the difference between directly measured 
and calculated values of uv/U,?. The same measured mean ve- 
locity distributions are involved in both determinations. It is 
also possible, of course, that experimental errors (measurement 
techniques, etc.) account for a portion of the disagreement in 
uv/U9?. 

Turbulent-Energy Balance. All the terms in the turbulent-energy 
equation (3) with the exception of that containing the pressure- 
velocity correlation can be evaluated from the experimental data 
if the isotropic form (4) is assumed for the dissipation. This has 
been done and the results are plotted in Fig. 17, where the net 
unbalance has been assigned to the pressure-diffusion term. 

{t should be noted that the substitution of the isotropic expres- 
sion for the dissipation term was made knowing that this opera- 
tion is not fully justified in the light of experimental investigations 


of various flows. Among these might be mentioned the results 
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obtained by Klebanoff [6], Sandborn and Braun [20], and 
Uberoi [7] in the boundary layer, and by Laufer [21] in fully de- 
veloped pipe flow. The isotropic expression for the dissipation 
term was used in the present work to obtain an estimate which 
would permit evaluation of the turbulent-energy equation with- 
out requiring the more extensive measurements necessary for 
more exact determination of the dissipation. These, while de- 
sirable, were not felt to be of primary importance in this initial 
investigation of the coexisting turbulent velocity and tempera- 
ture fields. 

Keeping in mind the approximation just noted, a comparison 
of Fig. 17 with the corresponding results of Townsend [19] and 
Klebanoff shows that there is agreement among the three sets of 
measurements as to the general behavior of the various terms in 
the turbulent-energy equation through the boundary layer. 
There are, however, differences in relative magnitude which are 
not readily explained. It is possible that Reynolds number 
effects could account for some of this, although the range of R;,, in 
the three cases is from about 50,000 (Townsend) to 74,000 (Kle- 
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Fig. 13 Intermittency factors 
banoff) with the present measurements at some 64,000—cer- 
tainly not an order-of-magnitude range. In this connection, it 
may be mentioned that Laufer’s measurements in pipe flows at 
Reynolds numbers of 50,000 and 500,000, reference [21], did in- 
dicate some smal! increase in the magnitude of the turbulent 
convection term relative to production over that range. It is to 
be expected, however, that variations in experimental methods 
and accuracy will account for much of the discrepancy noted. 

A more intensive investigation of the region immediately 
neighboring the wall, such as was done for pipe flow by Laufer 


Journal of Applied Mechanics 


© Temperature, transverse 
4 Velocity, longitudinal 
© Velocity, transverse 


4 


10} 


96 0 0 30 MO HH WH a a a. 


intermittency Factors (probability scale) 


Fig. 14 Intermittency factors plotted on Gaussian probability scale 
and in part for the boundary layer by Klebanoff, would be of in- 
terest; this is especially so in view of the former’s findings that 
the turbulent-convection and pressure diffusion terms reverse 
sign in that region. 

Temperature-Fluctuation Balance. Results of 
z = 47 in. enable a complete evaluation of the turbulent tem- 
perature fluctuation equation (7) to be carried out across the 
The results are shown in 


measurements at 


thermal boundary layer at that point. 
Fig. 18, where the net unbalance has been indicated. 
isotropic approximation of equation (8) was assumed for the 
computation of the “dissipation,’’ it is not surprising that there 
should be an appreciable unbalance near the wall where there is 
least likelihood of the fluctuations being isotropic. An indication 
of the departure from isotropy in the simultaneous temperature 
and velocity fields is given by the value of the microscale ratio, 
l/A,, cited in the preceding (Results) section; this is of the 
order of 1.2 for isotropic conditions while the measured ratio is 
about 1.4. Through the middle of the thermal layer, however, 
the unbalance is of the order of the smallest term (the taean flow 
convection); only where all terms are of the same order of magni- 
tude does it become larger than any. Since the accuracy of de- 
termination of the terms themselves is lowest in this region, such 
a result is not too surprising. 


Because the 
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Fig. 16 Turbulent heat transfer as measured and as computed from mean 
velocity and temperature fields 


The shapes and relative magnitudes of the various terms in the 
temperature-fluctuation equation, as plotted in Fig. 18, correspond 
fairly well with the analogous terms in the turbulent-energy equa- 
tion, Fig. 17, with one exception: the turbulent convections in 
the two cases are of opposite sign. One would at first thought 
expect them to have the same ‘“‘polarity,’’ at least when the ther- 
mal layer is fully developed, but it is possible that the absence of 
term corresponding to the pressure-velocity correlation is an in- 
dication of a fundamental difference in the two fluctuation fields. 
Corrsin [8] has pointed out that it may therefore be more ap- 
propriate to compare the temperature fluctuation equation (more 
likely, the temperature-gradient fluctuation) with the equation 
which represents the balance of fluctuating vorticity. The sign 
difference also may be merely an indirect result of opposite local 
curvatures in the curves of gy) and 3%y); for a simple gradient 
transfer process, the sign of net influx by transport depends upon 
the sign of the second derivative of the contaminant distributions. 
Of course these convective terms cannot be regarded quantita- 
tively as simple gradient transfer, but may be useful as a qualita- 
tive guide. Unfortunately, the experimental scatters in ¢%y) 
and 3%(y) are too great to confirm or deny this interpretation. 

Turbulent Prandtl Number. The local turbulent Prandt! number, 
computed from the measured data according to equation (12), is 
plotted in Fig. 19. Although the flow studied was not fully de- 
veloped as far as the thermal field is concerned, it may be that the 
distribution of a7 in the region nearer the wall will be comparable 
with the results of similar measurements in other flows. 

The most directly comparable data are those of Schwarz and 
Hoelscher [22] from measurements of the evaporation of water 
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Fig. 15 Turbulent shearing stress as measured 
and as computed from mean velocity field 


from the inner wall into a fully developed pipe flow at a Reynolds 
number, based on diameter, of 25,000. The boundary conditions 
in this flow were quite similar to those in the present investiga- 
tion, viz., a fully developed shear flow with a stepwise discon- 
tinuity in wall conditions From 
measurements of the distribution of mean velocity and mean 
humidity, the turbulent Schmidt number Sc, was computed 
according to equation (13) (using cylindrical co-ordinates). As- 
suming similarity of mass and temperature transfer processes, as 
discussed previously, their results should be comparable with the 
present work, at least in the region away from the center of the 
pipe where the flow is roughly similar to that in the boundary 
layer. In this portion of the flow, they obtained values of Sey be- 
tween | and 2, as compared with limits of roughly 0.8 and 1.1 in 


dry to wet in their case. 


the present case. 

The data available on the measurements of Elias [23] in a tur- 
bulent boundary layer over a heated plate are not in a form per- 
mitting a reliable estimate of ap. Reichardt [24] estimates 
1 > o, > 0.5 through the boundary layer, based on this work, 
with the highest value reached at the wall and the lowest at the 
outer edge. He also concludes that an over-all mean value of o; 
(defined by an integral through the boundary layer) of 0.77 ap- 
plies to heat transfer in both the boundary layer and fully de- 
veloped pipe flow. Using a similarity solutior of the heat-transfe1 
equation, Davies [25] finds that Elias’ measurements are best 
fitted by a, = 1, where a7 is assumed beforehand to be constant 
through the boundary layer. 

Spengos and Cermak [26] have reported measurements in a 
turbulent boundary layer over a heated plate; these covered a 
range of Reynolds numbers, based on geometric thickness, from 
about 23,000 to 65,000 (estimated from plotted results). The 
wall temperatures listed were 28 and 50 deg C above ambient 
They find their results agree best with the solution obtained by 
Davies when a value of 1 is assumed for o7 through the boundary 
layer. They note, however, that ao, does not appear to be con- 
stant through the layer and estimate a variation from 0.1 near the 
wall to 0.2 at 1/36,, and increasing beyond. It may be remarked 
that relatively high wall temperatures were used for these meas- 
urements and it is quite possible that buoyancy effects were rela- 
tively large, thus altering the velocity fluctuation field in the 
hot boundary layer compared to that in the “cold.’’ The authors 
note that the magnitude of €y, as calculated from measurements 
of uv and 00//dy, increased by a factor of 3 from the isothermal to 
the heated boundary layer even though the mean velocity profiles 
in the two cases were apparently the same. 

A final comparison can be made with the results of measure- 
ments in fully developed pipe flow with the wall heated to a con- 
stant temperature as obtained by Seban and Shimazki [27] 
They estimate the turbulent Prandtl number to be nonconstant 
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Fig. 17(b) Ovter portion of boundary layer 
across the turbulent region and to have a maximum value of 1.20. 

It would appear from the foregoing that the turbulent Prandtl 
number is not constant across the boundary laver and that the 
value will probably lie between 0.8 and 1.2 

intermittency and Skewness of Fluctuating Quantities. The ob- 
served intermittency of temperature fluctuations within the fully 
turbulent region of velocity fluctuations, Figs. 6 and 13, is per- 
haps the most novel result of this investigation. Although a dis- 
cussion of the wider implications of this phenomenon is not within 
the scope of this paper, it may be remarked that (a) the sharpness 
of the thermal front indicates that molecular conduction is in a 
sense overshadowed by turbulent transport and fluid surface 
stretching, and (b) relatively large-scale v-velocity fluctuations 
(composed of unheated air) are present well into the boundary 
layer toward the wall, as evidenced by thermal intermittency 
observed at relatively small values of y near the leading edge of 
the heated plate where the mean thermal layer is still thin. Very 
close to the plate, of course, this could not occur owing to the de- 
crease in turbulent-velocity fluctuations; furthermore, molecular 
conduction would be the controlling process in this case since 
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Fig. 18 Turbulent temperature-fluctuation balance through thermal layer 


the mean temperature gradient probably would be quite large 

Measurements of the skewness of the temperature fluctuations 
Fig. 9, also are of interest in connection with the foregoing At 
any point in the boundary layer, the instantaneous temperature 
can be no greater than the wall temperature 7°; nor less than the 
free stream temperature 7. The character of the temperatur: 
fluctuations through the thermal layer might then be described 
crudely by saying that, near the wall, the instantaneous value is 
near 7’, most of the time (this would be more nearly true for an 
insulated wall) with occasional decreases to 7'o, while toward the 
outer edge in the intermittent region, the opposite is true. A 
simple binary behavior such as this would predict the skewness 
of 3 to be negative near the wall and positive at the outer edge 
increasing monotonically between; such is indeed the case as is 
evidenced in Fig. 9. The actual fluctuations are not of this na 
ture, of course, since the instantaneous temperature may have 
any value between the two bounds just stated. Also, it is doubt 
ful that the instantaneous temperature ever reaches the value 
7, near the outer edge. The binary form of temperature fluctua 
tions is approached more closely near the edge of the thermal 
335 
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Fig. 19 Turbulent Prandtl number through thermal layer 


wake close behind a heated wire in a flowing isotropic turbulence 
[28]. 

As discussed in reference [15], the average velocity in a turbu- 
lent ‘“‘burst’’ is less than the average nonturbulent velocity in the 
case of u-velocity component intermittency. Such a behavior 
gives u a decided negative skewness in the outer portion of the 
boundary layer. In contrast with this, the measurements of 
v-skewness, Fig. 10, showed it to be positive in the same region. 
Although not so evident as with u, the oscillograms confirm this, 
Fig. 7. This behavior is to be expected because the turbulent 
“‘hills’’ must grow by means of positive v fluctuations. 

The skewness of w should presumably be zero and, so far as can 
be inferred from the oscillograms, such is the case. No measure- 
ments were made of the skewness of either u or w, however, so 
numerical comparisons cannot be made. The oscillograms of all 
three velocity components were made primarily for illustration 
and comparison of their general character in the intermittent 
zone. 


Conclusions 


The experimental investigation of the velocity and tempera- 
ture fluctuation fields in a turbulent boundary layer downstream 
of a stepwise discontinuity in wall temperature has provided in- 
formation on the details of this configuration of turbulent heat 
transfer. The following general results may be stated for the 
region where the thermal boundary layer has not become fully 
developed, i.e., of the same order of thickness as the existing 
momentum boundary layer. 


(a) Temperature fluctuation signals are intermittent near the 
edge of the thermal layer even though the velocity field at the 
same point may be fully turbulent; hence the boundary between 
heated and unheated air remains relatively sharp. 

(b) The local turbulent Prandtl number (ratio of turbulent 
diffusivities of momentum and heat) is not constant across the 
thermal layer and varies between limits of the order of 0.8 and 
1.2. The same orders of magnitude have been reported for fully 
developed heat transfer in turbulent pipe flow and in the analo- 
gous case of mass transfer in pipe flow. 
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Stepped-Thrust Bearings 


The problem of the stepped-thrust bearing is considered but, whereas normally volu 
metric continuity is assumed, the equations are solved assuming mass continuity; 1.¢., 


the variation of density is also considered as well as the effect of the stepped discon 
tinutty on the load-carrying capacity and the coefficient of friction. Computed theoretical 
curves illustrate the importance of the density on the operation of this bearing and, in 
part, explain results already published. 


* science of lubrication dates from 1886 when 
Osborne Reynolds applied the Navier-Stokes’ equations to this 
problem and produced his well-known classical paper [1]. This 
work has been the subsequent starting point of all future theoreti- 
cal work. A comprehensive theoretical survey was given by 
Lord Rayleigh [2], who also investigated the optimum film shape 
for maximum load capacity. Using the calculus of variation and 
with side leakage neglected he showed that a stepped-shaped film 
as shown in Fig. 1 was capable of supporting 29 per cent more 
load, for the same value of the minimum film thickness, than the 
simple wedged-shaped film as used by Michell [3] in the solution 
of the thrust-bearing problem. The solution of the stepped-bear- 
ing with side leakage considered was given by Archibald [4] for 
the straight step perpendicular to the direction of motion. 


1 Numbers in brackets designate References at end of paper. 

Presented at the Summer Conference of the Applied Mechanics 
Division, Troy N. Y., June 18-20, 1959, of Tae American Society 
or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1959, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, January 24, 1958. Paper No. 59—APM-19. 


Further theoretical predictions and experimental results for 
thrust bearings with straight or curved steps have been presented 
in references [5, 6, and 7]. In the last mentioned reference ex- 
perimental results were frankly presented but without a satis- 
factory explanation. During the course of an experimental in- 
vestigation the results shown in Fig. 2 were obtained. When the 
minimum film thickness 4, was plotted against the operating 
parameter 7.\/p, a change in slope of the graph occurred at the 
lower values of the operating parameter. Theoretically it was 
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Fig. 1 Stepped-film thrust bearing 





Nomenclature 


relative density-change ratio, 


length of pad in direction of 


nondimensional load  pa- 


K,,Ka, 
Ki,K, 


k 


region 1 

relative density-change ratio, 
region 2 

fraction of pad length from 
inlet edge to step 

friction force 

total friction force 

nondimensional friction force 
region 1 

nondimensional friction force 
region 2 

film thickness 

step height 

specific heat of lubricant; as- 
sumed constant at 0.4 
Btu/lb/deg F 

mechanical equivalent of 
heat; 9336 in-lb per Btu 

film ratio 


constants of integration 
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motion 

rpm 

pressure 

load, psi 

nondimensional pressure pa- 
rameter 

value of P at step 

oil flow between bearing sur- 
faces per unit width 

nondimensional flow parame- 
ter 

temperature rise 

velocity of oi] within oil film 

velocity of moving member 

average value of density 
used for determining tem- 
perature rise; assumed to 
be 0.03 Ib/in.* 

total load per unit width 

nondimensional load pa- 
rameter; region 1 


nN/p 


Subscripts 


rameter; region 2 

co-ordinate in direction of 
motion 

nondimensional co-ordinate 
in z-direction 

co-ordinate in direction of 
oil-film thickness 

density function; region 1 

density function; region 2 

viscosity 

coefficient of friction 

density 

density at step 

density at outlet edge 

density at inlet edge 

duty parameter; in this 
combination 7 is in poise 
N is in rpm, and p is in psi 


] and 2 refer to outlet and in- 


let regions, respectively, unless otherwise 
noted in foregoing. 
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reference |7) 


expected that the curve should continue as shown dotted and 
eventually cut the abscissa as indicated. At the same time the 
coetlicient-of-friction curve behaved in a strange manner as also 
shown in Fig. 2 

Osborne Reynolds’ work was based on a volume continuity 
equation. It was not until 1946 when Fogg [8] and later Shaw 
[9] discussed the “thermal-wedge’’ effect as applied to parallel 
surface bearings in which there is no geometrical restriction to the 
which normally causes hydrodynamic pressures 
The thermal wedge is the effect which re- 


flow of oil, 
to be generated. 
sults from density changes caused by a rise in temperature of the 
oil as it flows through the bearing clearance, this temperature rise 
being due to viscous friction. 

When Reynolds’ equation is solved for the stepped bearing, 
but using the mass continuity equation instead of the volume- 
continuity equation, it will be shown that theoretical curves are 
similar to those shown in Fig. 2. 


Theory 
Reynolds’ equation for the pressure distribution in a hydro- 
dynamically lubricated bearing of infinite width is 


ra) ph*® Op , Op 
=hl (1 
or \ 6n Or Or 


Assuming the viscosity remains constant at some average value 
}O ( op ) 6nl’ dp 
Or ° Or h? Or y 


This equation will be solved separately for regions | and 2, as de- 


1 


fined in Fig. 1 


rs) ( 2r 6nU op 
p = - (3 
hi? Or 


quation (3) is made nondimensional by the following sub- 


stitutions: 


z=Lx (4a) 
6nUL 
p= = P (4b 
Pp = Pott (4c) 
re) ( oP ) Oa = 
> @ = = : (5) 
ox ox ox 


The solution of this equation is 


* Reference [10], p. 303. 


338 / sepTeEMBER 1959 


age 
P, = X 4 Kk | = + K- (6) 
a 
a is a function of the density change and the integral can 
readily be solved graphically for any given variation of a with X. 
However, assuming that the density varies linearly as the oil 
passes through the bearing,’ the function @ can be written as 


a = p/p = [1 + 0X — C) 


i] 


When X 


therefore 


, at the outlet edge of the bearing p = p,; and 


b= (2 ) Soe (8 
pr 


into (6) 
t 


loge {1 +0(X —C)! 
1 


1, ie 


Substituting (7 


Pi, =X+K K, (9 
b 
Region 2 
re) op 6nU op 
p = (10 
or or ho® Or 


Substituting from (4a) and (4b) and expressing the density 
change by 


p = poB (11 


the solution of (10) is 


— _ 
is 3 | 8 ‘ = 


Expressing 3 as a linear density change as for region | 
B = =({1+B(C-—X (13 
Po 


when X = 0, i.e., at the inlet edge, p = p, and 


p-(*% -1) C (14 
pr 


P, = X/k* — Ky log, (1 + B(C — X)|/B+ Ki (15 


The constants of integration are determined from the following 
boundary conditions: 


(i), (i) Zero pressure (relative to atmosphere) around the 
periphery of the pad yield 
P, =0 when X = 1 
P,;=0 when X =0 


(ii) The pressure intensity at the step must be the same for 


both regions, i.e., 
= (/ 


(P,; when X = C > when X¥ = C 


(iv) Continuity demands that the oil crossing the step 


leaving region 2 must be identical with the amount of oil entering 
region 1; i.e., 


Uh; me ( 28:) _ [Un mt ( 2P:) 
2 12n \or/2} | 2 12n \ oe /; 
Rearranging in nondimensional terms 
oP P 
fe(2t),-()J-0-» 
OX /» ox /; 


3 Discussed in reference [10], p. 305 
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(O0P/dX), is the slope of the pressure field for region | at the step; 
i.e., when X = C. Similarly, (0P/O0X), refers to region 2 when 
X = C. These functions are obtained from equations (9) and 
(15), respectively 

These four boundary conditions yield the following equations 
from which the constants can be determined: 


log, {1 + (1 — C)} 


K:+K 1a 16 
b 
log, 1] + BC} i 
K, — K - = () li 
. ' B 
¥ 1 18 
K. — Ky, = ( to l 
eK; — K, = (k -1 19 
Total Lead. The load carried by the bearing per unit width is 
. 6nUL? 
W = [ pdx = " ~ [ PdX 20 
J0 hi? Jo 
inl LL? 1 ( 
7 “a a | f P,\dX + [ Pa | 
hy? Je /0 
6nU L? 
oo aaa OT, + Wal 21 
h,? 
where 
. 1 -—C€? Kk, ; . 
Wi, = a T he i{1 + b(1 — C)] log, [1 + bC1 — ¢ 
— 1 —C)} + Kl — ¢ (22 
= ce K 
W,= — - $1 + (1 + BC)[log,(1 + BC) — 1)} 


t AC (23 


Substituting h; = A/(k — 1) into (21) and rearranging 


U\ (1 
(" :)( ) = 1/6(k — 1)°(W, + W,] 24 
T he 


Friction Force. 
moving member is found from 


. du ; . 
Fe= n dr = fi + fo 20 
. dy | y= ‘ 


The velocity distribution across the oil film is given by 


1 0 h—4 
= a _ (y — h)y + (" ‘) U 26 
2n Ox h 


d 


therefore 


fi = - . 7 T a dz 
” JC 2 Or hy 


UL 
= — —— -—P.) +(1—-C)) (27 
hy 
Substituting from (9); when X = C, Pp = C + Ky 
UL UL 
i, = —7 [1 - 4C - 3K.) = —-"— [FI 8 
h hy 
Similarly 
UL | 3C ig UL 
i a sie + 3kK, 4 = --— (FJ) (2 
h k? k hy 
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The friction force per unit width acting on the 


A measure of efficiency of the bearing as far as power loss is 
concerned is given by the ratio of friction force to the total load 
carried 


Fh (FR, +h “ 
ew OL W,.+h 
uL = ] (F; + F2) 1 
h Ok-—1)(W,4+H 


Temperature Rise Through Bearing. This is determined by equat 
ing the power loss due to friction in terms of heat units to the 


heat gained by the oil 
FU/J = quot 
The temperature rise was determined for each region sepa- 
rately. As a first approximation the temperature rise calculations 
were carried out using the simplified equations assuming the oil 


density remained constant. The oil-flow rate q is required 
he hy 1 h bh? dp 
q = udy = udy = 
, U) , 
/ 0 /0 7 l2n da 


substituting for dp/dz from (9) and assuming constant density 


1e.,6 = 0 
Uh, (k — 1% Uh, 

q = Ses - Q $3 
2 k(C — 1 ( 2 


ét; = f,U 


therefore 


qwjJ and bt. = fil /qujJ 4 


Substituting for f, and f, from equations (28) and (29), respec- 
tively, and for g from equation (33) and eliminating h, by substi- 
tuting from equation (21) the equation for the temperature rise 
become Sin degrees F 

Fi 


6t, = 0.02380 P’ > 


jaw, 
bt. = 0.02380 P 43 
1ow,) 


The nondimensional functions are functions of the film ratio / 
only and when the density is constant are given simply by 


: (} bel Cc) 
W, = it} 
2,k%1 — ¢ C} 
; / nex! ( 
W, = 7 
2) k%1 ( + Ci 


Fi, =(1- { 4 SS 
kc l ( 
( ak k ] 
} = <4. sy 
k oe 0 1) — ¢ 
(k — 1)C 
g=1- if) 
¢ k™C ~1)—C 


In order to calculate operating characteristics the following 
procedure is necessary : 
(a) Assume a definite value for the bearing load in pounds per 


square inch. 
(b) Calculate the temperature rises 64, and 6, from equation 
35) using equations (36) through (40 
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Fig. 3 Load criterion (nU/W)(L2/h?) plotted against film-thickness func- 
tion h,/h 


(c) Determine the density ratios using information given in 
refere. sce [10]? from which 


— 0.0004 64,/(1 — C) 
0.0004 dt / 
a (csimat) 
1 — 0.0004 dt, 
(d) Compute the load criterion 
(47) Ce) 
W ) h? 
given in equation (24) and the friction criterion uL/h given by 
equation (31). 


Steps (b) through (d) were computed Jor film ratios from 1.50 
to 50. 


b 


i] 


Results 


Fig. 3 shows the load criterion 
( nU ) ( I ) 
Ww h? 
plotted against the film thickness function 


hi/h = 1/(k — 1) 


for a bearing with a central step; i.e, C = 1/2. The full line is 
the theoretical curve when the density is assumed constant. 

Assuming a load intensity of 483 psi there is no significant varia- 
tion from the constant-density case for values of h,/h > 0.4; i.e., 
for conditions of thick oil films. As the film thickness decreases, 
the friction increases while the oil flow decreases, thus causing an 
increased temperature rise and an increased density-variation 
effect. This is shown by the departure of the curve from the 
constant-density curve. 

The theoretical friction-criterion based on 
density is shown in Fig. 4. At a load intensity of 483 psi the 
graph obtained which allows for density changes entirely sup- 
presses the negative-slope part of the previous curve. 

Curves also have been computed for a load intensity of 90 psi 
and are also shown in Figs. 3 and 4. As the temperature rise 
and therefore density variations are directly proportional to the 
load intensity, the density variations are less than for the 483-psi 
loading. Hence the deviation from the constant-density curves 
occur later; i.e., at smaller values of the 


curve constant 
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Friction criterion (ub/h) plotted against load criterion (U/W) 


( nU ( L? 
W ) h? ) 
parameter and at smaller values of the film thickness. 

Fig. 4 shows that, for a load of 90 psi, the purely hydrodynamic 
component predominates until beyond the minimum value of 
uL/h. Then the density-variation effect becomes sufficiently 
large and takes control. 

The friction curve for a load of 90 psi, as shown in Fig. 4, is 
similar in form to that obtained experimentally in Fig. 2. 

As the loading is decreased the friction curve will follow the 
constant-density curve farther up that portion having a negative 
slope before breaking away. However, a different curve is ob- 
tained for each distinct value of the applied load except when hy- 
drodynamic conditions predominate at higher values of the film 
thickness. These distinct curves have not been reproduced in ex- 


Fig. 4 
(L?/h*) 


periments. 
It should be noted that the co-ordinates of Figs. 3 and 4 are 
identical with those of Fig. 2, except for a scale effect, as h and L 


are constants. 
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to Random Loading 


This paper considers the response of a nonlinear string to random excitation. 
Shown that, owing to the additional stress induced by the stretching of the string, the 


It is 


mean squared deflection at every point is smaller than that for the equivalent linear 


string. 


es RESPONSE of 4 nonlinear string to deterministic 
loading has been analyzed by several authors.'~* G. F. Carrier? 
has analyzed the free oscillations of a nonlinear string, while 
Lee’ and the author‘ have analyzed the response of a nonlinear 
string to deterministic loading. This paper is devoted to the 
study of a nonlinear string subjected to a random excitation. It 
is shown that, as in the case of deterministic loading, the addi- 
tional stress induced by the stretching of the string reduces the 
mean squared deflection at every point compared with that for the 
equivalent linear string. 


Formulation 
Consider an elastic string, clamped at its ends subjected to a 
random loading. The nomenclature used is as follows: 


u = transverse deflection of string 
To = initial tension in string 

p = linear density of string 
p8 = viscous damping coefficient 
A = cross-sectional area of string 
E = elastic modulus of string 

L = length of string 

S(z,t) = loading on string 


If the deflections and slopes are considered to be moderately 
small (consistent with the string remaining elastic) the equation 
of motion of the string is 


(= +6). E _ AE 
i adil) Mek See 


subject to the boundary conditions that 


L ( ou y | 07u 
dx — 
Jo Ox ox? 


+ f(z,t) (1) 


u(0, t) = u(L, t) = 0 (2 


In the analysis that follows it will be assumed that f(z, t) isa 

1G. F. Carrier, “On the Nonlinear Vibration Problem of the 
Elastic String,’’ Quarterly of Applied Mathematics, vol. 3, 1945, pp. 
157-165. 

2 G. F. Carrier, “‘A Note on the Vibrating String,’’ Quarterly of Ap- 
plied Mathematics, vol. 7, 1949, pp. 97-101. 

3 E. W. Lee, ‘Nonlinear Forced Vibrations of a Stretched String,” 
British Journal of Applied Physics, vol. 8, 1957, pp. 411-413. 

‘T. K. Caughey, unpublished CalTech Report No. 85, 1956. 
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randomly varying force with a clipped Gaussian white spectrum 
and has the following cross correlation: 


Rage sin W,T 
f(z, tfin, 2) = 4Di(x — n) ‘ (3) 
T 
where 
T=, tz 
Since the eigenmodes for equation (1) are sine waves, let 
f(z, t > t = 
z,t) = a,' £1n 
: _ L 
oo 
, (4) 
N 
mz 
u(7,t) = : 2 b(t) sin 
i=] - 


where WN is chosen such that wy < w, < Ww+i. 

As a consequence of the assumed form of the cross correlation 
(3), the a; in (4) are uncorrelated and the power spectrum g,(w) of 
a, is given by 


(w) 2 4D 
AS L Qe 


= 0 wW> wW, 


Substituting (4) into (1) 


d*d,, db, nw \? To 1E 
— — 2 + i+ 
dt? dt L p 2LT¢ 


L N - = 1 
f > b; - Cos dz |b,=an(t)/p (6 
. ie L L 


Using the orthogonality of the circular functions, equation (6) be- 


. \ 
2:7 
+ ("7) (14a Sim), = an 


comes 


d*b,, db,, 
“ 


dt? — dt \ ZL p 


where 
AE (= 3 
a= - (Ss 
17L r) 


Equivalent Linear Form of Equation (7) 


The method of equivalent linearization has been applied suc- 
cessfully in the past to nonlinear differential equations with 
harmonic excitation. It will now be shown that, by a slightly 
different approach to the problem, this method may be applied 
to equation (7). 

Rewriting equation (7) in the form 


1959 / 3M 
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Ad, db, n@\? Ty _. a, 
+ 3 4 K,p>,, + e(h,, na a by = (9 
dt? dt l p p 


If in (9), €(b,, be, by ) is neglected, (9) is linear and can be solved 


.. by) is, the smaller the error 


readily. The smaller €(),, b., . 
in neglecting it. The logica! choice of K,, is, therefore, that value 
of K,, which minimizes €(b,, be, . . . by 


The choice of minimization procedure is somewhat arbitrary, 
but by analogy with Galerkin’s method, and for mathematical 
expediency, it is desirable to use the minimization of the mean 


squared error 


l 7 nw \? 7, |? 
= Qo 
27 , L p 
\ 2 
j — ata 
l+a 0b? | b, K,p}, dt (10 
' f 
1=1 4 
If the process Is an ergodic one, then equation (10) may be re- 
placed by the stochastic average. Further, since the a, are un- 


correlated 


nc ("ry ey 
ws ‘ N-fold J —« L p 
\ 4 \ 
j sac gee j | 
i + ao >. na K, { b,? a y b, dy 11 


where p(b,;) is the first probability density function of >, 


If in (9), €(b,, be, ... by) is neglected, b, is Gaussian since a,, is 
Gaussian 


Thus 


Ww here 


The mean squared value of b, is readily computed from (17). 


Thus 


g,2 =b.? = f B(w)dw 
. 0 
‘2 2 (22): 
. . K 
» PL L/ p 


If @ is small and 
("") = 
K ,~@W , 
L p 


‘a ‘(27)’ Vo x gh 19 
o,2 = 
p?L  £ p x ' 


The main contribution to the integral (18) coming from a small 


~ ("*)’ T. K 
Aap L p 7 


By the same token it will be seen that if 


(7 ) To ,. 
K > w,* 
L p 


the integral (18) will be very small, thus justifying the approxi- 


region close to 


mate representation of u in (4). 
Substituting A,, from (15) into (19 


\ I 2 - 27 : \ ; Vv ‘ 
oe =| IL (29), | [ (" ) | li+a i%?2 —K, | 6,2 Il | exp —b,? 20,26, 13 
, l | » N-fold J - L p [ > rat 


Minimizing €? with respect to A,,: 


7 x \ 
K, = ‘| 62? I fexp ( 6 2a | 
» N-fold « x t=1 
\ 
{ [ E t «ns | hb? 
J —@ N fold J — to} 


y 
II [exp ( —6,2/20,2)db; 14 
i=!1 


Evaluating the integrals: 


\ 
K, = 14 «| a,? 4+ ant 0. (15 
i=! 


If in equation (9) é( is neglected, then 


d*b,, db, nw\? T, .. a,(t 
+ 3 } K.b, = (16 
dt? dt L p p 


The power spectrum of 6, is therefore given by 


= { J J n\" Ty 4 —_ 52 , i] = : _— 
7,\@)p es a | t [oo }? ¢ (14 


where g,(w) is given by equation (5). 
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Noting that 


2 x \? T, ] 
D = ¢ > 21 
pL ( L ) p a . 


the mean squared deflection in the first mode of the linearized 
problem obtained by setting @ = Oin(7). Thus 


y N > > 
a," j a; a,2 |t 
n? - = 41 + ao, > 2? + 2n? (22) 
! _ Cio O10? |f 


1.0" 


Denoting 


2 o;* 
2? ~ = 
01.0" 
Q0;97 = 2 (23) 
V ; \ 
4 o;? , 
ee ee 
t=! 71,0 1=1 
Equation (22) becomes 
2zy,? + [1 + zSly, —1=0 (24 
Solving: 
y, = {—(1 + 28) + [(1 + 28)? + 82]'/4} [42] ~! (25 


5 See Appendix. 
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The positive root being taken in (25) since y, bv definition is 


positive. Multiplying both sides of (25) by 4z, and summing on n 


+ 82} /* 26 


} 2 
(14 )s = (] + zS)? + &2 27 
V 


Since 2S is positive, the positive radical is taken. 
Substituting (28) 
observed from (25 


It, will he 
thus there is 


into (25), y, may be calculated 


, 


that y, is independent of n; 
equipartition of energy among the modes. 


Calculation of Mean Squared Deflection o: 


Using equation (4 


\ 2 
ims 
c= ) b, sin 29 
1 1 L 
\ 
iWr )<7 
(2 = > bb; sin sin“ 30 
t.J 


L L 


Owing to the partie ular cross correlation function 3), the 4 re 


uncorrelated; thus 


therefore becomes 


\ 
IT L 
U2 = z b.? sin? 39 
L 


i=1 


Equation (30 


From equations (23 and (25 


Substituting (33) into (32 


(772 = 0: 2) l 28 
\ 
ce es 1 . lim . 
l S)? + 8z j [42] sin? 4 
1 2 L 
In the linearized proble m given by setting @a@ = 0 in (7), the 
mean squared deflection [792 is given by 
\ 
‘ ] it 
l = 0)" ) ~ sin? oD 
c=1 ° 
Thus 
| ‘ 
= | l 2S) 4+ 1 + 2S)? + 82] /*} [4z]— a 
i 2 ; ‘ 
where zS is given by equation (28). 
If in (36) z< 1, (36) reduces to 
U2 - » 
= = 1+ 2S ! ] 4 
]72 
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Further, if in (28) N 1s large, 


zS = '/,[-1 + (1 + 4N2)7’*] 8 
Using (38), equation (37) becomes 

U2 

: 2[1 + + 4Vz <1 so 

{7.3 


Thus the mean squared deflection in the nonlinear case is always 
less than the mean squared deflection in the equivalent linear 


string 


Conclusions 


From the foregoing analysis it is clearly seen that the effect of 
the stress induced by the stretching of the string is to reduce the 
mean squared deflection at every point mn the string compared 
vith the corresponding mean squared deflection in the equivalent 


inear string 


APPENDIX 


Let 


(e) Evaluation of integral (18). 


(Tr) Os 
K, = o,,? 
L p 


Thus 
Pw 
gv, = 22) pLr { ; w,,* w? |? + Ou 2) fu W) 
J 0 
Using integral 211.16¢ of “Integraltaffel, Ester Teil, Unbestimmte 
Integral,” by W. Grobner and N. Hofreiter (Springer, 1049 
equation ( 10) becomes 
7.2 = 2D/pLre,} sin dp In [(@,? 2w,w. cos d 
@,* + w,* Jw Ww. Cos @ 
COS Dy tan Jw W, sin rea) w&,* w,* } 
Jw 32/4)} i! 
where 
tan 2d, ; 0% @,? 32/4); w,? 32/2) 12 
If Dis small compared to w,, equation (41) reduces to 
7,27 >2D pLrw,23}t in w,(3 /(w,,? wW,* 
0[8 /2,, In (20,/8)}} 13 
For Dw, very small, the second term mav he neglec ted entirely 
hus 
Gg," 2D /pLrw,?0; tan wi /(w,,? w,?)}} 14 
If w @ 
g,,2 2D /pLw,?o 5 
If w u 
v.* 2D pLrw,23)w B/(w,,? w,?)] 
= 28Dw pLrpw *(w,,? w,? 
2D/plrBo,? for B/a,< 1 16 
This justifie s the approximate representation of u in equation j 
(b) Justification for neglecting term ) 17(0,7/0; 0? As is 
V+1 


shown in (46), for w? > w 


: 17 
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Comparing 


' 
\ 
“2 , » ; a? ; a;? 
a » = wBlm(wiK, — w,*))~ (48 i2 ar with > oo 
- N+1 Tie 1=1 71.0" 
be a2 w,3 - w,? a » J , 
Nt Tio Tuy? K y+; NF1 wo? K w+ O10? 7 01.0? 


V+1 . 
» 8 as ( W, y 9 \ . 
; 2m K w4:'/? N+1 : woK na'72 28 (: + N ) _ In {( N + 


- 2)/N] 


6 ——— a — — ee 
: w, -3 : 2runK w+ { —] + {1 + 4 N T 4 2] 
— {t+ — 7, di (50 


, 1 
weK w+ For z small 

B . — : a; a o,;? Bz'/2 In (1 + 2/N) 

= « - is In {(N +14 Ww, aoK w+ *), > {2 s > g2 - i. < sac 0 a4 (54) 
2rrurK wi / Farms 0; 07 i Oi0° #£Wo N 
(N +1l- w, ludoK y41'/*)] (51) 
If 8 is small and N is large, this ratio becomes very small and 
8 av be neslectes sustifvi » treatment siven 3 . 
“ In (NV + 2)/N] (52) ™y be neglected, thus justifying the treatment given in the 
2ranK y+; /* paper 
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Response of Van Der Pol’s Oscillator 
to Random Excitation 


This paper considers the response of Van der Pol's oscillator to random excitation. It 
is shown that the output of the oscillator consists of a periodic term, plus a narrow band 


noise term centered at the natural frequency of the oscillator. 


The root-mein-square 


amplitude of this notse term is shown to be proportional to the square root of the spectral 
density of the excitation, and inversely proportional to the amplitude of self-oscillation 


I. RECENT years considerable interest has been 
aroused in the response of nonlinear systems to various types of 
excitation. Most of the recent work has been in the field of 
servomechanisms and feedback systems, where the equivalent 
linearization technique of nonlinear mechanics has been used in 
various guises and under various names. With the exception 
of Garstens’ paper,' the analytical studies have been on the re- 
sponse of systems to either periodic excitation alone or to random 
excitation alone. In this paper an analysis will be presented on a 
self-excited oscillator acted upon by an external random excita- 
tion. Because of the self-excitation, the solution will contain 
periodic terms and, owing to the random excitation, the solution 
also will contain random terms. The results of this study show 
that the noise component of the solution decreases with increasing 
amplitude of self-excited oscillation; however, the band width 
of the noise increases with increasing amplitude of self-oscillation. 

To verify the results of the analysis, the problem was simu- 
lated on an analog computer. The results of this study are in 
good agreement with the theory. 


Equation of Oscillator With Noise as Driving Force 


The equation of a Van der Pol oscillator acted upon by noise is 


av av d 
~t« + wt + V3) = NU 
ia one ry 
1 7 
= on A(w)edw (1 


where N(t) is a small Gaussian noise force, assumed to have a 
white power spectrum of density 4D/cycle. Let 


V(t) = Vt) + Vy(t) 


where V,(t) = A sin wo! is the periodic part of the solution and 
V(t) is the randomly varying part of the solution. 

If equation (1) was linear, the noise component V(t) would be 
Gaussian since V(t) is Gaussian; further, if the damping is small 
the noise component V y(t) is confined to a narrow band of fre- 
quencies close to w. In a nonlinear system the noise com- 
ponent in general will not be Gaussian; however, if the nonlinear- 


1M. A. Garstens, “‘Noise in Non-Linear Oscillators,” Journal of 
Applied Physics, vol. 28, 1957, pp. 353-356. 
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ity is small the assumption of a Gaussian distribution is a fairly 
good one. 

If the assumption is made that the noise component Vy is 
narrow band Gaussian noise, then the power spectrum W(w) of 
V* can be calculated easily by the method of Rice* and Bennett.’ 


Power Spectrum of [V,(#) + Vy(#)]* 


The power spectrum W(w) of a function V\(t) representing a 
random voltage or force is given by 


W(w) = sf, V(r) cos (wr)dr (2) 


where the autocorrelation function V(r) is defined as the time 
average of V,(t)Vi(‘ +7). It is convenient to express V,(r) as a 
contour integral of an exponential since the averaging required to 
obtain V(r) is relatively easily done. Thus, following the method 
of Rice,’ set 


3! e evs 
TE OP" wg + Far © oo ad du (3) 
where the path of integration is a positive loop around u = 0. 
Thus 
Vir) = <V,(t)Vi(t + 7)>,,, 
1 4 
= Lim — [ V,(OVit + r)dt 
T+e T Jo 


1 6 6 ] 
= - du - dv Lim - 
4r? u‘ . wv 7 
“ec “ec 
r 
J exp [iuV,(t) + wV,(t 4 r)jae' (4 
(Jo j 


In the present case, that of a sine wave plus noise, equation (4) 
can be reduced to an expression of the form (see Rice,? section 4.9): 


l 
VY = rr W hy, 2€,, COS NWT 5 
n=O k=0 ” 
where 
i” +k 6 _ . 2 
har = u®J ( 4u) exp ( ¥ u) (6 
2r e - u‘ 2 


é&=1, ¢,=2 for n2 1 
J, is a Bessel function of the first kind order n, and y, = (r) 


2S. O. Rice, Bell System Technical Journal, vol. 23, 1944, p. 283 
and vol. 24, 1945, p. 46; also “Noise and Stochastic Processes,"’ 
edited by N. Wax, Dover Publications, Inc., New York, N. Y., 1954, 
pp. 133-293, sections 4.8 and 4.9 

*W. R. Bennett, ‘Response of a Linear Rectifier to Signal and 
Noise,” Journal of The Acoustical Society of America, vol. 15, 1944, 
pp. 164-172 
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In order to determine the 
spectral distribution of V4, h,, must be evaluated; V(r) can then 
be calculated and finally by means of equation (2), W(w) can be 
evaluated. The reduction of 
equation (4) to the form given by Rice in equation (5) allows a 


is the correlation function of V y(t). 


the autocorrelation function in 


selection in the modulation products of the solution, of those 
components whose frequencies fall near wy and are largest in mag- 
nitude 


Examination of equation (6) shows that: 
hy = Oifn+k24 


A table of h,, forn + k < 3 follows: 


A? AB 
hy = 3 + vs) hy, = 0 hs = 

2 8 
hoe al 0 A coe 3A 
A = 6 


Substituting (7) into (5) one finds that: 


(i) her 
(ii) If A? > A > Wo the largest contribution to V comes from 
ho; and hyo. 


and hyo have no contribution at wo. 


Substituting equation (5) into equation (2) 


Ww) = 4h; “f, vy, cos wrdr 


e « 
2h, | COS WT COS WyTdT Ss 
0 


Therefore the power spectrum of V;* is given by 


W(w) = hoy?W,(w) + 2hyo25(wo) (9) 


where Wn(w) is the power spectrum of Vy(r). Substituting into 


(9) the values of ho; and hyo given in (7 


: 1? - 
W(w) = (8o + 7/24*)?W,(w) + | (So + 9/4A)*8(wo) (10 
It is to be noted that 
Wn(w) is the power spectrum of Vy(¢) 
1? (11) 


6(w) is the power spectrum of A sin wot 


Thus the power spectrum of V* as given by equation (10) is 
the same as would have been obtained by passing the noise com- 
ponent through a linear device with a gain of (3%. + */24?) and 
passing the periodic part of the solution through a linear device 
with a gain of (3Wo + */, A*). This result is in complete agreement 
with that obtained by a straightforward application of Van der 
Pol’s method neglecting higher-order cross-modulation terms. 


Equivalent Linear Form of Equation (1) 
Equation (1) may now be replaced by an equivalent linear 
equation having the same first-order power spectrum. Equation 


(1) becomes 


av, { \ av 
— < —r— ¥y (3Yo + 3A2/4) 2 P+ a?V 
| dt? \“ ; Y v t { dt ' : 
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PV, aV, 
} | — fa—r— ¥(3po + 3/2A%)} 


dt? dt 


The terms in the first bracket are all periodic, none of the other 
terms are periodic, hence the terms in the first bracket must be 
zero. Equation (12) therefore splits into two separate linear 


equations: 


av, j t dV, 

- —r— vy (3Wo + 3A? =~ + gy?V, = 0 3 
an ya y (3y 42/4 - > =i 13 
and 
avy dV, 

ae 5 2 om q 3/,A42)$ = Wi 
ai }a—r— ¥(3Wo + 3/2A?)} a wo? I Vi¢i 14 


Solution of Equations (13) and (14) 


Consider equation (13); two stable solutions are possible: 


(a) V, = Asinwt A #0. In this case 
a—r— y (3% + 3A2/4) = 0 
Hence 
Gg =~ Pf 
4? = _ ty 15 
47 
But (@ — r)/3/4 = Ao®, where Ao is the amplitude of oscillation in 
the absence of noise 
A? = A,? — 4y 16 


this condition will 


ty; 
naturally be satisfied if N(t) is kept sufficiently small 
If this is to be 


Equation (16) requires that A,? 


& stable 


(b) Another possibility is that V, = 0 
solution 


a-—r— y(3y 0 17) 
i.@., 
; ar 
! = 8 
¥ = ‘ 
4 
In deriving equation (9) it was assumed that A? > Wo: sinee 


this condition is violated in case (b) the analysis breaks down 
For this reason, and also for the reason that the effect of small 
noise is of more practical interest, further analysis will be re- 


stricted to case (a). 


Using the results of (a), substitute equation (15) into equa- 
tion (12): 
avy. ( (a —») )! d\ 
9 / 
——ia—r— yi 3yvo+2 — ty 
dt ) y (3¥ + { dt 
aw J == Nit 19) 
1. 
PV dl 
: ja — r — 370} = tan Vy = Nie 20) 
dt? dt 
Let 
B=a-r-— 3y 21) 
by equation (15) 8 2 0. Equation (20) is therefore identical 


with the Langevin equation for the Brownian motion of a 
simple harmonic oscillator. 
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Since N(t) is Gaussian, it is clear that Vy(¢) will also be a 
Gaussian random process with a spectrum: 


4D 


. (22) 
wo? — w? + iw}? 


Wy(w) = 


from which it follows that 
y V Vv 2D ™ COS WT i 
(rT) = ¢ (tf (t+ T)av= dw 
N N * 3 (w? — w?)? + Bw? 


D Br 8 : 3 
exp | — COS @T + SIN WT (23 
Bw 3 2 2a); 


In particular, when tT = 0 


where @,? = wy? 


V»(t)?),.,. = (24 


Thus, substituting for 8, a quadratie equation in > is obtained; 
viz., 
D 
syn? — (a — r)fo + = 0 


Wo? 


D | 
aad & [Cdn ~ | (26 
3YwWo 
a-—r\" 
Ay = “- 
sY 


is the amplitude of self-oscillation in the absence of noise 


The positive root in equation (26) can be eliminated on physical 
grounds, since ~» must tend to zero as D tends to zero 


D : 
~Wo = Ad — ee ] (27 
ovyw 


WwW here 


D 12) 
3yw 7 . 5- 
equation (27) reduces to 
$ D 
¥ ee (28 
Sy Antwo? 


Hence 


(29) 


: 1 ( 4D ) 
=o. 
v¥ A 3yw 2 


Thus for small noise, the rms amplitude of the noise component of 
V(t) is proportional to the square root of the spectral density and 
inversely proportional to the amplitude of self-oscillator in the 
The effect of the noise on the amplitude of self- 


Thus 


absence of noise 


oscillator can be seen by substituting (27 


— weve _ _ 64D )t 


will decrease as the spectral density D of 


into (16). 


(30) 


For a given A 
the noise is increased 


Bandwidth of V.(t) 


The power spectrum of the noise component V y(t) of the solu- 


tion is given by (22 
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W,(w) = 
(wo? — w?) + (wB)? 


Thus the bandwidth to the half-power points is given by 


4 D 
¥ $y Ay?w 
by (28). 
Thus 
a- iD 
re) =? “y —_! 
4y 1, 2w 
iD 
“B= Ad — 7, (32 


increases, 6 increases, and hence the bandwidth Aw 


Thus, if A 


also increases. 


Summary of Results of Analysis 

The results of the analysis may be summarized as follows: I 
a Van der Pol oscillator is excited by a small Gaussian noise force, 
then: 

(i) The amplitude of self-oscillation decreases with increasing 
N(t). 

(ii) The largest part of the noise component ol the signal is 
narrow band Gaussian, centered at the frequency of self-oscilla- 
tion, with a bandwidth increasing with increasing amplitude of 
self-oscillation. 

(iii) The mean-squared amplitude of the noise component is 
proportional to the input noise power, but inversely proportional 
to the square of the amplitude of self-oscillation 


The result (iii) is in disagreement with the results obtained by 
Garstens' who finds that the noise component increases rapidly 
with the amplitude of self-oscillation. To resolve this problem 
equation (1) was simulated on an electronic differential analyzer, 
and a study was made of the effect of the amplitude of self-oscilla- 
tion on the magnitude of the noise component of the output 


Summary of Results of Computer Studies 


The following results were obtained from a computer study of 
equation (1) for small N(t): 


\ 
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(a) The amplitude of self-oscillation decreases only slightly 
with increasing noise power. 

(b) The noise component of the output consists of narrow band 
noise centered at wo, the frequency of self-oscillation, together 
with a much smaller noise component at 3w 0. The bandwidth 
of the noise increased as the amplitude of self-oscillation was in- 
creased. (In these experiments, A» was varied by varying a — r 
keeping y constant. ) 

(c) The root-mean-squared amplitude of the noise component 
was found to vary proportionally with the root mean square of 
the noise input, but inversely with the amplitude of self-oscilla- 
tion. Fig. 1 shows the results of one such test, in which the input 
was maintained constant while the amplitude of self-oscillation 
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was varied. The results show that Aog is constant, within +5 per 
cent, thus verifying the results of the analysis. 


Conclusions 


The main findings of the theory were confirmed by the com- 
puter studies, thereby proving Garstens’ conclusions incorrect. 
As Garstens points out, however, actual oscillators do exhibit in- 

? 


, creasing noise with increasing amplitude of self-oscillation, from 


which one is forced to conclude that the model of the oscillator 
described by equation (1), in which the noise N(¢) remains con- 
stant, is incorrect. A more realistic model would require that 
the noise increase with increasing self-oscillation. 
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A Perturbation Solution of the 
Equations of Motion of a Gyroscope 


A perturbation method of solution is outlined for the nonlinear equations of motion of 


free and forced vibration of a two-gimbal gyro. 


Results are given for the term displayed 


in the solution which indicates that the outer gimbal of the gyro will not oscillate about 
its initial center position, but will acquire a steady rate of change of postition. 


S cautions of the equations of motion of a balanced, 
frictionless gyro will be outlined and results given for three prob- 
lems: 

1 Motion due to an impulse on the outer gimbal, with the 
gyro housing or case considered fixed. 

2 Motion due to a sinusoidal torque applied to the outer gim- 
bal, with the gyro housing considered fixed. 

3 Motion due to a sinusoidal displacement of the gyro hous- 
ing. 

A sketch of the system, with co-ordinates and parts labeled, is 
shown in Fig. 1. 

The method for obtaining solutions of the simultaneous non- 
linear equations of motion will be a form of the perturbation 
method.? This method assumes solutions for the time variables 
as power series in a suitable small parameter of the problem. Sub- 
stitution of the assumed series in the equations of motion and 
equating of like powers of the parameter yield relations for the 
coefficients of the assumed series. The results which are obtained 
in this paper are justified by their ability to yield values of the 
correct magnitude and variation with independent variables to 


verify experimental test results. 


Equations of Motion 

The equations of motion of the system may be obtained by ap- 
plying Euler’s equations for the motion of a rigid body about a 
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fixed point to each of the four rigid bodies of the problem and 
combining them to eliminate the bearing forces, or applying La- 
automat- 


grange’s equations and eliminating the constraints 


cally.** Lither way, the equations may be reduced to a pair of 


equations with ¢ and @ unknown 


3H. Poritsky, “Topics in Gyroscopic Motion,’ Jounnat or Ap- 
PLIED Mecuanics, vol. 20, Trans. ASME, vol. 75, 1953, pp. 1-8 
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Nomenclature 


A = moment of inertia of outer gimbal inner gimbal and wheel spin ¥Y = angular position of wheel relative 
or Cardan ring about outer axes to inner gimbal 
gimbal axis G = moment of inertia of wheel about 3 angular position of gyro case about 
B = moment of inertia of outer gimbal wheel spin axis axis of input displacement 
about inner gimbal axis H = moment of inertia of wheel about Y, natural or nutation frequency 
. stomata ail lnetin of exten Ghee any axis in plane of symmetry w = forcing frequency of applied torque 
about an axis pe rpendicular to of wheel which Ss perpe ndieular or ang ilar displaceme nt 
inner and outer gimbal axes to spin axis 
‘ - J = moment of inertia of gyro case Dots indicate differentiation with re 
D = moment of inertia of inner gimbal 
about inner gimbal axis . about axis of input displacement = ahem 
t time The moments of inertia are assumed to 
E = moment of inertia of inner gimbal ¢ angular position of outer gimbal — be principal moments of inertia, so that the 
about wheel spin axis relative to gyro case wheel and gimbals are described com- 
F = moment of inertia of inner gimbal 6 angular position of inner gimbal pletely for rotation about the geometric 
about an axis perpendicular to relative to outer gimbal center of the wheel 
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For the first two problems, in which the housing is considered 
fixed, the equations of motion are 


Gs sin 6 
E)g6 sin 0 cos 0 = 


{+E+(F +H — BE) sin’? dle 


+ 2F +H Oy 
(D + H)O + Gs¢g sin 0 
-(F + H — E)g* sin 6 cos 8 = Qy (2) 


y + pcos 6 = (3) 


const = 8 


Equations (1) and (2) are the equations to be solved; (3) is the 
expression for the so-called spin velocity of the wheel, and aids in 
the simplification of (1) and (2). Q, and Qo are the generalized 
forees, in this case torques, for co-ordinates ¢ and 6, respec- 
tively 

For the problem in which the gyro housing is subjected to a 
sinusoidal angular displacement, such as from the motion of a 
missile or other carrier vibrating as an elastic body, the equa- 
tions of motion can be reduced to 


{+E+(F +H — E)sin’? 6\e +2F +H E)g6 
sin 9 cos 0 — Gsb sin 0 = (F + H — E\(Beose 
COs 4 sin 6 + 80 cos ¥y cos? g . Be cos ¢ sin? 4 


: (4 
(B+D+H )B? sing cos ¢ CB? sin ¢ cos ¢ 
EB? sin ¢ cos ¢ sin? 6 (F + H)B? sin ¢ cos ¢ cos? 6 
(D+H 68 cos GsB sin ¢ sin 6 + Q, 
(D + H)6 —(F + H — E)g?* sin 0 cos 0 + Gs¢ sin 0 
(D + H\B sin ¢ + Be cos ¢)— (F + H — E)B : 
cos? ¢ cos 4 sin 0 (F +H E ~B cos o ” 
(cos? 6 sin? 6) + GsB cos ¢ cos 6 4 Qs 
m) + COs G + 8 cos ¢ sin 8 = const = 8s (6 


Again, the third equation of motion (6) is used in simplifying 
(4) and (5). Equations (4) and (5) have been arranged to have 
the same left sides as (1) and (2), respectively, so that all terms in 
QO and its derivatives appear on the right sides of (4) and (5). 

To complete the formulations of the three problems, initial 
conditions and applied torques must be specified. For the first 
problem, that of the motion due to an impulse on the outer gim- 
hal, the applied torques Q, and Qs will be considered as vanish- 


ingly small and 
at t= 0, o = Lo g = 4-4 G@=0 
This represents the sudden acquisition of an angular velocity 
by the outer gimbal. For the second problem, that of the re- 
I 
sponse to an applied torque about the outer gimbal axis, Qo = M 
sin wl, Ue = VU, and 


at ¢=0, ¢=9 ¢=¢ 4=-4 4 4 

For the third problem, that of the response to a displacement of 
the housing, the torque about the housing axis will be assumed to 
be that required to produce the motion 8 = , sin wt, with the 
conditions that 


at ¢ = 0, o= & g¢=¢ A=A4 6=98, 
Thus examination of (4) and (5) indicates that their right sides 
contain several foreing terms of frequency w. It will be assumed 


that Q, = Qe = 0 for this problem as in the first problem 


Method of Solution 


For the problem of the motion of the system when subjected to 
an impulse, there will be no motion of the gimbals if there is no 
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impulse. For small magnitudes of 2, the imparted angular ve- 


locity, the motion will depend on the magnitude of the impulse 


Therefore the solutions assumed for ¢ and @ will be 


g¢=¢° +92 + of? 4 (4 
6=6° +02 + OQ? 4 (8 
where ¢°, 9’, ¢”, Ji... , are unknown functions of 


time to be determined from substitution of (7) and (8) in the 


equations of motion. The terms in {2 to powers higher than the 
second will be neglected; carrying more terms increases the alge- 
braic difficulties tremendously, and the retention of terms in 2 to 
the second power is sufficient to display the significant features of 
the motion 

For the problem of the response to a torque M sin wt about the 
outer gimbal axis, the perturbation parameter chosen is M, the 
amplitude of the torque. For M equal to zero, there will be no 
motion, and for increasing M there should be increasingly larger 


motion amplitudes. The assumed form of solutions will be 
g=¢° +9'M + ¢’*M 4 9 
6=0° + 0'M + 0’°M? 4 10 
where again ¢°, g’, ¢”, ..., 8°, 0’, 0”, are unknown functions 


» 


of time, and terms in powers of M greater than 2 will be neglected 

Finally, application of the same method to the problem of de- 
termining the response to the input displacement po sin wt indi- 
cates that 0, the magnitude of the input-angle amplitude, is the 


choice for the perturbation parameter. The assumed solutions 
are 
g=¢° + ¢'—B) + of,’ 4 (11 
6 = 6° + 0'B, + 0"B,? 4 12 


r. ¢’, yg”, ee 
tions of time to be determined. 


where, as before, ¢ are unknown func- 

In the early use of the perturbation method by Poincaré and 
others, a difficulty arose which is due to the use of a finite number 
Terms of the 


of terms of the assumed infinite-series solution 


form ¢ sin wt and ¢ cos wt, so-called “‘secular’’ terms, can appear in 
the solutions, indicating oscillations of increasing amplitude for 
systems which, from energy considerations, cannot possibly de- 
velop these oscillation amplitudes. For systems in which the solu- 
tions are assumed to be periodic, methods have been developed 
which eliminate these secular terms, and essentially account for 
them as small changes in frequency with changes in amplitude 
However, if one is not sure that the solutions to be obtained are 
periodic, the periodicity condition invoked which eliminates th 
lose some other feature of the 


secular terms may disguise o1 


motion. This is the essence of the problem at hand; the gyro is 
neutrally stable, in that it will remain in any position it starts in, 
but preters none Hence the motion of the gimbals is expected 
to be of an oscillatory nature in all the problems, but not neces- 
there 


Thus the assumed 


sarily about the initial center positions ol the gimbals, 
being no unique static equilibrium position 
solutions will be substituted into the equations of motion with no 
assumption that the results for ¢ and @ are periodic 

The details of carrying out the solutions for all the problems 
are quite lengthy. In each case, approximate expressions for the 
trigonometric terms such as sin @, cos @ and sin 6 cos @ are pre 
pared and, with the assumed solution forms, they are substituted 
in the equations of motion. Terms in the perturbation parameter 


to the zero power are collected in each motion equation to form a 


pair of differential eq ations with the unknown functions ¢° and 
6° as variables. By choosing initial conditions for ¢° and @ 
which are compatible with the initial conditions for ¢ and # and 


> and @ 


Then, using these results, terms in the pertur- 


the assumed solution fornis, results for ¢ are obtained as 
functions of time 


bation parameter to the first power are collected and another 
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pair of differential equations is obtained, now with yg’ and @’ 
as unknowns. Application of suitable initial conditions yields 


results for ¢’ and @’ as functions of time in each case. Finally, 
inserting all the results obtained, the collection of terms in the 
perturbation parameter to the second power yields another (con- 
siderably lengthier) pair of differential equations, and their solu- 
tion yields ¢” and ¢", to complete the approximate solution of the 


problems. 


Solution of Free-Vibration Problem 


In order to clarify the details of the method proposed for all 
three problems, the first, or free-vibration problem will be solved 
in detail 


The equations of motion for this problem are (1) and (2) with 
Q. = Qe = 0. The assumed forms of solution are 
g=¢°+¢2 + oD 13 
6é=6° +02 + 6°22 14 
and the initial conditions are 
at ¢ = 0, g= © g= 6 = 6 G6=0 


rhe trigonometric functions are approximated by 


sin 6 sin (6° + 


sin @° cos 6’) + "()2) > cos @° sin (0°22 T 67922 
sin 6°(1 67202) + eos 6°(0’2 6°42 15 
Similarly, 
cos @ cos 6° 1 o'2Q)2 — sin 6 (6'Q2 + A"42? 16 


Expressions for sin @ cos @ and sin? @ are obtained from (15 
and (16), 


Substitution of the assumed solution forms and approximate 


neglecting terms in @ to the third power and higher. 


trigonometric expressions results in 


}(A + E)+(F + H — E)[sin® 8° + 2 sin 6° cos 0°(0'2 + O"O2 
+ cos? 6°(8'202?)]; (g° + g’'2 + g’Q? Gs(0° + 02 

+ 8°92?) [sin 6°(1 6'202) + cos 6°(0’'2 6°22))] + 2F 

+H — EXg? + ¢'2 + gD?) (6° + OQ + 6°L?) [sin 8° cos 

ol 207342? cos? @ sin? 0°)(0’2 + 6°22))} = 0 (17 
D+ H\6 O’2 +6°22) + Gs(p? + gD + pL? 
sin 4° 1 8'202) + cos 0°(V'Q+ 8"L2)) 

r+ Eye? + ¢’Q2 + g’Q?)?[sin 6° cos 8°C1 924) 

cos? 6 sin? 6°)(@’Q 6°92? = 0 18 


fecalling that ¢°, ¢’, 0”, 6°, 0’, and 6” are unknown functions 
the actual 
and (18 


exactly, the left and right-hand side coefficients of terms in (17 


of time which are to be determined so as to satisfy 


equations of motion approximately by satisfying (17 
and (18) in q) to the zero power are equated ( ollec ting the se CO- 
efficients leads to 


(A+ EE) +(F +H E) sin? 6° |g Gs sin 6°6 
2F + H — E)g°@° sin 8° cos 8° = 0 (19 
D+ H)6 + Gsg” sin 6 
F+H E ¥ 2 sin 6° cos 6° = 0 20 


To satisfy the initial conditions for the problem and the as- 


sumed solution forms, the functions g° and 6° must themselves 


at ¢ = 0, gQeg oe = 0 a 


= @, (ea 0 


The solutions of the differential equations (19) and (20) in un 


knowns ¢° and @° are 


- = ’ 


¥ = 0 


0° = ») 


Coliecting terms of (17) and (18) in Q to the first power and 


using the results (21) and (22) for ¢° and @° lead to 
ly’ Gs sin 0,0’ = 0 23 
1,6’ + Gs sin Ag’ = 0 24 
where 
lh=zA+E (F +H E) sin? 6 25 
l.=D+H % 


The pair of linear differential equations with constant coeffi 


cients (23) and (24) in unknowns ¢’ and @’ has initial conditions 


at ft 0, yg’ = 0 


Solutions to (23) and (24) may be written as 
y’ = FIN w,l Ww, 27 
l 
‘al = (cos w,t l 28 
Gs sin @ 
where 
Gs sin 6 
a , ow 
(1,1,) 
These results indicate a sinusoidal-type oscillation of eacl 


gimbal at a frequency which varies with the initial inner gimba 
angle. This deviates from the result for a single rigid rotator, 
which oscillates at the same frequency regardless of its initial 


For vanishingly small gimbal inertias, (29) reduces 


onentation 
to 


w, = Gs/H, 4 


the result for a single rigid rotator 
The collection of terms in 2 to the second power and insert 
6°, and @’ lead to 


of results for ¢°, ¢’, 


I Wy 
le Gs sin 66 
Gs sin i] 
) : I, cot 6 
) F+uH E)2 sin & cos 6 : sin 2w,/ 
{ 
Ul, cot 6 F+H E)2 sin 6 cos 4) sin w,t 1 
f 
1,6" Gs sin @ yg” 
/,[(F + H E) sin @ cos 6 I, cot 6 
F+H E) sin @ cos 6 1, cot 0)| cos 2u 
+ Jy cot Go cos w,,! ba 
This pair of linear differential equations with consta 
efficients in ¢” and 6” unknown has initial conditions 
at t 0 go” 0 g” 0 0” 0 4 0 


satisfy Solutions to (31) and (32) may be written as 
sin wt : sin 2w,,l » 
oe" 21 cot @ — 3F +H E) sin @ cos | 4 (FPF +H E) sin 6 cos 6 Jf, cot 6 
Gs sin 6, — Gs sin 60, 
i cos wf tA + E) cos 6 
i KE) sin @ cos 6 /, cot 6 > 


Gs sin 6 
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] 
0” = (°/AF + H — EB) sin & cos 0 — 5/4 cot %] 


1 ,2,? 


cos W,t 


[—(F + H — E) sin 6 cos & + J, cot | 


)) sin Oy cos Oy + 1/41, cot A] 


t sin w,f 


{[—(F + H — EB) sin 0 cos 0% +1, cot A) (34) 


1, 


The approximate solutions then are as indicated by the as- 
sumed solution forms (13) and (14) with the functions ¢°, 0°, ¢’, 
0’, ¢”, 6", given by (21), (22), (27), (28), (33), and (34), respec- 
tively 
hich 
start at the initial gimbal-angle positions, contain a fur *s:icntal 


The solutions for g and 6 display motions of the gimbals ° 


harmonic at the frequency w,, and a variety of smaller second- 
The 
) 


second-order terms in sin w,¢, cos w,t, sin 2w,/, cos 2w,/ indicate 


order effects, indicated by the solutions for ¢” and @” 


a deviation from pure sinusoidal motion of the gimbal angles 
The so-called secular terms of the form ¢ sin w,¢ and ¢ cos w,t 
The term of 
which is propor- 


arise because of the approximation-type solution. 
main interest is the term in the solution for ¢” 
tional to time, and indicates a steady rate of change of the central 
position of the oscillations of the outer gimbal. This steady-rate 
term ¢ is given by 


- (A + E) cos & 
g=- Q? 

2Gs sin? A, 
and is noted to increase with the square of the amplitude, and 
vanish if the gimbals are inertialess (A = E = 0) or are initially 
perpendicular (cos 7/2 = 0). At @ = 0, the co-ordinates used 
are inadequate to describe the position of the system due to a re- 
dundancy between ¢ and W and, physically, the gyro goes into 
“gimbal lock.’’ The solutions are not to be considered near 
6 = 0; for an estimated 15 deg away from the @ = 0 position, 
the results should be valid. 

When the gyro is subjected to the torque M sin wt about the 
outer gimbal axis, the perturbation analysis yields results which 
in some respects are analogous to those obtained in a spring-mass 
system subjected to a sinusoidal force. The solutions for g’ and 
6’ of the assumed solution forms (9) and (10) indicate, neglecting 
the transient, sinusoidal-type motions at the forcing frequency, 
with a resonant build-up at w ~ w,. Then, in the solution for 
¢” and @", a steady-rate term again arises for 9”, along with the 
This term indicates that 
there will be a steady rate for the outer gimbal at all frequencies 


higher harmonic and secular terms 


if the gimbals are not initially perpendicular, but there is a sharp 
For this case, the result reduces to 


E) cos 65 
: (36 
sin? Oy 


and is given by 


resonance effect for w w, 


. a 14 
> wi (RE)? 
’ 21,” Gs 


where RR is termed “resonant-rise’ 


RR = 37) 
{1 —_ 29 * 2] ( 


RR in actual 


The case of the re- 


Ever-present small dissipative torques will limit 
gyros; values of 20-50 are not uncommon. 
sponse to the sinusoidal angular input can be carried out as out- 
All the results 


obtained for this case are similar to those for the input-torque 


lined with rapidly increasing algebraic difficulty. 
problem; namely, a sinusoidal-type oscillation of the gimbals at 


the forcing frequency, with a resonant build-up at w~w,, smaller 
harmonic distortion terms, secular terms, and a steady-rate term 
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for g”, which displays a sharp resonant build-up. The expression 


for the magnitude of the steady-rate term is 
BoX(RR)? 
2Gs sin Oyu, | 


k + H — E) 


g — (F + H — EB) sin A cos Oyun? 


I 


~~ & ; =5 


G*s? sin 0 cos A> Gs cos Ou 
ld; I 


‘ 


(“ + H — E) sin? 8, ' ( ag 
; si ) + (a 
Conclusions 


In a long series of test programs on gyros similar to the one under 
this 
balanced, low-friction gyros which displayed a drift rate of only | 


sin 4) cos Ay? — G*s? sin A cos a| 


sin 0) cos Oq0? 


consideration in paper, it was discovered that, for well- 
or 2 deg per min when sitting on a bench, the mildest application 
of a sinusoidal angular input at the nutation frequency could pro- 
duce outer gimbal rates on the order of 100 deg per sec! The 
search for the tremendous forcing torque required to explain this 
effect 
the gimbals, and subsequent tests revealed the steady rate of the 


was finally narrowed down to the inertial effects of 
outer gimbal in free vibrations. The analytical results listed in 
this paper yield the correct orders of magnitude and correct varia- 
tion with independent parameters to explain the observed results 
Although the steady rate and varying natural frequency effects for 
free vibration are difficult to detect and measure on rapidly spin- 
ning gyros of natural frequency 50-100 cps, a specially constructed 
gyro with a natural frequency of 5-10 cps has repeatedly dis- 
played the results predicted by (35) and (29) in the free-vibration 
case 


Thus the following conclusions appear to be in order: 


1 For nonlinear systems with neutral stability, the assump- 
tion of periodicity in a perturbation solution for an expected 
oscillatory-type motion may mask some feature of the result. 
Although unwanted secular terms may arise, they may be grouped 
to display a variation of natural frequency with amplitude, or 
recognized as part of an infinite series which is convergent if more 
terms are included in the analysis. 

2 If the gimbals carrying a gyro may vary from the perpen- 
dicular in its normal operation, as, for instance, in the case of an 
aircraft or missile vertical or azimuth-gyro indicator during 
maneuvers, the possibility of sinusoidal excitation at the gyro 
natural frequency must be considered as a possibly ruinous in- 
put, 

3 Since the natural frequency of the gyro varies with inner 
gimbal initial angle, if vibration isolators are used to protect the 
gyro, the isolator designer should not increase the possibility of 
having the gyro lose its reference or initial orientation by amplify- 
ing external excitations at possible gyro natural frequencies 
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am vibration problem of a beam with time-de- 
pendent boundary conditions can be solved by using Laplace 
transforms [1],' or by transforming the nonhomogeneous bound- 
ary conditions into homogeneous ones and thus solving a non- 
homogeneous differential equation [2, 3]. 

The fundamental frequency of a simply supported beam with a 
concentrated mass at mid-point [4] and a cantilever with a con- 
centrated mass at the free end [5] can be obtained by classical 
methods. For a beam with an arbitrarily located concentrated 
mass, the natural frequencies have been obtained by making use 
of series expansion [6]. By using Laplace transforms, employed 
for the solution of problems presented in this paper, closed-form 
frequency equations can be obtained readily for a beam with 
several concentrated masses 

The present analysis is related to numerous practical engineer- 
ing problems. Typical among these are the vibration of piping 
systems carrying large valves, structures with heavy machinery 
subjected to earthquake or other excitation, and problems in a 
moving vehicle such as truck frames and airplane-wing as- 
semblies. 


Vibration of a Beam With Ends Uniformly Accelerated 


Since the solutions for the different cases are essentially similar, 
they are illustrated briefly by solving the case of a simply sup- 


ported beam with a concentrated mass. 


1 Numbers in brackets designate References at end of paper 

Presented at the Summer Conference of the Applied Mechanics 
Division, Troy, N. Y., June 18-20, 1959, of Tue American Society 
or MECHANICAL ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1959, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, December 9, 1957. Paper No. 59--APM-22. 


Statements and opinions advanced in papers are to be 


the method of Laplace transforms. 
cantilevered, and fixed beams carrying a single arbitrarily placed mass; two equal 
masses symmetrically placed on a simply supported or fixed-end beam and a beam 
carrying a mass at the center and two equal masses at tips, striking a spring. 


The problems treated include the simply supported, 


Case 1. 
a concentrated muss is defined by f(t 


In Fig. 1(a), the motion of the support of the beam with 
Let the beam be initially 
= (0. The dif- 
ferential equations governing the left and right parts of the beam, 


at rest, so that y(z,0) = y(z, 0) = 2(z, 0) = 22,0 


Fig. 1(6), and their corresponding Laplace transforms are, respec- 
tively, 

q‘Y(z,8s) =0 (la 

-@Z(z,8s)=0 (1b 


where q‘ = a*s?, Y and Z are Lapl ice transforms of the y and 
z-functions, dots represent time differentials while primes stand 
for differentials with respect to z 
The boun lary conditions for the left and right ends of the beam 
are 
yw(O, t) = 2(¢, fit 


y"(0, t) = 2"(¢, t) = 0 


Compatibility conditions at the junction of the left and right 


parts of the beam require 


f(t 





C—3 
rN 


a 


v 





Fig. 1 Case 1; Simply supported beam, one concentrated mass 





Nomenclature 


Vm/EI 
location of the concentrated mass, Figs. | to 5 
Young’s modulus 
displacement of beam support and its Laplace 
transform 
moment of inertia of beam cross section 
spring constant as defined 
beam length as defined in Figs. 1 to 5 
= moment 
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= uniform mass of beam per unit length 
= concentrated mass 

parameter in Laplace integral 

time 

shear 

velocity 

distance from left hand support 


beam displacc ment 
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y"(b, 1) = —M/EI = 2"(0, t) cos (q,,2t/a) 


[—Ni(q,) sin 9,2 

Q if Q + i 3/30 7( Gn) : iq dn | g 
(b, t) = —— y(b,t) +2''(0, 1 

El o El m 7 \ (3) , ' | (cont 

+ N2(q,) sinh q,2] f 


2(0, t) = y(b, t) 


z'(0, t) = y"(b, t) where N,(q,) and .V.(q,) are as defined in Equation (6) with 

q, Tepresenting the roots of Equation (7) and U(q,) = dD/dq, 

The Laplace transforms corresponding to Equations (2) and (3) 4 =. Forb <x <1, zis to be replaced by (l — x) and b by « 
become in the foregoing equations. 

Y(O, 2) = Zle.s) = F(s) y"(0, s) = Z%c. 8) Similar solutions for the cantilever and fixed-ends beam also can 


7 be obtained by observing appropriate boundary conditions. For 
beam-mass systems symmetrical about the center line only half 
¥’’(b, 8) = P of the beam needs to be investigated. The boundary conditions 
and the resulting frequency equations for the various cases 
treated can be listed briefly as follows: 
=e Z'(0, 8) = ¥“(b, s) Case 2. Simply supported beam, two symmetrical concentrated 
masses, Fig. 2: 
The solutions of Equations (la) and (1b) are given by - ne 
yw, = f(t) 


Y(r,8s) = C, cos gz + C2 sin gx + C; cosh qx + Cy sinh gr ; 
y"(0, t).= 2"(c, t) =z 


Zz, 8) = c, cos qx + ce sin gz + ¢; cosh gz + c% sinh gz 
. . q , Q cos gl cosh ql 


Determining the C and c-functions in terms of s from the eight 2ml — ql(sin qb cos ge cosh gl — sinh gb cosh qe cos qi 
boundary conditions of Equation (5), we obtain for 0 < z < b 


Case 3. Cantilever beam, one concentrated mass, Fig. 3: 


] 
/= rol 3 (cos qr + cosh qz) (0, t) = f(t) 


I y'(O, t) = 2z"(e, t 


(NV, sin gz + V2 sinh gz | (6 


where — (1 + cosh ql cos ql) 


a7 ' — : 
_ 2 sin gl sinh gl 4 2q (— sinh gb sink ge sin ql cosh gb cos qb) (sinh ge cos qe cosh ge sin qe 
m . - , 
1 + cosh qe cos qe) ( sinh qb cos qb cosh qb sin qb }-? 10 
+ sin gb sin qe sinh ql) 

Case 4. Fixed-ends beam, single concentrated mass, Fig. 4: 

(J 

sinh ql (cos gl 1) : [sinh gb (sin ge + sinh ge) (0, t) = 2 
~m 


sin ge sinh ge + sin qe cos qb sinh ql sinh ge sinh gb cos qi] y (0,0) = 


» 
4 ‘ ~ - 
= sin gi(cosh gl — 1) 4+ : [sin gb(sin ge + sinh ge =o (1 — cosh gl cos gl) 
2m ql 


sin ge sinh ge + sinh ge cos gb sin ql sin ge sin gb cosh qi] [(1 — cosh gb cos gb) (sinh ge cos gc cosh ge sin qc 


2 ; - (1 — eosh ge cos qc) (sinh gb cos gb — cosh gb sin gb)| 
Natural frequencies are characterized by D = 0, yielding Le ee ee sini 


. Case 5. Fixed-ends beam, two concentrated masses, Fig. 5: 
Q sin gl sinh ql 


2ml qi(sin gb sin ge sinh gl — sinh gb sinh qe sin q/) WO, t) = f(t) 


The solution of Equation (la) can be obtained [1] by finding y'(O, t) = 2'(c, t) = 2’"“e, t) = O 


the inverse of Equation (6). Such mathematical procedures are 

, . » case i accelerati (t) = t?/2 : 
well known. For the case of uniform accel ration fit at?/2, : (sinh qf cos qf + cosh ¢f sin ol 
and the solution of Equation (la) for 0 < z < bis, q 


x,t) = y(a, tl) + yla, t) [eos ge (cosh ge — cosh gl cos yb + sinh qi sin qb 


oy i \2 : 4 ; + cosh ge (cos ge cosh qb cos ql — sinh gb sin ql)|™ 12 
aals . 4 
' al? ) 


It is interesting to note that if in Fig. 1, ¢ = 6, or in Fig. 2, 


) 


a7 (: ( > \? ‘ c = 0,b = 1 while Q is replaced by Q/2, both Equations (7) and 


(9) can be reduced to 


tml? 


: : cos(q,? t/a) y Q rm cos qb cosh qb (13 
+ ° 3 ( s = : 0 
2aa% 2 q,°U(q,) [Ni(q,) sin qx imb qb(sin gb cosh gb — cos gb sinh gh) 
+ N2(q,) sinh 4,1 which is the expression obtained by von Karman and Biot [4] for 
( the simply supported beam with one center mass. The frequency 
"(r,t) = eal? ‘| = (: i 4 4 equation for a single center mass on a fixed beam can be in a 
2 m 


similar manner obtained from Equation (11) or (12). 
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Fig. 2 Case 2; simply supported beam, two 


= mg 
f(t) | 
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Fig. 3 Case 3; 





cantilever beam, one concentrated mass 
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f(t) 
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Fig. 4 Case 4; fixed-ends beam, one concentrated mass 
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f(t) 
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Fig. 5 Case 5; fixed-ends beam, two concentrated masses 


Q sin gb cosh gb + cos gb sinh gb 


< 


2mb gh 1 cos qb cosh qh 


while for the cantilever beam with an end mass, Equation ( 


setting c = 0, 


Q l 


d yr COS ql cosh qt 


qi(sin ql cosh ql cos gi sinh ql 


which is in agreement with Prescott’s result [5 


Beam With Other Time-Dependent Boundary Conditions 


In the foregoing derivations, only the case of uniform accelera- 
tion at the supports has been illustrated. However, the method 
conditions, 


Let the 


can be applied to any time-dependent boundary 
provided that their Laplace transforms can be found 
case be that shown in Fig. 6 where a uniform beam, carrying 
concentrated masses 2Q at the center and F at each end, strikes a 
spring (spring constant 2k) with an initial velocity v. The initial 
=(. The Laplace transform 


conditions are y(z, 0) = v and y(z, 0 


of Equation (la) becomes 


Y(z, 8 q‘Y(z, s = q? 
The boundary conditions (before the beam-mass system is sepa- 
rated from the spring) are 


—_ 
Qy(0, t) + J U(x, t)mdr + ky(0, t) + Ry(az, I) 
0 


- R 
yl, t) + y“(l, 0) = 
m 


y’(0, t) = y(t = 
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Fig. 6 Beam with concentrated masses strikes a spring with spring 
constant 2k 


" 

—— 
| 
- 


or, in transformed presentation: 


dl | 
m f [s?*V (2, s vidx + 
0 


+ R[s* YC, 8 


Q[s?¥ (0, s kY(O, s 


= Y%i¢) = } 


Following the procedure outlined, } ean be solved and the 


frequenc \ equation determined as 


mi 


cosh ql sin ql 
Ka’ ) 
Qq* 


sinh ql cos ql 


(sinh g/ cos qi 
Qy 


(1 + cosh qi cos ql ( 


2m 
cosh gi cos gl 
Quy , , 


cosh qi sin gi ( I 
It can be shown that if k< Q and m< Q, Equation (16) re 
duces to that of a cantilever beam with an end mass 
other hand, if k< Q< R, Equation (16) approaches that of the 
simply supported beam with a concentrated mass at the center 


On the 


Discussion 

The investigation presented here for beam-mass systems can 
be extended to multimass cases with various other boundary con 
ditions, although the algebraic manipulations may become quit 
tedious 

The y.(z, 0) function of Equation (8) shows that the deflections 
and amplitudes are directly related to frequencies. Frequencies 
up to the fifth modes, as obtained for the various cases from 
(10), 
7 and 8 for various positions of the concentrated 


Equations (7 , (9), (11), ( 12), are plotted as tunction ol 


()/ml in Figs 
mass. From the plots, the following observations can be made 
As @/ml increases, approaching the case of the weightless 


For Q/ml > 5, 


the high-mode frequencies seem to remain constant if the mass is 


beam as a limit, the frequency tends to decrease 


sufficiently far removed from the supports while the fundamental 
frequencies of all cases can be predicted with the simple energy 
The funda 


mental frequencies are lowest when maximum static deflections 


method (spring suspended mass) with minor error 
are produced; i.e., the mass is at the mid-point of the two-support 
This Is Ih agree 
this 


system and at the end for the cantilever case 
ment with the principles of Rayleigh’s method However 
statement no longer holds beyond the fundamental mode 
7 of Cases 1 and 4, the 
When 


calling 


It should be pointed out that, in Fig 


mass locations c/l = 0.25 or 0.5 are only approximate 


c/l is exactly 0.50, these cases require special treatment 
for the use of Equations (13) and (14 the even modes will then 


Similarly, the 4th, 8th, modes of Case | are miss 


be missing 
ing when c/l = 0.25. Similar phenomena also can be observed in 


The possible coincidence of 
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Fig. 7 Frequency curves, cases 1 and 4 


nel 


nei 





y, (2,0) /axa® £* 








Fig. 9 First three modes of vibration Q/mi = 5, </I/ 0.25% = 0 
the mass location and nodal points at the particular modes are 
suspected to be the cause. 

A numerical example of Equation (8) is evaluated with Q/nu = 
5 and c/l = 0.25. The first three frequencies become ql = 
1.9596, q2l = 4.9666, and g3l = 8.8658. Beam displacement, bend- 
ing moment, and time are expressed in dimensionless parameters 
The 


beam movement and 


as y/aa‘ls, y"/aa*l*, and t/al*, respectively. first three 
modes of vibration are shown in Fig. 9; 
bending moment at the location of the mass are plotted against 
time in Fig. 10. It is seen that the vibratory amplitude of the 
mass Q, (x/l = 0.75) is very small at the higher modes, which is in 
line with the conclusion of von Karman and Biot [4]. The in- 
finite series of Equation (8) converges rapidly, so that carrying 
the summation to the first term is adequately accurate in this 
particular case. 
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Fig. 8 Frequency curves, cases 2, 3, and 5 
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Fig. 10 Beam movement and bending moment Q/mi = 5, c// = 0.25 
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Dynamic Loading Tests of 
an Aircraft-Type Beam 


Experimental tests were conducted to determine the failure characteristics of simplified 
box-type wing structures loaded dynamically, as compared to those of similar beams 
loaded statically. It was found that under dynamic loading, of the type applied, failure 
occurred at essentially the same loads and deflections observed at failure under static 
Tip deflections and accelerations were calculated using the force- 
deflection relationship determined by static loading, and compared to measured values 


Agreement between measured and calculated values was only fair 


Introduction 


- relatively meager amount of information availa- 
ble regarding failure of materials subjected to dynamic loads 
makes the establishment of a suitable criterion of failure difficult. 
Usually, in design calculations for dynamic loading, a factor 
called the dynamic load factor isintroduced. This factor, which is 
defined as the ratio between the failure loads for dynamic and 
static loading conditions, is assigned a value between 1 and 2. 
The factor is assumed to be greater than 1 because of the known 
fact that many materials, when loaded quickly, support a much 
larger load without failure than they do under static loading con- 
ditions. The choice of a specific value is based primarily on good 
engineering judgment. The validity of this procedure for obtain- 
ing a design load for dynamic conditions is open to question, not 
only because of the uncertainty involved in selecting a load factor, 
but also because it has not yet been shown that peak load is the 
most reliable criterion of failure. 

The mechanism by which built-up structures fail under dy- 
namic loading is more complicated than that of simple rods and 
Consequently, a satisfactory criterion of failure is more 
To obtain information 


beams. 
difficult to establish for such structures. 
directly applicable to this problem, the study reported here has 
been made of the response of a built-up aircraft-type beam to 
dynamic loads of sufficient intensity to cause failure of the beam 


by any definition 


Test Beam Details 


Ten beams of the type shown in Fig. 1 were loaded dynamically 
to destruction. These beams, which were 48 in. long, 13 in. wide, 
and 6 in. deep, were made up of a curved 248-T aluminum-alloy 
skin, 0.025 in. thick, stiffened with '/, X '/; X 0.0625-in. 
aluminum angles on 2-in. centers, and spars consisting of '/;-in- 
sq aluminum caps and a 0.040-in. aluminum web. Rivets in the 
stiffeners and spar caps were on */,-in. centers. The weight of 
each beam was about 12 lb and the moment of inertia of the typi- 
cal cross section was 11.76 in.‘ Beams of this same type had 
been used for a previous study of behavior under static loading, 

Presented at the West Coast Conference of the Applied Mechanics 
Division, Los Angeles, Calif., September 8-10, 1958, of Tue AMERICAN 
Society oF MEcHANICAL ENGINEERS. This paper was not preprinted. 

Discussion of this paper should be addressed to the Secretary, 
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received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, May 19, 1958 
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Some of the results of that study will be introduced later in 
this paper for comparison with the results of the dynamic-loading 


tests. 


Test Procedure 

The dynamic tests were conducted by attaching equal weights 
at the ends of the beam to be tested, raising the beam to a given 
height, dropping it, and then suddenly arresting the fall at the 
mid-point of the beam. Under these conditions, the beam acts 
essentially as two tip-loaded falling cantilevers suddenly ar- 
rested at the roots. Beams were lifted for the drop by means of 
a pull-bar attached at the center of the beam as shown in Fig. 2 
This steel pull-bar, 14/, in. diam, and about 25 ft long, passes 
through an opening at the top of a tower. By using a chain hoist 
attached through a quick-disconnect link to the upper end of the 
bar, the beam was raised to the required height for the drop 
When the link was opened, the entire assembly, including the 
pull-bar, fell asa unit. The fall was arrested when a collar on the 
upper end of the pull-bar came in contact with a neoprene-rubber 
pad supported by the drop-tower framework. The shock of the 
impact was cushioned, to some extent, by the rubber pad. The 
falling beam was constrained to move in the vertical plane b 
guides at the ends of the beam moving in slots in the steel frame- 
work which may be seen in Fig. 2. 


Measurements 

All of the physical quantities believed to be involved signifi- 
cantly in the dynamic failure of a beam were detected by suitable 
electrical transducers and recorded with a 12-channel recorder 
These quantities are: 

1 Deflections—measured at the root, mid-point, and tip of 
each cantilever. Measurements were made by means of strip 
potentiometers supported on steel angles which may be seen be- 
hind the beam in Fig. 2. 

2 Accelerations—measured at each tip and at the center of the 
beam. Statham 100g accelerometers with natural frequencies 
of about 700 cps were used for the measurements. 

3 Strains—measured by six SR-4 strain gages of the post-yield 
type (PA-3), mounted on the top skin of each beam; three on 
each side of the supporting yoke at the center of the beam, 1'/; in 
from the mid-line. One of the three gages on each side was placed 
on the longitudinal center line and the other two were located 1 
in. from the edges of the beam. 

4 Skin rupture—rupture was indicated by the interruption of 
a current carried in annealed copper wires, 0.001 in. diam, in- 
sulated with Formvar and cemented to the upper surface of the 
beam and to the upper spar caps. Tests have indicated that these 
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Fig. 1 Beam description 


Fig. 2 Beam arrangement before release 





wires break at practically the same strain as the 248-T aluminum 





from which the beams were made.! 











Simplified Analysis of Beam Motion 


The beam with its tip weights, the pull-bar, and the rubber 

















cushion can be regarded as a two-degree-of-freedom system, the 


' H.W. Foster, ‘‘A Method of Detecting Incipient Fatigue Failure,” 
Proceedings of The Society for Experimental Stress Analysis, vol. 4, 


Fig.3 Simplified schematic of the beam 1957, p. 25. 
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Fig. 4 Tip load versus tip d 


essential elements of which are shown in Fig. 3. The equations 


of motion of this system, assuming complete linearity, are: 
Mii + kiys — kelye i) = 0 


Motz + kely2 — mi) = 0 
For large values of ys — y:, the force-deflection relationship for 
the tip mass becomes nonlinear. The equations of motion are 


then more correctly written as: 


Mj; oa ky 7 F (ye —- 4) =0 
Moije T F (ye -hy = 0 


The initial conditions for the conditions of the test described are 


taken as follows: 


41 Ye 
On Ye 


where V» represents the impact veloc 

The function F(yz — y;) obtained from static loading tests is 
shown in Fig. 4. Solutions of the equations of motion have been 
obtained for y;, Ye, Hi, J2, and ye — y, by means of ap analog com- 
puter using F(y2 — yv;) as shown in Fig. 4. It is understood that 
the function F(y2 — y;) obtained from static loading tests may 
differ significantly from the corresponding function for dynamic 
conditions. However, one of the purposes of this investigation 
has been to determine the degree of accuracy which may be ob- 
tained in the calculation of such quantities as deflection and ac- 


celeration using statically determined, but nonlinear load-deflec- 


Table 1 


Tip weight, Drop height, 
Beam no. lb 
le $02 
29 402 
3° 402 
i" 402 
5 200 
262 
263 
290 
9 350 
10 250 


tion curves in the simplified equations of motion for a system with 
an infinite number of degrees of freedom. Methods which pro- 
vide an accurate prediction of deflection and accelerations, when 
combined with a suitable criterion of failure, should allow ac- 
curate predictions to be made concerning failure or nonfailure of 
a given structure subjected to a transient loading. 


Basic Test Parameters 


The mass M,, which includes a bulkhead at the center of the 
beam, the pull-bar, and an attachment fixture, was 416 Ib for each 
of the ten beams. The tip mass M, was one of the variables in the 
test. It ranged in value from 250 to 402 Ib. 

The stiffness of the rubber pad which formed the spring in- 
dicated at the center of the beam in Fig. 3 varied somewhat de- 
pending upon the temperature at the time of test. Its value was 
taken as 11,000 lb per in. for the first four beams tested and 8750 Ib 
per in. for the last six to be tested 

The spring constant k2, for the beam, is not required in the 
calculations, since it enters the solution in the function F 
y 

The tip weights, drop heights, impact velocities, and kinetic 
energy at impact for the ten test beams are shown in Table |! 
along with the fundamental periods of vibration for the two halves 
of the beam treated as tip-loaded cantilevers 

For beams Nos. | through 4, the choice of tip weights and drop 
heights was made to insure a definite failure. For the remaining 
six beams, drop heights and tip weights were selected so as 
It mav be noted that 


to 


bracket the conditions which led to failure 


Data for test beams 


Impact 
velocity, 


Total energy, Fundamental period 
ft-lb of beam, sec 
1105 1) 107? 
1105 40 1074 
1105 40 107? 
1105 i) 10-* 
640 28 10-4 
R45 32 10 
72 32 10 
700 35 10 
844 37 10 
690 32 10 


Ips 


Bt mee oe 
xX KKK KK & &K 


a 


* These beams ruptured. The remaining beams showed varying signs of distre: 


did not fail. 
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Fig. 5 Beam 2 after failure 


for beam No. 5, the load was decreased to one half that used on 
the first four Beams, but the drop height was increased to 38.5 in. 
which happened to be the maximum available height. Since this 
beam did not fail, the kinetic energy at impact for beam No.6 was 
increased by about 32 per cent by increasing the tip load and using 
the maximum drop height. These parameters produced failure 
so the kinetic energy of beam No. 7 was decreased by reducing 
the drop height. 

The results of the tests of beams Nos. 5, 6, and 7 indicated that 
the critical kinetic energy at impact was about 700 ft-lb. Conse- 
quently, the parameters for the three remaining ‘ests were chosen 
to make the product of tip weight and drop height approximately 
700 ft-lb. Beam No. 9 falls somewhat outside this pattern be- 
cause of an error in setting the drop height. It is interesting to 
note, however, that this beam did not fail even though the 
kinetic energy at impact was 21 per cent greater than the 700-ft-lb 
figure previously quoted as the energy required to cause failure. 

Beam No. 2 (tip load 402 Ib, impact velocity 13.3 fps) is shown 
in Fig. 5 as it appeared after failure. It is evident that, despite 
the symmetry of the beam, the right side has undergone a great 
deal more distortion than the left side. 

Note that the spar caps and stiffeners, as well as the skin, have 
failed in tension. Considerable buckling has occurred in the web 
on the right side because of diagonal compression as the beam de- 
flected. The buckling on the left side of center appears to be 
equally severe even though the upper and lower spar caps are 
practically unbent. 


Experimental Results 


The results obtained in these tests are summarized in the 
following series of tables. In Table 2 the deflection of the 
cantilever tips relative to the center (yz — y:) and the static load 
which would have been required to give the same deflection are 
shown. For those tests in which failure occurred, the deflection 
given is that observed at the time of failure. For the beams 
which did not fail, the deflection given is the maximum deflection 
observed. The static load corresponding to the deflection yz — "1 
was obtained from the curve shown in Fig. 4. 

The load at the time the tension skin failed, shown in column 6 of 
Table 2, is the product of the tip weight and measured acceleration 
at the time of failure. The exaggerated influence of higher fre- 
quency components in the motion of the accelerometer made it 
advisable to hand-smooth the recorded curve before reading the 
accelerations, thus the measured accelerations are subject to con- 
siderable error. Calculated results based on these measurements 
vary considerably and probably have a limited reliability. 

The static-load deflections of three similar beams at failure 
were 2.2, 1.7, and 2.3 in. It is evident that the deflections at 
failure of the six beams which failed are somewhat lower than the 
It is significant, no doubt, 


9 
failure deflections for static-load tests. 
that, with one exception, the deflections of the beams which failed 
exceeded the maximum deflections of the four beams which did 
not fail. These results indicate that, in general, failure will occur 
at somewhat smaller deformations or displacements when the 


Table 2 Tip deflection y, — y; 


Impact Tip 
Beam velocity, weight, Ya 
no. fps lb 
l¢ 13.3 402 
2¢ 13.3 402 ] 
3° 13.3 402 l 
4¢ 13.3 402 l 
5 14.4 200 l 
62 14.4 262 2 
7¢ 13.3 263 l 
8 12.4 290 0 
9 12.4 350 l 
10 13.3 250 
* See Table | for note. 
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0.7 


in. 


Peak 


Static load to 


v1, give same de- acceleration, Load 
flection, lb g Ib 

; 11.8 41700 

5200 15.9 6400 
5150 4.5 3000 
5550 12.3 4950 
5400 25 0 5000 
4750 19 0 5000 
5350 22.0 5800 
5800 17.5 5100 
5700 14.5 5100 
5800 19.5 1900 
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Impact 
velocity, Tip weight, 
W ing ho. fps lb 
l¢ 13.3 402 
2 13.3 402 
3° 13.3 402 
4 13.3 402 
5 14.4 200 
6? 14.4 262 
7? 13.3 263 
Ss 12.4 300 
¢ 12.4 350 
10 11.6 250 


* See note, Table 1. 


Table 4 Time between i 


Strain at center, 


Table 3 Measured strain in the tension skin at failure 


Average strain-—sides, 


in. /in. in. /in. 


No strain gages 
No strain gages 
13560 K lo * 

17720 x 10 
15800 « 10 
24200 & 10 
13500 « 10 
4018 XK 10~* 
7378 X 10°° 
1164 x 10° 


10000 K 10 °* 
6 No measurement 
6 10150 «Kk 10 °* 
6 12050 « 10~¢ 
s 13065 « 10~* 
3230 < 10°* 
6495 & 107° 
3266 K 10° 


skin failure 





Time 
Tip weight, or 
Wing no. Ib sec 
ie 402 1G xX 
2 402 20 
3° 402 22 
42 402 23 
5 200 35 
62 262 27.5 
7 263 22.0 
8 300 37.5 
9 350 43 
10 250 35 


* See note, Table 1. 





loads are applied dynamically than in those tests where the load 
is applied very slowly. 

In the static tests, the failure loads were 5300, 5640, and 5450 
lb. Only two of the dynamic loads exceeded these values. Also, 
it should be noted that the maximum computed loads for the 
beams that did not fail are higher than the peak loads for all ex- 
cept two of the beams that failed. These results indicate that 
lond mav be an unreliable criterion of failure. It must be re- 
membered, however, that the difficulties encountered in measuring 
accelerations cause the values given here for the loads to ha e a 
limited reliability. Ii the load is used as the primary criterion of 
failure, certainly a dvnamic-load factor greater than unity should 
not be used if the rate of loading is not expected to be appreciably 
greater than that developed in these tests. 

The measured strains in the tension skin at failure are shown in 
Table 3. It will be recalled that there were six strain gages 
mounted on the beam, three on each side of the mid-line, which is 
also the root of each of the two cantilevers. A great deal of varia- 
tion was observed in the strains at the six gaging points, but the 
strains on one side of the mid-line were always appreciably higher 
than those on the other. Also. the strain along the longitudinal 
axis was always higher than the strain at either of the side gages. 
In this tabulation, the strains given are those measured on the 
side of the mid-line where failure occurred, or if failure did not 
occur, that side on which the strains were greater. The strains 
measured by the two side gages have been averaged. 

In the static-load tests, the maximum strain at failure was 
21,500 X 10~-*in./in. The dynamic strains are consistent in one 
respect with the loads shown in Table 3. With one exception, 
they are all lower than the static strain. The extreme variations 
seen in these records probably should be expected in view of the 
nature of the beams. Local buckling, and high stress concentra- 
tion in the vicinity of rivets are certainly to be expected and these 
would have a significant effect on strains. Clearly, the strain in 
the tension skin cannot be used as a satisfactory criterion of 
failure when conditions exist which tend to produce local buckling 
and high stress concentrations. 

The time between the beginning of the loading and the first 
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pact and tensi 


of failure 
maximum strain, 


Fundamental period 
Ratio 


sec 
10-3 1 x 10°73 0 40 
40 0 50 
40 0 55 
40 0 57 
28 1.25 
32 0 86 
32 0 69 
35 1 O07 
37 1.16 
32 1 09 


tension skin failure, or the development of maximum strain, is 
shown in Table 4. For comparison, the fundamental period of 
each beam considering it to be an elastic, tip-loaded cantilever, 
is shown. 

For an elastic single-degree-of-freedom system, the maximum 
deflection, and hence the maximum force, would be reached at a 
time equal to one fourth of the fundamental period after the start 
of the loading. The lack of any sort of agreement between the 
times at which maximum strain developed and the quarter 
periods of the cantilever probably can be attributed largely to the 
fact that the beams and the rubber pad on which they were 
dropped comprise a two-degree-of-freedom, rionlinear system, 
rather than the single-degree-of-freedom, elastic system for which 


the periods were computed. 


Comparisons of Calculated and Measured Results 


Comparisons between the computer solutions and the measured 
results are shown in Figs. 6 through 14. For proper evaluation 
of the significance of these comparisons, it should be noted that 
deflection measurements are probably the most accurate of the 
experimental results since these quantities are least influenced by 
high-frequency vibrations in the beam and the supporting struc- 
Also, the measured deflections were of the order of 1 in. or 
more, a relatively large quantity. On the other hand, the ac- 
the least the measured 
quantities owing to the exaggerated influence which the high- 
The 


procedure which was followed for reading the accelerations from 


ture. 


celerations are probably accurate of 


frequency vibration components have on accelerations 
the recorded results consisted of sketching by hand, on the record, 
a smooth curve to represent the average acceleration, and then 
reading the amplitude of this curve. Justification for ignoring 
the numerous sharp peaks and dips in the acceleration records 
must rest on (1) the smoothness of the deflection records, and (2 
the short duration of the individual peaks in the acceleration 
records, 

The comparisons show that, in general, the best agreement is 
obtaired between the computed and measured values of the ab- 
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Tip weight 402 Ib 


V_ 160 in. /sec 
o 


Deflectior 


Measured data 
@y,* deflection left end 


= deflection right end 





"%°%,° deflection end— 


deflection center 





Time (msec) 


Fig. 6(a) Deflection versus time for wing 2 


Tip weight 402 lb 

Vv 160 in 
oO 

Measured data 


® y, * deflection left end 


sec 


= Yo deflection right end 
By y deflection end 
3 ! deflection center 








10 
Time (msec) 


Fig. 7(c) Deflection versus time for wing 3 


1 Tip weight 402 lb 


V_ 160 in. /sec 
o 


Measured data 
6 Ye deflection left end 


deflection right end 


yy deflection end 
a lL | deflection center 








Time (msec) 

Fig. 8(c) Deflection versus time for wing 4 
solute tip deflection, vw. The tip deflections vy. — y,, relative to 
the center, show the next best agreement and the accelerations 
J. show the poorest agreement. This is the sort of relationship 
that might be expected:in view of the relative accuracies of the 
quantities involved. It also might be pointed out that the relative 
deflection yz — y; is less accurate, particularly at the lower de- 
flections than the absolute deflection ys since y; and yz are almost 
equal at the beginning of the impact when both are small. It is 
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Tip weight 402 Ib 


4 V 
o 


160 in. /sex 

Measured data 

® = acceleration right end 
@ = acceleration left end 








15 
Time (msec) 


Fig. 6(b) Tip acceleration versus time for wing 2 


Tip weight 402 lt 

Vv : 160 in. /sex 

Measured data 
10) acceleration right end 
sd) acceleration left end 








10 


Time (msec) 


Fig. 7(b) Tip accelerction versus time for wing 3 


Tip weight 402 lt 


Vv 160 in. /sec 
° 
Measured data 
acceleration left end 
8 acceleration right end 








Time (msec) 


Fig. 8(b) Tip acceleration versus time for wing 4 

interesting to note in many of these records, Fig. 7 for example, 
that a slight shift in the time origin will bring the computed and 
the experimental results for the relative deflection, y2 — y into 
excellent agreement. In Fig. 7, a shift of 5 millisee suffices. 
However, such a shift makes the agreement for the absolute de- 
flection y2 worse, and neither improves nor impairs the accelera- 


tion comparison. For beam No. 5, Fig. 9, the agreement be- 


tween measured and computed values of both deflections is 
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Tip weight 200 lb 


Vv 172 in. /sec ° 
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Fig. 9(a) Deflection versus time for wing 5 
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Fig. 9(b) Tip acceleration versus time for wing 5 


reasonably good without any shift in the origin However, there 
Is very poor agreement for the accelerations, and also a considera- 
ble difference between the measured accelerations at the two tips 
In a few instances, notably wing No. 7, Fig. 11(5), a slight shift in 
both the time origin and the absolute level of the acceleration 
brings the measured and computed values of acceleration at the 
tips into reasonably good agreement 

In general, these comparisons indicate that the deflections and 


Journal of Applied Mechanics 


accelerations of such beams can be computed with a fair degree 
of accuracy by introducing an average force-deflection curve ob 
tuined from static tests. However, it must be recognized that 
built-up structures of the type involved here will probably always 
show a significant amount of variation from one test to another 
thus precluding the possibility of obtaining extremely accurat: 
predictions from the solution of the simplified differential equa 


tions 
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Fig. 11(b) Tip acceleration versus time for wing 7 
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Summary 


In order to emphasize the 


Tip acceleration versus time for wing 9 


more important results of the simpli- 


fied wing-structure tests, the following points are noted: 


1 The most consistent 


failure will occur in tests of 


indication of the likelihood that 
the type conducted in this investiga- 


tion is the kinetic energy which must be absorbed at impact. 
With one exception, when the kinetic energy of the tip weight of 


the beam exceeded 700 ft-l 


This figure 


b, failure occurred. 
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Fig. 14(b) 





sumes added significance, when compared with the average energy 
of 750 ft-lb absorbed at failure in static tests. 

2 Tip deflections at failure were moderately consistent but 
slightly lower, on the average, than the tip deflections observed 
in the static tests. Thus, if tip deflection were to be used as a 
criterion of failure, a dynamic-load factor greater than unity 
should not be used. On the basis of the data presented here, the 
reliability of deflection as a criterion would be questionable. 

3 The maximum load at failure as computed from measured 
accelerations and tip weights is, in general, somewhat lower than 
the failure loads observed in the static-loading studies. The last 
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five beams tested, however, supported loads which were approxi 
mately the same as the failure loads in the static tests. Certain! 
there is no evidence in the results obtained that loads can be sus 
tained in the dynamic tests that are higher than the static loads 
that cause failure. If load is used as a criterion for failure of a 
beam under dynamic loading conditions where the rate of load 
application is such that peak load is reached in a time interval 
between '/, and '/, the fundamental period of the beam, the 
amplification factor should be taken as unity. 

4 


strain to develop in the tension skin, varied from 0.40 to 1.16 
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The time required for failure to occur, or for maximum 
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times the natural period of the beams being tested. The abso- 
lute time varied from 20 to 39 millisec. It is evident that the rate 
of load application was not extremely fast; probably not fast 
enough to introduce rate, or inertia effects. 


Conclusions 


After comparison of the results of the static tests of a previous 
investigation and the dynamic tests reported here, the following 
conclusions were reached: 

1 If the rate of application of a dynamic load is such that a 
load required to cause failure in static tests is reached in a time 
equal to or greater than '/, the fundamental period of the struc- 
ture, the structure will fail at essentially the same load as would be 
required to cause failure under static loading conditions. The 
dynamic-load amplification factor should be unity under such 


conditions 
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2 The work which must be done on a beam or a structure to 
produce failure under static-loading conditions is essentially the 
same as the energy required to produce failure under dynamic- 
louding conditions if the rate of loading is as indicated above. 

3  Deflections and accelerations during dynamic loading of a 
complete structure with nonlinear characteristics can be com- 
puted with moderate accuracy by using simplified equations of 
motion and the static load-deflection relationship for the strue- 


ture. 
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tion. 


which represent the damped natural vibrations. 


Vibrations of Bars 


Energy dissipation in flexural vibrations is considered by introducing into the Timo- 
shenko beam equation viscous-damping terms proportional to the time rate of exten- 
Two modes of wave transmission arise from the roots of a quartic equa- 
On the lower mode, a solution is indicated in terms of characteristic functions 


For a specified range of values of 


damping, the amplitudes of natural vibrations are governed by characteristic damping 
factors which exhibit a maximum in the region of frequencies where wave velocities are 


dispersed. 


There can be no frequency cut-offs. In the higher mode of wave motion, the 


characteristic damping factors exhibit a monotone increase toward short wave-length 
limits analogous to those obtained in the Bernoulli-Euler-Sezawa equation. 


ities R attempts at a theory of beam vibrations 
with viscous damping were based on the Bernoulli-Euler beam 
equation. Sezawa [1]! used a damping term proportional to the 
time rate of extensional strain in the Bernoulli-Euler equation. 
Later, others [2] used the same Bernoulli-Euler equation with 
“Sezawa’’ damping to approximate the response of damped elasti: 
systems to transient disturbances. 
It was found that on such a theory the damping factor 9 in- 
6 is defined 


as the fraction of critical damping, a nondimensional ratio of the 


creases indefinitely with the frequency of vibration. 


viscous damping constant to the critical damping constant. An 
indefinite increase of 8 with frequency leads, of course, to eventual 
suppression of the higher natural modes of vibration, a fact not in 
agreement with experimental evidence. 

The Bernoulli-Euler equation is an approximation to flexural 
vibrations in beams which does not include important effects of 
shear and rotatory inertia and leads to infinite phase velocities for 


short wave-length vibrations. It was pointed out quite early by 


W. Fliigge [3] that the contributions of rotatory inertia and shear 
are essential in order to have finite phase velocities of propagatior 
for short wave-length vibrations. Later, H. Schirmer [4] showed 
that 


modes of wave propagation 


contributions of rotatory inertia and shear lead to two 
The well-known partial differential! 
equations are such that coupling terms occur between the trans- 
verse displacement w of the beam element and the angle of rota- 


thon y 


pure shears, but combinations of the two. 


The resulting wave forms are not pure rotations and 


tesults of Schirmer’s analysis are shown in Fig. 1, where the 
phase velocities c; and cz are plotted for undamped vibrations as 
functions of nondimensional frequency ratios W/W = a@ w and 


Included ir 


this figure is also a graph of the phase velocity for pure rotations 


w, are circular frequencies in radians per see (rps) 


Of special interest is the lower mode of wave transmission ¢ 
Near the origin and in the range of frequencies where 0 < @ < 3 
the phase velocities are dispersed and wave shapes approach those 
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of the Bernoulli-Euler theory. In the range of higher frequencies 


where @ > 3, wave shapes and phase velocities approach those of 
pure shear waves. The lower mode therefore tends to transmit 


predominantly flexural waves when @ < 3, and shear waves 


when @ > 3. When frequencies become very high, no flexural 
waves can be transmitted in this mode 

In the higher mode of wave motion, cz, all waves are approxi- 
mately rotational and approach for high frequencies the phase 
This mode will transmit primarily 
the 


higher mode is possible only for frequencies in the range where 


velocities for pure rotations. 


flexural waves. According to this theory, wave motion ir 


l<a< There can be no wave transmission when a < 1. 

The effect of viscous flexural damping on the behavior of § as 
function of wave length or frequency can be analyzed readily. In 
the lower mode ¢ flexural dissipation will be most effective for fre- 


quencies where predominantly flexural waves are transmitted 
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Therefore flexural dissipation and 8 should pass through a 
maximum in the region of frequencies where 0 < a < 3 and go to 
zero when a > 3. In the higher mode which transmits flexural 
waves from 1 < @ < , and no shears at the higher frequencies, 
flexural dissipation and 8 are expected to rise indefinitely as wave 
lengths diminish. 

Experimental results have in fact been reported by a number of 
investigators [5, 6, 7) confirming a maximum of 8. This is in- 
terpreted as an interplay of intensive and extensive parameters 
such that, at certain frequencies, a maximum dissipation of energy 
is achieved. The intensive parameter in this case may be the 
flexural moment applied, and the extensive parameter the flex- 
ural waves in the lower mode c, which are transmitted over a 
band of frequencies of roughly a range where 0 < @ < 3. 

The lower mode ¢; appears to be suitable for use in an approxi- 
mate theory of vibrations with viscous flexural damping as it 
covers adequately the complete spectrum of wave lengths of 
flexural and shear waves for all frequencies from 0 < a < o@. 
In the higher mode c:, there can be no wave propagation for fre- 
quencies a < 1. 

Although the algebraic work associated with this solution is 
relatively great, this extension of the beam equation, including 
effects of rotatory inertia, shear, and flexural viscous damping, 
overcomes the shortcoming of the Bernoulli-Euler-Sezawa equa- 
tion where the damping factor 8 is proportional to the frequency. 
It offers an approximation to the behavior of materials in viscous 
damping also at higher frequencies. 

Therefore, a solution is presented of the beam equation includ- 
ing contributions due to rotatory inertia, shear, and flexural 
It is written for the case of a half-period sine 
This excita- 
tion is chosen because it vields a transient solution in terms of 


energy dissipation. 
excitation applied to the root of a cantilever beam. 


characteristic frequencies that can be compared with already 
existing solutions [8, 9]. 


Equations of Motion and Boundary Conditions for 
Cantilever Bar 

The appropriate differential equations and boundary conditions 
are obtained conveniently from the equations of motion for un- 
damped vibrations [4, 8, 9]. 

In the derivation of the equation of flexural vibrations of bars, 
the assumption is made that the axial stress o is directly propor- 


tional to the axial strain e. 


Thus 


The constant of proportionality is 
Young’s modulus E. 


o = Ee (la) 


Viscous internal damping in an elastic solid may be introduced 
into the beam equation and into the end conditions by assuming 
that Stokes’ law may be extended to a “viscous”’ solid [2]. The 
stress is thus taken to be a linear function of strain and strain 
rate; ie., 

(1b 


where ¢ is the coefficient of viscosity and é is the strain rate. To 
pass from (la) to (1b), it is only necess iry to rep: ce E in (la) by 
[EF + ¢(0/ot)]. If this is done in the differential equations of 
undamped motion and in the end conditions [8], the desired equa- 
tions and end conditions for damped vibrations are obtained. 

Let w be the transverse displacement of the beam element, and 
y the angle of rotation of the element due to bending, then the 
slope of the neutral axis of the bar is given by 


ow 
Or 


=yYty » 


where z is the co-ordinate parallel to the axis of the beam and 
is the shearing strain, 
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The bending moment is 


ov 
or 


(3) 


M= zi(1 + 


ee) 
Eot 
where E/ is the flexural rigidity of the bar and dyW/dr is a first 
approximation to the curvature for small values of y. 


The shearing force is 
oO . 
K'AG ( ae v) 
or 


where K’'A measures the effective shear area and G is the shear 


Q = K'AGy = (4) 


modulus. 
The differential equations of motion are 


Qn ww 
—pA = + x0( es ov = 0) (5) 
ot? Or? or 
o*y fo\ oy 
—K*pA - + BIT 1 + — 
ae ( =) dx? 
, kag (2 - +) =0 (6) 
wo 


where K is the radius of gyration of the cross section of the bar 
with respect to the horizontal principal axis through the centroid 
of the section, and p the mass density of the bar material. 


Equations (5) and (6) may be combined. The result is the 


equation 
Ow l+e Ow € Ow 
or ec dx*ot? c;‘ oft 
1 O'w Ow , «¢ Ow " 
. T « F ” ” -_ \é ) 
K*e,? dt? * dxrt00 c,? dxdt? 
In this equation, Cy is the velocity of long extensional waves, i.e. 
c, = [E/p]'/*, and € is a nondimensional constant defined by 
E 21 +p 
«€= ll a tS 
K G K 


where v is Poisson’s ratio. 


€ is adjusted so that the limiting velocity of wave trans- 


mission for short waves in the lower mode approaches that of 


Rayleigh’s surface waves. For v = 0.3 the value of € = 3; 
J, is the damping constant, defined by 
f, = t/E (9 


Jt 


The initial and end conditions for excitation of the cantilever of 
length / in a drop test, taking the origin of co-ordinates at the free 


end, are 


(10a) 


( 10h) 


+ v(e — ~) at (« - ") (100 
[W] emt = 0 


Equation (10d) may be written in terms of the transverse dis- 
The result is 


( 10d) 


placement w. 
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(> € Ow 1 Ow 
a a ae ae 
oz? c;? Ordl? —s_s« eK? Ox 
Ow € Ow 
+ f; -—f;— = 0 (10e) 
dxdt c,? dxdt? } 2 


At the free end of the bar, z = 0, the moment and shear must be 
zero. 
The condition of zero moment is 


; , @\a 
er(1 = v = () (10f) 
E al or 
This becomes in terms of w 
Ow € 0'w O*w € Ou 
‘ ‘ T Js —f; = 0 (10g) 
Ox? c;? Ol? Or*Ot c; Ol® Jo 
The condition of zero shear is 
Ow 
—_— = 0 (10h) 
( Or v 
In terms of w this becomes 
O*w l1+e€e 0'w , fw € Ow 
_ ~ + f; - oe fi . =((Q (101) 
ox ce; Oxot? Or Ot c,? Ordl® J ,~0 
In Equation (10c), M is the unit step function 
T T 
M ( ‘) = 1 when ( - t) > 0 
Ww Ww j 
T T 
M ( - ) = (0 when ( — ') <0 
wW Ww 
V is the initial velocity of the beam at the instant of impact. It is 


of such magnitude that the maximum acceleration Vw is very 
large in comparison with the acceleration g of gravity, so that the 
latter may be neglected 


The solution of the problem is readily accomplished by means 


i} e~ PLo(z, t) dt (11 
0 


where p = & in and Y(z, p) are complex. 
Applying the so-called infinite integral to the partial differen- 


of the Laplace transform 


} Ir, p 


tial Equation (7) and integrating by parts, certain restrictions 
are placed on WZ, t) and its time derivatives. 

w(z, t) and its time derivatives must be of exponential order. 
A positive real constant M and a real constant y must exist such 
that, as t > 


Me™ (12 


w(z, t)i < 
The initial conditions on wi z, t) and its time derivatives are 


w(0) = U, wO)= — V, (0) = 0, u(Q) = UO (13 


With these conditions, the Laplace transform is an analytic 
function of p in the half plane § > y. The Laplace integral con- 
verges absolutely and uniformly with respect to — and 7 in that 
half plane. 

The partial differential Equation (7 
boundary-conditions Equations (10a) to (107) are thus converted 


and the initial and 


to the following equations in Y(z, p): 
dty [e(1 + fp) + 1] p? 


dx* (1 


ay ~p* (ep*K? + c,*) y 
K*c,* (1 


+ Sp c;? dx? + tip) 
. V (ep*K? + c,*) 


K*c,4 (1 + fp) 
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—— (14) 


Atz = 0 


ay ae _. el} - 
exe -Ye (15a 
dz* c; c? 
ey {fel +fp) +1) p? dY 
: a= JP 1 # = ( (15h 
dx’ (1 + f,p) dz 
Atz=l 
,_ —8 w? } . 
} = if € w ™ iM 
p* p? W p* + w? 
ay ep? dY 
- - - = () lid) 
dz* c? eK 1 + f,p dz 


Equation (14) is an ordinary differential equation with constant 
coefficients. Its solution is written in the form 
y 


2 


{ lo 
p 
m, are the four roots of the biquadratic 


where m,, —m, M2, and 


equation in m 
lel + fip) + I) p? 


m* — m? 4 


(1 + f,pde;? 


p? (ep*k? +c; 7 e 


"2. 4 
K C; (1 + fp 
These roots may be presented In Various convenient torms 


For purpose of numerical computation, one form is as follows 


m = F,f p | Fl p [Fy p ] lRa 
Mm = F\(p [ Ff Pp) + Fp LS/, 
where 
p 
Fi(p) = — ; 
e121 ’ fp j 
FAp) = [1 +f\p) +1 
I (1 +f it. a 
(p) = le + fp }t— - 
I kK? p* 


In order to identify the harmonic terms in Equation (16), the 


following notation is introduced: 
m = pf, and m = tps 


where Ma = 28 \ is a real number and X is the wave 
This locates p in Equation (18b) to the left of the imaginary axis 
Equation (16) then takes the form 


length 


Y = ¢ sin hwz + c2 cosh wz 
y 
Cy SIN for C4 COB Mol 19 
p? 
where 
Mi = F,(p)[F2(p G\(p)(|Gd p yea 20a 
we = —tF,(p)[Fi(p) + Gi(p)[Gfp)] 201 
where F,(p) and F;(p) are as in (18a) and (185) and 
G\(p [e(1 fp l 
(1 + fp 
Gip) =1-— - ne a = 
K? [G,(p)]*p? 
Applying the boundary conditions (15a) to (15d) to the general 
solution (19), the Laplace transform } , p) of the solution 
w(x, t) is obtained 
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I(r, p) = 21 
pip? wid p 
where 
?o=% + @ ¢ 22 
and 
t, 

gi = mb kK fcosh yy (l r cos pol — x 
ile J —_ 
Qs = Mike piece + fp 1} ( pay ep 


> cosh wy! cos wer + 4/1 el + f;p)|(mere,? + ep? 


ce) 
Ke { 


c,2 ) 
+ > COS / cosh I 
hee 7 


~ sin wel sinh pyr - sinh yl sin pos 


Q: = = 
K? 
nd 
QA=-A +A A 23 
%, 
A, = wm _ 
wa ke 
2c;? fe(1 + f;p) — 1]%p? 
A = pip [ a a 4 le , J com be l cos M 
e(l + f,p) + I]p? 
A; = . sinh y/s a 
KX1 + fp) inh yal sin pw 
It may be shown readily that for z = / 
dl, p) = All, p) 


Also, asf; = 0, both @(/, p) and A(/, p) reduce to the form ap- 
In addition, @/A is of 
zero order in p, thus insuring that the Laplace transform V(r, p) 
*) where K > 1. 


propriate to the Timoshenko equation 


is of order O( p 


Y(<, p) A Single-Valued Function of p 

The Laplace transform is a single-valued function of p at all 
points of the complex plane. It is analytic except at certain 
simple poles located on and to the left of the axis of imaginaries 
and has a double pole at p = 0 

To show this, we examine the behavior of the parameters u 
and ge which occur in Y(2z, p). They are defined by Equations 
20a) and (206) and may be written in the form 


Mi = [f(p [fil p (24a 
be = —ilf(p) + [fi(p)]' (24h 
where 
fe(l + f;p) + 1|p? 
I(p) = : : : (25a 
2c, 1 + f:p) 
le(l + fp) - 1]? 2 

fp) = vat pt—-——_P ___ (25 

fe, 1 + f;p)? Ke, 1 + fip 
Consider the funetion w = [f\(p)]'/? which oecurs in both u 


and 4», but with opposite sign. At any point in the complex 


plane, [fi(p)]'/* has two values which are the roots of the quadratic 


imu 
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w? = fi(p 
These roots are 


we = t1f(p)|' 


[fi(p has four branch points. These branch points are the 
values of p which reduce f,(p) to zero. They are the roots of the 
quartic in p 

Ze I (e — 1)? 
p : p T 4 p* 
€/ e*f 2 
te, hy > 
eee a * =) (26a 
Kf Ke 
which in nondimensional form is 
2e — 1 (e — 1 j ' 
2 27 4 . 2 - =) (26h 
pre pe? pie pie 
where 
ef ' K Ve 
a= and 2 = p 
K a « 
For p; = lande = 3, the roots are 
2.0 = —0.686 + 10.979 and 2, = 0.019 + 0.966 


A change in sign of [f;(p)]'/? will change uw; and pe such that 


Mi ips and po —ip 


In a similar manner, at any point p in the eomplex plane, u 
and yw: have two values of opposite sign. They are the roots of 


the quadratic equations 


i? = f(p) — [filp 


and 


— p,? = I p) + fil p 


where f(p) and f,(p) are defined in Equations (25a) and (254), re- 
spectively. 

The three branch points of 4, are 

p=0, print, p= -i—t 

K Ve K Ve 

The branch point of pe is p = 0 

It should be noted that 4; and we. have the branch point p = 
0 in common. 

@/A and (d/dp)(@/A) are single-valued functions of p if their 
value remains unchanged when p returns to its original value for 
any arbitrary closed path in the complex plane enclosing any or 
all of the branch points of 4, ue and [fi(p This is a necessary 
and sufficient condition. 

It is apparent from this discussion that the points 


= 
p= +i — 
K Ve 
affect only i, while all other points mentioned in the foregoing 
will affect both yu; and pe together. 


A single closed circuit around 

- Cc; 
p=ti- 7 
K Ve 


for example, will change the sign of uw: only, thus reversing the 
sign of @ and also of A. This, however, will leave @/A un- 
changed. On the other hand, a single closed circuit around p = 0 
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will change the signs of both 4, and w:. Consequently, the sign 
of @ and also of A will remain the same. 
around any of the roots of fi(p) = 0 will change yu; into iu, and pe 
into —iu;. If these values are substituted into @ and A, it will 
be noted that both @ and A remain the same. 
closed circuit, @/A will return to its original value. 


A single closed circuit 


For any arbitrary 


@/A) is therefore a single-valued function of p at all points of 
the complex plane. The same can be shown to be true for the 


derivative (d/dp)(@/A). 


(¢,/A), and (d/dpo/A) Are Finite at Branch Points of 
ur, wo, [fy (p)|'* and atp = —(1/f,) 


Consider the branch point of yy at 


. © 
p= Tt] 2 
K ve 
or at 
. | 
= . j 
K Ve€ 


This can be seen by sub- 
0) 


In either case, the value of yi) is zero. 


stituting either value of p into Equations (20a) and 


The corresponding value of fe will be for 


Cc; 
Hi -— 
K Ve 


f. [e(1 + tp.) + 1) |”? 
asa K*e(1 + ip,) 


For small values of 4; both @ and A will have a common factor 
wy(c,?/K?), which cancels in the quantity @/A. As yu 
proaches zero, @/A approaches the finite and single-valued limit 


Do / A 


ap- 


where 

i 
Jia 
and 


Ay = An + Ae + As 27} 


and where 


OM: = well os poll r 
l 
@ vi ée( 1 p) cos ph COS Lol |: 
e(l + Sip 
l el f, ) 
@ Sin Mer; 
eK) fp 
pa Ju 
1+ (1 +fp 
A a COS pol; 
é(1 fp 
1+el1+f,p)] . 
Aa = . sin fel; 
eA*%(1 + fip) 
The derivative of @/ A may be written in the form 


d ( rin) ) ren) d’ A’ - 
ip A A Qo A ° 
where 0’ and A’ are derivatives with respect to p of @ and A. 
In the limit as uw; — 0; (du,/dp)—~ ~. 
Those terms in @’ and A’ having (dy, /dp) as coefficients are in- 


finite and produce identical cancellation as follows: 
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Poo’ Avo’ 
Lim — = 0 
dy ? A 
dp — 
where 
day 
Po dp" 
i) MiQr 
ind 
du 
Ao 
A ip 
A sudo ’ 
The finite terms @,' and A,’ of @o’ and Ay approach a limit 
such that the derivative 
Lim 2 ( ¢ ) db | do’ ay 
Am = -_ 
ra) = dp A Ax Do A 
s finite and single-valued at the points 
c 
p = = 
K ve 
Consider the roots of f p = These are the branch points 
f(p At these points 
l el + fp 
= . p=) 
2c (1 + f;p 
1 + el + f,p)) . 
ke = i p= 3 
2¢/7( 1 fp 
1+ e&1 f.p)) . 
Mik » | fp - = Oo 
~ e these points are the roots of the quartic 
J\€ | € l : te? he, a 
yo = ) t p p - 
ef, , ey heh? erick? 
the following relation is satisfied 


fr e( 1 tT |p l ‘ Pa . 
| pe + . = ‘m) 
L Al + jp kK? A 


sing this relation found that both @ and A become zere 


eaving the quantity @/A in the indeterminate form 


it Is 


re) 0 
A 0 
After some algebraic simplifications and cancellation of identi 
nfinities, the value of @ A is found to be 
OQ; @ ; 1, sinh @/ sinh Or 4 Bp cosh 9 ysl ) 
as. a’, 1, sinh? / Bs, cosh? 9 
a) 


here the subscript Br refers to the particular branch point and 


lep 
1, : ! 
A7{1 + el + fp 
l el + f;p)|(2p fp 2f ep 1 + sip 
sha) 
2A%(1 fp 
, e(1 + fp |p 
By, = 2 J f 
2% + fp 
e(l + fp 1}(2p + Sip 2fep1 + fp) (30b) 
(1 + fp)? 
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(Pp,/Ag,) reduces to the value appropriate to the Timoshenko 
equation when f, is zero. The derivative (d/dp)(o/A 
identical zero at the branch points of [f,(p)]'”. 

At the point p = 


is an 


0, 4, and pe become zero and @ reduces to 


Po = Mifle 4 05 
and A to 
Ao = bible 4 a: 
Consequently 
Lim oo = | 
p=0 


The derivative with respect to p of @/A approaches zero; i.e., 


d 
(2) 
p=0 dp A 


Lim 


This limit may be found by writing the derivative in the form 


Lir d (+ ) Po | do’ Ay’ 
im = ~ —— _ 
p=0 dp A Ao do Ao 
where corresponding terms of @o’ and Ao’ in the bracket cancel 
identically or approach zero. 

Another point of interest is p = —(1/f;) for which (1 + f,p) = 
0. At this point uw = © and we, = ig where q is finite, real, and 
constant. 

It can be shown that for these values of p, 4, and ps 


¢/A) = 


Lim 
(1/f 


{ cosh qz) { cosh ql 
yo 


(b/A 


The derivative witb respect to p 
A’ 


d ( > ) Oo) oo _ o 
dp A A ca) A 

This may be shown by calculating the large terms in @’ and @ 
and also in A’ and A finding that 


This limit of @/A is obviously finite and single-valued. 
—(1/f, 
of @/A approaches zero; i.e., 


is also analytic at p = 


Lim 
p= 1 Ki 


($’/o) — (A’/A) =0 


Solution by Inversion Integral 


Y(z, p) is analytic and of the order 0(p~*) in the half plane 
R(p) > 2, where x and K are real constants and K > 1. The 


solution of the problem is then obtained by the inversion integral 





1 ¥+tio 
u(z,t) = e”'Y (zx, p)dp 3la 
2Tri [ sites 
J y-ic« 
or 
I sf 
4 x et] 
Vw? NERO ee ] (x, p 
w(z,t) = —. — - dp 
2mi y-io p*(p? + w? A(l, p) 
V y¥tia ert 
- — dp (31b 
Dare 4 \ 
“m1 y-to Pp 


The inversion integral along the line x = y, where y > xo 

Furthermore, the 

function w(z, t) is continuous for each t > 0, and w(z, 0) = 0. 
In addition, w(z, t) is of order 0(e7) for all t > 0. 


The inversion process is unique and w(z, t) is the exact solution 


converges to w(z, t) and is independent of y. 
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of the differential Equation (7), the initial conditions, and the 
boundary conditions (i0a) to (102). 

Since e‘ is analytic and not zero, the singularities of the product 
e”'Y(z, p) in Equation (31a) are precisely the poles p,, of Y(z, p). 
Let r,(t) denote the residue of that product at p, for any fixed ¢; 


1.€., 
r,(¢) = residue of [e?‘Y(z, p)] at p = p,, 

According to Cauchy’s residue theorem, the integral of e?*Y(xr 
p) around a closed path including all the points p:, ps, ... p, has 
the value 

n= @ 
e?'Y (x, p)dp = 2mi > ra(t (32a) 
n=1 


The closed contour is chosen to be made up of the infinite 
+ 7 parallel to the 
to the left 
The contour integral in Equation (32a) is then divided into the 


straight-line segment from y — i~ to y 
axis of imaginaries and of the infinite semicircle C, 


sum of two integrals, one along the straight-line segment and 
the other along the infinite semicircle to the left; ice., 


1 ytio 1 
F _ f ert Y(z, P dp + = - ent Y 
a Pe 2rt J. 


(xz, p)dp 


n= @ 


= >> r,(t) (32 


n=1 


The integral along the straight-line segment is the inversion 
integral (31a) which converges to w(z, 1). The integral along the 
infinite semicircle to the left is zero. 

This can be shown by considering the behavior of the integrand 
e”'Y(z, p) along the infinite semicircle to the left of the straight- 
line segment y —-i~7 Cy<y+io. If ¥(z, p) remains finite, 
then the integral along such a half circle evidently will be zero un- 
less an appreciable contribution is obtained from the portion of 
the path immediately adjacent to the axis of imaginaries, for re- 
mote from this axis, the integrand approaches zero exponentially 
as the radius of the circle is increased beyond limits. 

The quantity ¢/[p*(p? + w*)A] which is a part of Y(z, p), ap- 
proaches zero at all points of the infinite circle, including the 
tio, 

To show this, it is noted that for large values of p, u; and pe re- 


points on the imaginary axis, p = 


duce to 


p € 
Ma = ime as P; 
ell + fipl'” Cy 
Let p be on the imaginary axis; i.e., p = i8; then 
m = () + 2)b8'%, ws = a8 
where 

l e/? 
5= or a and a= a 

(2, C C) 


and a, b, and @ are positive real numbers. As 8 is allowed to in- 
crease indefinitely, 4; and pe go to infinity. 
The quantity @/A is found by dividing out the large identical 
quantities 
Mipalexp(bB'1)] 83 
The result is 


¢/A = (33 


(cos ax8)/(cos alB) 


where 
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ax = const 


al = const 

For large values of 8, (@/A) becomes highly oscillatory; how- 
ever, Y(z, p) approaches zero because Y(z, p) is of the order 
O(p-*), where K = 4; ie., 
(o/A) 


Lim ; - = 
%p? + w?) 


p=tio Pp 
It also can be shown that 


, d (pd A) 
Lim 


—- —_=(Q 
p=+io dp p{p* + w*) 


The integrand is analytic at p = +i where p = +i- are 
not zeros of (p? + w?). 

At all other points on the infinite circle ¢/A vanishes expo- 
nentially; i.e., 


: Q ; 
Lim — = Lim e~'4¢-») =0 


d= d-@ 


where the absolute value of d is defined by 


'/s 
er 

C; 

ris the radius of the large circle, and 6 is the angle which the vec- 

tor from the origin to the point on the circle makes with the 

direction of the positive z-axis. 

90 or 270 deg, the point on the 

large circle will be on the imaginary axis. In that case, the value 

of d reduces to zero and @/A approaches the value given in 

Equation (33 


In the special cases when #0 = 


that, if f; = 
solution of the Timoshenko beam Equation (8). 


It may be stated 0, the problem is reduced to the 


The solution of the problem is written as the sum of the resi- 
In addi- 


0 and to the poles at p = +i, 


dues at the poles of the integrands of Equation (32b). 
tion to the double pole at p = 
there exist zeros of A(], Pp which vield the characteristic values for 
free vibrations 

Consider the equation 


A(l, p) = 0 34 
In nondimension il form A 4 P, appears 48 a function of parame- 
ters Ay; and Ky. where 
A(l, z, Ku, Kuz) = A; + A, + A; 


and 
A, = (Kun)(Ky2)2€ 
, ée( 1 piz 1] 222 
A: = (Ku,)(Kysz) | 2¢€ cosh pul cos pol 
1 + pz 
e(l pz 4 1 2? 
A; - sinh py! sin pol 
1 + pz 
z= 1y; p = - fcr , 
z= + y; = = z: 1 = : 3 
K Ve K Ve 
Ku = filz) [faz f(z 2 +54 
Ku = —if;(Z)\ folz + f,(z 2 mB, 


2 Ya 
f(z) = eee - 
2e(1 + piz 
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[e(1 + prz) + IJz 


[e(1 


fiz) = 


fiz) = 


)252 


+ pz) — 1 — 4e(1 + piz) 


It is not feasible to solve Equation (34) explicitly for the roots 
Instead, the value of A(l, z, Kun, Kus) may be computed for ap- 
propriate values of the parameters and the zeros approximated by 
interpolation. 

The Laplace transform, Equation (21), was chosen harmonic in 
Max and py! in order to exhibit the wave solution for real values 
of te, where 


and J is the wave length. 
The wave function Y(z, p 
and homogeneous differential Equation (14), provided the follow- 


= ¢™* satisfies the transformed 


ing quartic equation in p is satisfied: 


‘ 2, 23 5 to ef 2 
p* + fims*c,*p* + pa®c,? + —— | p 
€ eK? 


The appropriate nondimensional form of this equation 18 


e\( K%p,? 


+ pre( K*po*)z + ef K 4") = 0 


1}2? 


z* + pe(K*%y,*)23 + [(1 
(366 


A wave solution will therefore exist when all coefficients of this 
quartic equation are positive and reai 

On the other hand, the complete criterion for stability of the 
solution satisfying a quartic of the form 
(36 


ayz* + 


24 + a,z' + 


ay +a, = 0 
is that all the coefficients a must be real and positive and that 


(0903 > a;? aya 


In terms of the coefficients of I quation 365), this means that 


Kyu.)? and p; must be real and positive; i.e 


(Ki)? > 0, pi > O 


, 


Therefore, for every real value of Kus and for every positive 
real p,, the four roots of Equation (36b) occur either in complex 
conjugate pairs with negative real parts, OF as pairs of negative 
real numbers, or as one pair of negative real numbers and another 
pair of complex conjugate numbers witb negative real parts 


These roots may be computed by the method of Ferrari and 


Cardan in terms of radicals of the coefficients. The complex 


roots also may be found by iteration and Horner’s method as 
suggested by R. Ludwig [10] 


The complex roots appear in the form 


2:2 = —a@f; + ia;,(1 3,2)'/2 
234 = —Q@2B, + ial 3,7) /* 
where the @ are nondimensional frequencies defined by 


Ww 
and 


wd K Vv ‘€ 


nondimensional fractions of critical damping 


and the @ are 


When any of the values of 8 in qu ithons $7a) become larger 


than unity, the roots become negative re il num rs of the form 
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‘These roots correspond to the case oi overdamping when free numbers. This leads to overdamped solutions in the higher mod: 
vibrations cannot exist. c. as Wave lengths diminish indefinitely. It is illustrated in Fig. 3 
When damping is neglected, the quartic (365) reduces to the bi- although the limiting values of 8, for very short wave lengths ar 
quadratic not shown 
; . Reference to Fig. 2 shows that the dispersion curves for a rangs 
1 + €)(K%p,? jz? + eKty,* = 0 id of damping where 10~* < p,; < 10 ! coincide within the accuracy 
The four roots of (36d) are imaginary and of the form of the calculations in spite of the great range of values of damping 
There is similar agreement with the curves for undamped vibra- 
= £10); 234 = ta e - 
—y 
These pairs ol roots represent the two modes of wave-trans- 
mission characteristic of the Timoshenko beam equation DAMPED WAVE MOTIONS 
Physically, it is to be expected that, for undamped vibrations, 
the roots will be on the imaginary axis, while in the case of damped 
vibrations the beam may be looked upon as a dissipative net- 
work. The roots should then lie to the left of the axis of imagi- 
na;ries, 
The complex roots given in Equations (37a) define the tw 
modes of wave motion c¢ and c for damped vibrations. 2;,2 is as- 





sociated with the lower mode ¢, and z, 4 with the higher mode 
The wave velocity ¢ for damped vibrations satisfies the relatio 
Fe ty 
y $0" 
$10" 


» > 


where ~ 


a 


PS POR LARGE CanerEeD got 





= yal | Oo 





is the circular frequency of damped vibrations and 


K G \ 


pk? 








Wo 


It is instructive to write the phase velocity in terms of c, a0" 


ae 10 to 


p “Ms 


is defined by 











‘ Dispersion curves with damping 
This relation is 


a(l — pp? 
Ku 


Term (¢/c,) is plotted as function of Aye in Fig. 2 for bot! 
modes of wave motion and for widely different values p; of damp- 
ing. Fig. 3 shows the behavior of 8 as function of Kye, also for 
both modes and for the same values of the damping coefficient 
p The values of pr chosen in these illustrations are arbitrary) 
However, it is of interest to note that for a rod with K = 1 in 
the value of p; = 1078 corresponds to a viscosity coefficient ¢ = 
17.9epand p, = | corresponds to 17.9 & 108 poise. A small value 
of damping represented by p; = 107° approximates the results o! 
this theory to the case of undamped vibrations. 

OT spe ‘ial interest is the behavior of the roots z; 2 of the quartl 
Mquation (36) in the lower mode c;. An upper limit 1/, exists 
of p,; such that for a large range of values p, < 1, the roots 2, 20 
this quartic are a pair of complex conjugate numbers for all rea 
values of Aye, where >< Kp < ©. The damping factor 3 
remains less than unity for all values of Ay In fact, 8 as fun 
tion ol K we rises from zero to a maximum and returns to zero fo 
large values of Kuo. There are no frequency cut-offs and no short 
wave-length limits in this mode for the range of damping speci- 
fied 

The situation is different in the upper mode cz of wave trans- 
mission. No upper limit M/ exists for values of p, such that wher 
p V the roots z; 4 will be pairs of complex conjugates for all rea 
values of Awe. On the other hand, for any fixed small values of 
p, > O, there exists a lower limit WW. for real values of Ay sucl 
that when Ku > V. the roots z; 4 become pairs of negative res Fig. 3 Damping factor 
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This is due to the fact that the values of 3 
remain sufficiently small in the range of values of Aye shown. In 


tions shown in Fig. 1. 


the case when p; = 1, which is also shown in Figs. 2 and 3, the 
damping factors 8 become sufficiently large to affect values of the 
phase velocities noticeably in both modes of wave motion. 

In the lower mode ¢; the phase velocity for short wave lengths 
approaches asymptotically a value c; = ¢c, when p,; is limited to 
Pr < M, 
where Ayo 
c, If the range of Kye is extended indefinitely, c. 
This is not in- 


In the higher mode c: and for a range of values of A wo, 
M:, phase velocities tend to approach a value c: = 
tends to zero 
producing short-wave-length vibration cut-offs 
dicated in Fig. 2. 
Confining attention to the lower mode ¢, and to values of damp- 


M,, the zeros of A(l, z, Ku, Au 
These zeros are the poles of Y(.r, p 


ing in the range 0 < p, - may be 
found for real values of Kp 
that are associated with the characteristic values for free vibra- 
tions. For a wave solution, to each real value of Ay belongs a 
pair of complex conjugate roots 2;.2 of the quartic Equation st) 
and a pair of complex conjugate values of Ky; according to Equa- 
tion (35a). Equation (35b) yields real values of Aye for the com- 
plex roots 2:2. In general, the values of A(/, z, Ayn, Aye) are 
complex; however, they may be real and also imaginary. 

For example, when damping is zero A(/, z, Ay, Aye) oscillates 
for real Aye through positive and negative real or imaginary 
values, as 2,2 = -+tia@ passes through values on the axis of imagi- 
naries which are exact roots of the biquadratic Equation (36d 
When 0 < a, 1, Ky, is real and the imaginary part of A(/, , 
Kw, Kue) vanishes. When 1 < a, < ©, Ky, is imaginary, and 
the real part of A(/, z, Ku, Kye) becomes zero. When damping 
is present A(/, z, Au, Aue) is complex. The characteristic values 
Kus, for real Kye are located at the zeros of the modulus of 
Al, z, Kus, Ay 

To insure fre 


oscillations, it is necessary that damping be 


Table 1 


A = 10-8 
part Im. part 
A; = 0 

Kuon bAu 4 

0.06463 0.00221 

0.15654 0.0018 

0.25977 0 OO184 

0.36120 0 OO1b4 

0.46281 0 OOL77 

0.56397 0 00150 


Real 


limited to values where 0 Ss pi « Vy, The existence of damping 
for real Aye is reflected in the appearance of the quartic Equation 
365 The complex conjugate roots 2,2 of this quartic are ap- 
proximate values that are located to the left of the imaginary) 
aXI1S. 

Characteristic values Ay, were computed for the first six 
pA = 10 
Small differences 6K we, occurring between 


modes of natural vibrations for values of p, = 107*% 


e = 3,and//K = 30 
values Aye, obtained from the zeros of the real and imaginary 
parts of A(l, z, Kyu;, Au 
herent in the algebraic equations used 
in Table 1 

Those values of z at the branch points of Kyu, K pe, and f p 
which reduce A(/, z, Ku, Kye) and O(2, z, Ky, Kye) to zero are not 


roots ot 


were well within limits of precision in 


These results are listed 


A(l, z, Kin, Kye) = 0 


\t these points, the quantity (@/A) and Y(z, p) approach 
finite limits as shown in an earlier section 

To every characteristic value K pen corresponds a value of 
Minl pe, (Mint), QinBiny Ain(I B,n7)'/*. The 


»{ refer to the real and imaginary parts 


subscripts 
1 he ™ 


Values for zero damping and 


Mont, 1 
? and TJ of M 
quantities are listed in Table 2 
€ = 2.9 are also listed 


The natural frequencies for the cantilever are given by 


eC) a,(1 - 


Ave 2r 
The values obtained by this theory agree well with results re 
ported for the first three modes by E. T. Kruszewski [9 In fact 


it was found that, for a slender bar, the first six natural freque: 


cies are slightly lower than those obtained from the Bernoulli 


Differences between values of Ky», 


10 
part 


Real part Im 
4, = VU 
K wo» A wo, 


Ay = {) 
5K ws, 

0. 00226 
0 OO17 

0 OOL16 
0 00150 
0 O0O177 
0 OO141 


0 06468 
0.15654 
0 25009 
0 S6LL0 

16103 0 46280 
0 56245 5SOSS6 


0 06242 


Table 2 Approximate characteristic values for cantilever 1/K 30 


K 


Bin?)'/2 u 


Zero damping, 8 = 


O04 

0390 

1014 

1783 

2704 

3046 10 


¢ = 17.9 cp, p 


OOG7T l 

10 0396 
10 1028 
10 1839 
10 2764 
10 3760 
¢ = 

10” 0067 
10 0397 
10 1028 
10 1839 
10~? 2764 
10? 0.3760 
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. 10 
10 
1078 
10 

10 


1075 
10 
10 
10 
533 & 10 
OLY 16 
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Euler equation. The effect of rotatory inertia and shear is to re- 
duce these frequencies, the reduction increasing with frequency. 
In the case of thick bars, this reduction becomes very substantial 
in the higher modes. 
The effect of damping on the natural frequencies and wave 
lengths appears insignificant for the values of viscosity chosen. 
The solution for the period of the disturbance when 0 < t < 
m/w is given in terms of the transverse displacement w(z, t 
v <— 
u(r,t)=— 
a 


[E(z) cos wt + (x) sin wt) — 2Vw? ¢ — AaPat 


n=1 
Gon) sin (p,’t + ¥, 
Ppt)? + 4p,28,%w?*]' 2 


Ginlz) COS (P_'t + Ye) 
p,(C,,"* + a" [(w? - 


; (41 
where the individual terms in (41) are the residues at the poles of 
the integrands of Equation (324). 

At the poles p = 
A(/, iw) are complex 


+iw the values of uw; and pe, d(7, iw), and 


Let 
iB(r 
iDi(l 
then 


Bin)CUl 
Cx) + 


(27) DU 


D1) 
B(x) Dil 
D*(1) 

At the poles n, p 
where 


the natural frequeney of undamped vibrations 


Pp, (1 - 
of damped vibrations 


3,2) /* is the corresponding natural frequency 


Min and (xr, p) = @,(2, p) are 
!, p) passes through zero as required by 


is real however, rei 
A(l, p) = A, 


the frequency equation. 


Me = Mey 
complex 


The residues at these poles appear in terms of the derivatives of 


A(l, p 


; e?'h(z, p) 
lim er ere 
p= —pPnBatipa’ PP” + w* A (1, Pp 


where A,’(1, p), the value 


plex 
Let 


f the derivative at the pole n, is com- 


A,"(l, p) =C x 


then C,"? + D,'? is the square of the absolute value of the deriva- 
tive at the pole n 

Similarly 
Gin(z) = [A,(2)C,’ + B,(x)D,'|(1 — 28,! 


n " n 


(B,(z)C,’ — A,(z)D,']28 


(,(2)D,'11 — 28,2 
[A,(x)C,’ + B,(x)D,'12 
— B,2)'/ 
n 


w? — p41 — 28,? 


% 


n 


n 


2p,78,(1 


The solution for the time after the disturbance has ceased to 


exist, i.e., when (9 /w t < o, is obtained from Equation (41 


by means of the transfer operator 
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-—»9 e 
e wat i - s( 


For the time (7/w) < t < @ the displacement is given by 
) 
w 


—FaPe (-x) 


naw 6 
wt > 
n=] 


[Gin(z) cos (p,’t + 5,) — gan(x) sin (p,'t + 4,)] 


w(z,t) = 


Bp 
sinh? - oP 
2w 


+ cos? 


(42 
where 


w 


The solutions (41) and (42) satisfy the differential Equation 
(7) and the initial conditions and boundary conditions (10a) to 
(102), inclusive. 


Conclusion 


A solution has been indicated of the beam equation in flexural 
vibrations including effects of shear, rotatory inertia, and viscous 
flexural damping. Separation of variables is obtained by using 
the Laplace transform. The free vibrations appear as an expan- 
sion in terms of characteristic functions satisfying the initial and 
boundary conditions and representing the characteristic flexural 
shapes as they appear under the influence of viscous flex- 
ural damping. 
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in Nonlinear Two-Degree-of-Freedom Systems 


The natural modes of free vibrations of a symmetrical two-degree-of freedom system are 
analysed theoretically and experimentally 
phase and the other out-of-phase. 
of- freedom system where the free vibrations are always orbitally stable, the natural 
modes of the symmetrical two-degree-of freedom system are frequently unstable 
stability properties depend on two parameters and are easily deduced from a stability 
For sufficiently small amplitudes both modes are, in general, stable 
the coupling spring is linear, both mades are always stable at all amplitudes. 

conditions, either mode may become unstable at certain amplitudes. 


This system has two natural modes, one in 
In contradistinction to the comparable single-degree 
The 


When 
For other 


In particular, if 


there is a single value of freyuency and amplitude at which the system can vibrate in 


either mode, the out-of-phase mode experiences a change of stability 


The experimental 


investigation has generally confirmed the theoretical predictions 


I, a discussion following the presentation of a paper 


by T. C. Huang [1]! 
2], Dr. Gabriel Horvay of the General Electric Company posed 


and of a prepared discussion of that paper 


a question which has motivated the investigation reported here, 
and whose answer forms a part of its content. Horvay's question 
suggests itself readily when one considers, simultaneously, the 
properties of linear vibrating two-degree-of-freedom systems, and 
of the effect which spring nonlinearity has on systems with one 
or more degrees of freedom. 

It is well known that linear two-degree-of-freedom systems in 
forced vibrations show two “resonance peaks’’ in the amplitude- 
frequency plane; what Klotter [3] calls the ‘“backbones’’ of 
these peaks are the amplitude-frequency relations of the system 
Moreover, it is well known [4] that the effect of 
spring nonlinearity on single-degree-of-freedom systems is to 
bend the (single) resonance peak to the right or left depending on 
the character of the nonlinearity. Huang [1], Sethna [5], Arnold 
[6], and others have shown that, in two-degree-of-freedom sys- 
tems, both peaks are bent to the right or left in the presence of 
Horvay’s question was this: “If the 


in free vibrations. 


nonlinear spring forces 
resonance peaks of two-degree-of-freedom systems, or their back- 
bones, are bent in the presence of spring nonlinearities, do they 
ever intersect and, if so, what is the physical implication of the 


> 


points of intersection‘ An examination of this problem has le«l 


to the present investigation 


The System 


We consider the free vibrations of the two-degree-of-freedom 
system shown in Fig 1. It consists of two masses m, and m, and 
three springs S,, Se, S;. Each mass is constrained to a single de 
gree of freedom consisting of a translation in the direction of the 
(coincident) spring center lines, and the co-ordinates of the con 
figuration are x; = 2,(t), z2 = z2(t) denoting displacements from a 

& 

! Numbers in brackets designate References at end of paper. 
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position of static equilibrium of the two masses. All springs have 


the following characteristics: It requires a force f,(u), (i = 1, 2, 3 
to deflect a spring by an amount u; the f,(u) are single-valued 
analytic, and odd in u and, although this restriction is easily re 


moved, we also prescribe f,(0) = 0. The equations of motion ot 


the system are 
—filar res — Ze 


Mek, = - Fizz) + Fx — Ze 


mt) 
(1 


It is known that free vibrations of this system may take place in 
‘ither of two modes, and with each mode there is associated a 
backbone curve in the amplitude-frequency plane. If all springs 
are linear, the backbones are distinct, straight lines in the ampli- 
If one 


or more springs are not linear, the backbones become curved and, 


tude-frequency plane, each parallel to the amplitude axis 


in each mode, the frequency of free vibrations becomes a unique 
function of amplitude. The backbones may, or may not, inter- 
sect one another depending on the character of the functions f, 

If one is concerned with properties associated with the possible 
intersection of the backbones, one need not consider a system of 
) exists which 


such generality as (1). A system of the type (1 


possesses, in the amplitude-frequency plane, the necessary 
characteristics and for which the analysis becomes particularly 


simple. This is the “symmetrical’’ system for which 


m, = Mm, = m 
filu 
Ja 


= fi(u) Jiu) 


If one writes 


the system (1) reduces to 





All springs are nonlinear. 
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Fig. 1 The two-degree-of-freedom system. 
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a = f(as) - F(a; — 22) 


(3 


—f(t2) + F(x, — 22) 


ig = 


In view of the fact that the functions f(u) and F(u) are odd, it 
may readily be ascertained by substitution that solutions of (3 
have the following property: 

If a fundamental set of solutions 


m= 2y,*(t) and 2x, = r0*(t) 


is known, then the two corresponding solutions for rz are 


te = 2,;*(t) and 2 = —21%(t) 
Their 


physical interpretation is that the free vibrations of the system 


These equations will be called the ‘‘mode relations.’’ 
consist of an “‘in-phase’’ mode when z, = z; and an ‘“‘out-of- 
The former is realized by the 
—2z(0). 


phase’’ mode when z2 = —2. 
initial conditions z,(0) = 2,(0), and the latter by z,(0) = 
Clearly, one need concern oneself only with the motion of one of 
the masses, say 2,(4), and the other motion is then found simply 
by making use of the mode relations. Therefore, the number 
subscripts 1 and 2 henceforth will be omitted wherever possible 
When no such subseripts are given, the results apply to the motion 
of either mass. 

The motions z, = 2,*(t) and zo = zo*(t) are the solutions, re- 
spectively, of 

f(z) 


a f(t0) — F( 220) 


These are the equations which one obtains by substituting the 
mode relations in (3). They will be called the “modal equations.’ 
The solutions of (4) can always be reduced to quadratures 
However, they can be written in closed form when the functions 


f and F are cubie polynomials. If one puts 


f(u) = au + asu3 


F(u) Aju + 


Ayu 
the equations of motion (3) become 


fF, = —(aj)xt,; + ayx;*) [Ai(xz, — x2) + Aja, 


i. = (ay£2 + Ayte*) + [A(x — Ze) + Axl, 


It is these equations on which all further development is based. 
The modal equations (4) become 


#, + az, + asx? = 0 


do + (a, + 2A1)a0 + (a3 + 8A3)zq? = O 


But these are Duffing equations without forcing terms and they 
are widely discussed in the literature [4, 7]. A necessary condi- 
tion of the existence of periodic solutions, of small amplitudes at 
least, is that 


A, > —a; 2 


and these restrictions will be observed throughout the paper. 


The Backbone Curves 


The backbones are curves in the amplitude-frequency plane. 
If the amplitudes of in-phase and out-of-phase modes, respec- 
tively, are denoted by y; and yo, the backbone curves are given 
by 


(7) 


(by + bgyo?)'/2? KU 
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where A(k) is the complete elliptic integral of the first kind, 


asy;? 
2(a; + azy,?)’ 

bsyo? 
ko = = ’ 
2(b, a bsyo?) 


If one puts y; = 0 in (9) one finds 
w,(0) = Vv a 


This permits the transformation of the relations (9) into the con- 
venient nondimensional form 
w,( ys) 


w,(0) 


where 


Equations (9) and (10) are the equations of the backbones. They 
and their first derivatives with respect to the y, or 9, are mono- 
tonic in these variables. Therefore the backbones, at most, can 
have one intersection. This intersection, if it exists, occurs when 
Yio = Yer (OF io = Ner) and when @;.9 = Wer (OF Vio = Ver), Where 
the subscript cr denotes the “crossover’’ value of amplitude and 
frequency. The crossover amplitude is the real root y., (or Mer 

of the equation obtained when the two equations (9) or the two 
equations (10) are equated, and the subscripts 7 and © are re 

placed by the subscript er. 

Evidently, the resulting equations are highly transcendental 
and cannot be solved explicitly for the crossover amplitude 
However, one can obtain a very useful, approximate equation for 
the backbones and for the crossover amplitudes by using the 
Duffing relation [4] connecting the frequency 
The Duffing approximation gives in 


ind amplitude in 
systems of the form (7). 


place of (9) 


and in nondimensional form 


vo? = (1 + 2a.) + (1 + 8a3)n (12) 


2? Reason for introducing the factor 3/4 into the definition of i. 


will become apparent later 
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the amplitude-frequency plane, 
It is found that 


To find the crossover point in 


one puts @, = Wo = Wer and yy = Yo = Yer. 
13 


Thus real values of crossover amplitude and frequency occur if, 


and only if 


From the first of the inequalities (14), it is seen that the crossover 
amplitude depends only on the properties of the coupling spring 
In fact, if the coupling spring is restoring at small amplitudes (4 

> 0), the crossover amplitude is real only if the spring is soft 

(A; < 0), and conversely if the spring is exciting at small ampli- 
tudes (A, < 0), the existence of a real crossover amplitude re- 
quires that the coupling spring be hard’ (A; > 0). It is of in- 
terest to observe that the force F(u) = Ayu + Asu*in the coupling 
spring has zero slope at 


1 A, 

3 As; 
which is the same as the crossover amplitude. Thus real cross- 
over amplitude can occur only in systems in which the slope of 
the coupling spring force has a change in sign. 

While the system under discussion is always subject to the in- 
those in (14 satisfied in the 
Thus we include systems in which the 


equalities (8), are not necessarily 
subsequent treatment 


backbones intersect, as well as those in which they do not 


The Stability 


\ stability investigation of the vibrations of the nonlinear two- 
mode system discussed here yields many interesting results. It 
is, however, not the first time that the stability of free vibrations 
of two-degree-of-freedom systems has been investigated by the 
methods used here. Tobias [8], 
nonlinear vibrations of circular disks capable of vibrating in two 


for instance, has studied the 


modes, and he has encountered results similar to some of thos 
reported here. 

When raising the question of stability of free vibrations of « 
one must dis- 


conservative system (such as the one treated here) 


cuss the implications of lack of stability. Clearly, since energy is 
conserved, one cannot expect instabilities in which the ampli- 
tudes become unbounded with ¢t > However, as will be seen 
unstable solutions which are not orbitally stable either are en- 
countered frequently. One would expect the instability to be a 
breakdown of the solution in either one, or in a combination of th: 
following two ways: The zeroes of the amplitudes occur at in- 
tervals which are not constant, or the amplitude ceases to be con- 
stant. However, the amplitude will not become a monotonic 
function of time 


We examine the stability of the in-phase 


mode by substituting 


e é,, Zi small 15 


3 A spring is called “hard” if the slope of the spring force increases 
with increasing deflection, ‘‘soft’’ if the slope decreases with increasing 
deflection. This is the nomenclature used by Stoker [4]. Klotter [3] 
prefers the terms ‘‘hardening"’ and ‘“‘softening'’; the latter are per- 
haps more descriptive of the physical process taking place, but thes 


are less concise 
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and that of the out-of-phase moue by substituting 


= —(r0* + fo), |&oj, |fo, small (16 
into the second of (6) where x,;* and x2,;* are the periodic solutions 


* are periodic and satisfy the 


of the first of (7), while 2:9* and 22 
second of (7). When simple harmonic solutions are adopted, i.e 
when 


rau * = y, COS w,f 


Xio* = —IZy* = Yo COB Wol 


it is found that the &; 9 must satisfy Mathieu equations 


ev 4. (8 4 


é ecosz)t = 0 


s 


where, for the in-phase mode 


€ = EAY; 


o= 6,(y, = 


and, for the out-of-phase mode 


2 

3 Yy 
(a; + 4A 

Ss Wal Ve 


la+A 


£ [wo( yo)? 


It turns out that ¢, must satisfy 


Aif; = 0 if 
0 if 


and ¢) is the solution of 


+ 12ZA sy? cos? Wel) fy = O 


Evidently, the ¢ have as their only solutions (; = ¢ 0 
this carries the physical implication [in view of the second of (15 
and (16)) that the stability of z,(¢) is the same as that of z(t) 


There ore only one ol them, Say the latter, need be considered 
The stability of the vibration modes depends, then, on those o! 
Mathieu equations whose parameters are given in (17) and (18 

Each of the pairs (17) and (18) defines a line in the 6-plan 
called a “stability characteristic,’’ the first giving the characteris 
tic of the in-phase mode, the second that of the out-of-phase 
mode Since the stability characteristics are analytic in iF 
given amplitudes y; 9 define unique points on the stability charac 
teristics and, conversely, given points on the stability character 
istics define unique amplitudes | y; « Now it is well known that 
the stability of solutions of a Mathieu equation may be deduced 
from a stability chart in the 66-plane. This chart consists of a set 
of curves dividing the «-plane into stable and unstable do 
mains. For values (€, 6) which define a point imbedded in a stab 
region, the solutions of the Mathieu equation are stable. For 
values (€ # 0, 6) defining a point on the boundary of, or in 
bedded in an unstable region, the solutions of the Mathieu equa 
tion are unstable. 

If the stability characteristics (17) and (18) are mapped on the 
stability chart, they will, in general, cut across stable and unstable 
It follows that any point on a characteristic lying in, o1 
on the boundary of an unstable region, defines an amplitude 
of vibration at which the mode in question is unstable. All other 


points on the stability characteristic define amplitudes of stall 


domains, 


vibration. Therefore the ‘‘course’’ of the stability characteristics 
through the stability chart is of paramount importance for thu 


stubility properties of the modes 
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Certain properties are common to the stability characteristics 
of both modes, For instance, they lie either entirely in the upper 
half-plane (¢ = 0) of the stability chart, or entirely in the lower 
(€ < 0) as is readily seen from the equations of the €;o. To de- 
duce their other properties, one must have expressions for the 
Exact expressions (9), or approximate ones 
(11) might be used. We propose to use the Duffing approxima- 
tions (11) rather than the exact forms. This has the obvious 
advantage that (17) and (18) will be algebraic, rather than 
transcendental, in the amplitudes y;o. However, the actual 
motive for using the Duffing approximations is that the degree of 
precision in deriving them is consistent with that applied in the 
derivation of (17) and (18) themselves. Both, (11) as well as (17) 
and (18), are the results of first-order theories in which simple 
harmonic motion is adopted for the time histories of the displace- 
ments, but not for their time derivatives. Thus no improvemeat 
in accuracy can be expected from using the exact frequencies (9) 
in place of the Duffing frequencies (11). 

When (11) has been substituted in (17) and (18), one can easily 
find expressions for the slopes of the characteristics in the 6- 
They are 


frequencies ©, 0. 


plane. 


de, 2 ( ) 
= = sla 
a’ icq 
(19) 


dé (: a, — 4a; 
a 1 + 3a; + Saas 


) = 8o( a, @3) 


Since both s, and 8 are constants, both stability characteristics 
are straight lines in the ¢-plane. 

Finally, it is seen from the second of (17) and (18) that 6; o(0) 
can never be nonpositive [under the restrictions (8)], and that 
€:0(¥s.0) —~ 0 with y;o — 0. Therefore, points on the stability 
characteristic lie, for sufficiently small vibrational amplitudes, 
always in the neighborhood of the positive 6-axis. As such points 
are in general stable, it follows that either mode is, in general, 
stable for sufficiently small amplitudes of vibration. 

In all other significant respects, the stability characteristics 
differ for the two modes. Therefore these characteristics must 
be discussed separately. 


The In-Phase Stability Characteristic 


In examining the in-phase stability characteristic, it is ad- 
vantageous to make use of the nondimensional forms. One finds 


, 1 1% 
«(m) = > pa 


a . l l + ay 
09) 4 oe T € 


These equations, together with the first of (12) and of (19), are 
sufficient to describe the properties of the stability characteristic 
in question. 

It will be seen from the first of (20) that the characteristic lies 
entirely in the upper half of the €6-plane if n; > 0, in the lower if 
7; < 0, and in the 6-axis if 7; = 0. But, in view of the definition 
of n, [see (10)] and of the first of the inequalities (8), n; has the 
It follows that the characteristic lies entirely 


‘ 


same sign as dy. 
in the upper half-plane if the 
hard, in the lower if the outer springs are soft and, in the 6-axis 
Moreover, characteristics lying 


‘outer’’ springs of the system are 


if the outer springs are linear. 
in the 6-axis degenerate to a point on that axis in the in-phase 
mode. 

The first of (19) shows that the slope s, is independent of a; (or 


a;) and is a function of a only. Thus for a given a the slope is 
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the same whetber the characteristic lies in the upper half-plane 
(a; > 0) or in the lower half (a; < 0) of the ¢6-plane. 

The intersection of the characteristic with the 6-axis is found 
from 
1 + a) 


6,0) = (21) 


1 
41 at 2a; 

Since the intersection, as well as the slope s, is independent of 
a@;, the characteristic is continuous at yn; = 0; i.e., the charac- 
teristic is a straight line cutting across the 6-axis. The largest 
value of 6,(0) is obtained when a, takes on its smallest value a, = 
—1/2. In view of (21), 5,(0)|4,=—1/2 = ©. The smallest value 
of 5,(0) occurs at a; = © for which d;o\e,<2 = 1/8. Thus 
the intersection of the stability characteristic with the 6-axis 
occurs at, or to the right of 6 = 1/8. 

Finally, when a; > 0, and only then, one has the limits 

vy? : 

— =]; lim 


nn @ 


vy? = 


lim 


n> @ n; 


a,> 0: 


From this it follows, in view of (20), that 


l 
e,( o)= 6,( co) = . (22) 


a,;> 0: 


or, all stability characteristics consist of portions of straight lines, 
terminating on the point (1/2, 1/2) in the ¢6-plane. 

When a; < 0, »; decreases with increasing 7;, and there exists a 
maximum (nondimensional) amplitude ;,, = —1 for which », 
= 0. For that case one finds the limits 

2 


, Vv; 
a; < 0: lim — =0Q; lim vy? = 0 


n> nim un mam? nim 


From this it follows that 


a; < 0: —€ (Nim) = [6,(Mim)| = & (23) 


or, stability characteristic lying in the lower half of the ¢6-plane 
extend infinitely far. 

From this information, one can construct the entire family of 
in-phase stability characteristics in the stability chart. This is 
shown in Fig. 2(a). The characteristics have the following 
properties: 


1 They are rays converging on the point (1/2, 1/2). 

2 They all lie in a sector bounded by the lines of slope 4/3 
and 0, respectively. 

3 Points on them near the 6-axis correspond for all a; to small 
vibrational amplitudes. 

4 The finite segments lying above the 6-axis correspond to the 
characteristics of systems in which the outer springs are hard. 

5 The infinitely long segments below the 6-axis correspond to 
systems in which the outer springs are soft. 


In Fig. 2(b), the curves on the stability chart which separate 
stable from unstable regions have been numbered from right to 
left in the order in which they intersect an imaginary line drawn 
parallel to, and below, the 6-axis; these numbers will be used to 
characterize the lines. Since each line is representative of an 
equation in the ¢6-plane, we shall write for them 


6; = 6,(e;), (fj = 1,2,...) (24) 
Thus, for instance, 6: = 62(€) is the equation of the line which 
passes from the upper right to the lower left through the 6-axis at 
6 = 1/4. It is important to identify these lines because their 
intersections with a stability characteristic define special values 
Yi (J = 1, 2,.. ) of the vibrational amplitude at which the in- 

f These special 


phase mode experiences a change of stability. 
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(b) 


Fig. 2 (a) The stability characteristics of the in-phase mode in 
the stability chart. (b) The coding of the stability threshold lines in the 
stability chart. The area surrounded by the dotted line is used in (a). 


amplitudes will be designated as ‘“‘threshold amplitudes.’ 


Similarly, there exist nondimensional threshold amplitudes 


whose real roots, if they exist, are the nondimensional threshold 
For instance, equating the second of (20) and (24) 


amplitudes. 
i.e., in that value of € at which the jth 


yields an equation in €,,, 
line of the stability chart intersects the in-phase characteristic 
When €,. is eliminated between that equation and the first of (20 
(where the latter is written for €, = €,, 7, = 7 one finds for 


(25 


(26 


Stoker [4] has given simple equations for some of the lines in the 
stability chart which are “ 
of «."’ Each is a polynomial in € and is accurate to powers in € 


higher by one degree than the highest power appearing in the 


. quite good for not too large values 


equations. These equations are 
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When the first of (27) and of (12 » substituted in (26), there 


results 


which is easily solved for 9 It has no real roots if a 


When use is made of the second of (27), one finds 


which is satisfied by Ne = = if a = 0, and by every value ol 


Nez if a, = 0. The interpretation of this result is that the in 
phase stability characteristics do not intersect line 2 at finite 
the singular when the 


But in that case the solu 


case 


vibrational amplitudes except in 
characteristic coincides with that line 
tions are orbitally stable [4]. 

By means of the third of (27) one finds 


or, in dimensional form, 


For real roots one must have A;/a; <0. The physical implication 
of this result is that stability changes produced by the intersection 


of the characteristic with line 3, occur in the case of hard outer 


springs if the “‘center’’ spring is exciting at small amplitudes and, 
in the case of soft outer springs, if the center spring is restoring at 


small amplitudes 
By means of the fourth and fifth of (29), one obtains for the 


threshold amplitudes, respective ly, 


An interesting property ol the nondimensional threshold impli 


tudes is that they depend on a only, i.e., on the linear terms in 


the spring forces, while the dimensional! threshold amplituce s ce 


One would 


pend on the nonlinearity in the outer springs as well 
hardly have expected this result because the position of the 
characteristics in the stability chart —whether above or below the 
6-axis— is decided by the sign of a 

Finally, it is of interest to consider the stability of the in phase 


mode when all springs are linear In that case, the characteristic 


is a point on the 6-axis and, therefore, always stable 
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The Out-of-Phase Stability Characteristic 


The stability characteristics of the out-of-phase mode are more 
complex than those of the in-phase mode. While the latter could 
have been discussed easily in terms of the dimensional quantities, 
this is no longer feasible in the out-of-phase mode. 

The nondimensional forms of (18) are 


1 (1 + 4ay No 


Ato) = 
€o( Ne 2 ya? 
33 
o 1 1 4+ ay 
0 No) = + € 
4 Vo? 


These equations together with the second of (12) and of (19) are 
suitable to deduce the properties of the stability characteristics 
While (33) seem to reduce to the com- 
= (), 


in the out-of-phase mode. 
parable equations in the in-phase mode when one puts @ 
this is not the case because %"/q,<0 # ¥;’. 

If the out-of-phase mode is hard (a;(1 + 8a;) > 0), but only in 
that case, one finds 


, No | 
all + 8a3)> 0: lim = 
neem Vo* 1 + 8a 
(34 
é( 2) = o) = 


2 1+ 8a; 


and it follows from the last two of (34) that the stability charaec- 
teristics of the hard out-of-phase mode terminate always on a 
point of the line which passes with slope 1 through the origin of the 
¢5-plane; the position of that point depends on the value of ay. 
Evaluation of the second of (34) shows that, when 


1 
So = 8’ Eo) = tom, 
l l : 
0> a;> -}? a <@e)< +2, 
l 
a, = 0, (2) = = 
2 
l l — 
»>a;> 0, < &( @) < : 35 
4 2 
l 1 
> a> —, 0 < @{ @) < - 
4 4 
1 
@& = ,’ €( ~) = VQ, 
1 | 
gr um war —o < @&(~) < 0, 


Four exceptional cases arise when @; = + ©. Two of these may 
be encountered easily in physical systems when a; = 0, A; = 0; 
i.e, when the outer springs are linear while the center spring is 
not. In that case the nondimensional amplitude mo = 0 for every 
value of the vibrational amplitude yo. But mo =0 implies ¢ =0; 
therefore, the characteristic is a point on the positive‘ 5-axis. 
Since all points on the positive 6-axis lie in stable regions, the 
out-of-phase mode is always stable when the outer springs are 
linear. Two more exceptional cases arise from A; = +, 
‘a4; * ©, The first of these corresponds to an infinitely stiff 
center spring; i.e., the masses of the system are rigidly intercon- 


‘The fact that the point lies on the 5-axis at 6 > 1/8 follows from 
(36) 
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In that case, out-of-phase motion cannot occur, and a 
In the second of these, 


nected. 
discussion of its stability is meaningless. 
the center spring develops an infinitely large exciting force for 
sufficiently large displacements; here, the system is, indeed, 
unstable for these sufficiently large displacements. However, 
these last two cases cannot arise in physically realizable systems 

Although only linear or hard out-of-phase modes, defined by 
a;(1 + 8a3) > 0, have been considered, these stability character- 
istics may lie entirely in the lower, as well as entirely in the upper, 
half of the ¢6-plane. This is quite different from the in-phase 
mode where the characteristic always lies in the upper half-plane 
if the mode is hard. 

One finds easily the value of 6 at which the characteristic of the 
out-of-phase mode originates on the 6-axis by forming from the 
second of (33) 

1 1+ a@ 


6(0) = 36 
41+ 2a 


Evaluating this quantity it turns out that, when 


a= = 60 
Ss 
I . 
a < c, > 060) > 
{ 7 
37 
a, =0 60 —, 
$ 
l ” ] 
<a, < 0, > dof) > 2 
2 4 


it follows that the out-of-phase characteristics intersect the 6-axis 
at, or to the right of, 6 = 1/8. 
of the in and out-of-phase modes are similar 
In the out-of-phase mode, the charac- 


9 
-; 


In this respect, the characteristics 
However, there 
exist differences as well. 
teristics are horizontal when aq; takes on its least value a, = l 
while they are horizontal in the in-phase mode when a = 
\ similar exchange takes place when one considers the intersec- 
tion of the characteristics with the 6-axis at 6 = 1/8. 

Since the equations for the slope s» {see the second of (19)} and 
for the intersection with the 6-axis {see (36)] are independent of 
the question of hardness of the out-of-phase mode, the charac- 
teristics for given values of a, and a; # © are portions of straight 
lines which originate at the same point on the 6-axis and which 
have the same slopes. That portion which terminates on a line of 
slope unity passing through the origin of the ¢é-plane, is the 
characteristic of the hard out-of-phase mode; the other portion is 
that of a soft mode. The latter portion extends to infinity. This 
is easily seen by noting that the maximum amplitude of a soft 
out-of-phase mode is given by 
1 + 2a 


Tom = 38 


8a;) < 0: 
1 + 8a; 


axl + 


and, at that amplitude, the frequency vanishes. In the case of 


a soft outer mode one finds 


; , ut 
al + 8a;) < 0; lim = ©, 
y 


no > nor ’ (30 


€o(Mon) = ©, dol 
With this information, one can describe the entire family of out- 
of-phase stability characteristics in the stability chart; they have 
the appearance shown in Fig. 3. The characteristics have the 
following properties: 


1 They are rays intersecting the 6-axis and converging on a 
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Fig. 3 The stability characteristics of out-of-phase mode in stability 
chart 
point of that line which passes with unity slope through the ori- 
gin ol the €6-pl tie 

2 The point ol convergence may lie above, below, or on the 6- 
Its position is determined by the parameter 


axis, Q;, + 


only > a by the nonlinear properties of the springs 

3. The characteristics originate on the 6-axis at a point 6(0 
1/8 whose position is determined by the parameter a only; i.e., 
by the linear terms of the spring forces 

{ The segments of the characteristics ly ing between the 6-axis 
and the pont of those of hard modes a,f1 
Ra.) > 0 

5 The segments, originating on the 6-axis and extending in- 


convergence are 


finitely far, belong to the soft modes for which a,(1 + 8a;) < 0. 
6 Points on the stability characteristic near the 6-axis cor- 
respond alway sto small amplitudes of vibration and these ire in 
general, stable 
The threshold amplitudes at which out-of-4 hase vibrations ex- 


penence a ¢ hange in stability are the real roots of 


A 1 (1 + a&s)mo, li+aqy 
q = 0 ° 
2 Io j* } v 
1 (1 + assy 
: #-@ (3 = 1,2,... Hw) 
2 Vo ;? 
For sufficiently small €,, the 6 j= 4 are give n in (27 


The threshold amplitudes of the out-of-phase modes are obtained 


from 


l @ 19 
n 2 
toa 
l a 
n 3 43 


a j l l+a 7 | 

= i - 
} 12 L(1 + 2a) + (1 + Sars)yos_ f 
(44) 
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That 


threshold amplitude is identical with the nondimensional ampli 


The equation for mo: is of special interest. particular 
tude mer at which the backbones in the frequency-amplitude plane 


intersect. This will be seen by transforming either (13) to non 


dimensional, or (42) to dimensional form. The physical inter 
pretation of this equality of the two amplitudes is that the out-of 
phase mode experiences always a change of stability at th 
which the 


Moreover, since this change of stability is intimately connected 


amplitude and frequency at backbones intersect 
with the zero-slope point of the force in the coupling spring, it is 


suggested that the mechanism of the instability at crossover 
amplitudes is different from the others and is closely linked to the 


action of the coupling spring 


Experimental Results 


The differential equations (6) contain the four constants a), @ 
1,, A; which, when assigned particular magnitudes and signs 
will yield 18 different. configurations of backbone curves in the 
amplitude-frequency plane Because of this variety, a coding 
technique was developed that is based on the shape of these 
backbone curves and their relative positions in the amplituds 
The springs may be hard, soft, or linear, and the 


thus the backbones will bend to the right 


frequency plane 

phase “‘in”’ or “out”; 

the left, or be vertical, and the out-of-phase backbones ma) 

originate to the left or the right of that of the in-phase curve 

a representative configura 
In Fig 

this condition is ex 


Fig. 4(a) shows the backbones for 


tion as an example of the coding technique. 4(a) the in 
phase backbone is that of a hard mode; 
pressed by the letters 1H for “in hard.’’ The out-of-phase back 
bone in Fig. 4(a) is characteristic of a soft mode; this is expressed 
by OS, “out. soft The code word for the configuration is LH-OS 
with IH on the left 
posite of backbones any two of which will represent a configuration 


since w,(0 w(0) Fig. 4(b) is a com 
defined by specified values of the parameters of (6). 

The differential equations (6) were solved by an electroni« 
analog computer for such values of the constants that a representa 
tive number of configurations was studied experimentally. The 
computer circuit is sketched in Fig. 5. The solution curves x;(¢ 
x(t) were plotted on a Sanborn recorder. Data from these records 
were used to construct backbone curves for a comparison of the 
form and stability of the experimental solutions with the theoreti 
cal results 

Instability 


parture of the solutions x,(¢), z(t) from an established periodic 


is displayed in a computer selution by the ce 


pattern. The instability may be “mild” or “violent,” depending 
on the number of stable cycles before instability sets in. The 
appearance of the instability suggests an energy transfer between 


















the two masses Fig Ola shows a record of a compute! run tor 
y y 
Yer fl L 
IH os H 
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Fig. 4 Explanation of coding technique for classifying special cases 
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Fig. 5 Elements of computer circuit used to test the theoretical development 
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Fig. 6 (a) Experimental data showing a mild instability and action of 
the coupling spring. (b) Experimental evidence of violent instability. 


configuration LH-OH (with The initial conditions 
are such that the solutions are out of phase. A mild instability 


Fig. 6(b) shows instability in an IH-OH 


CTOSSOVeT ) 


occurs after eight cycles 
configuration (without crossover); this is an example of violent 
instability. 

As stated earlier, the instability of the out-of-phase mode at 
the crossover amplitude is intimately connected with the force 
in the coupling spring; therefore it is of interest to observe the 
behavior of this spring at the amplitude in question. A record of 
the coupling-spring force as a function of time is shown in Fig. 6- 
(a). It is observed that the spring force is periodic at the period 
of the motion but displays a dominant third harmonic 

Fig. 7 shows a summary of a comparison between experimental 
results obtained by the electronic computer and theoretical re- 
sults predicted by the stability characteristics. The summary 
presents the backbones in the amplitude-frequency planes for the 
different configurations studied. The backbones are drawn as 
Full lines represent stable regions, dashed lines 
The heavy 
The light lines give experimental results. 


double lines 
represent unstable regions. lines are based on the 
theoretical results. 
The values for the constants a), a3, A), A; for each configuration 
are given in Fig. 7. 

In nine of the thirteen configurations of Fig. 7, there is com- 
plete agreement between the theoretical and the experimental 
results. An examination of the stability characteristics in the 


remaining four cases shows that there is no fundamental dis- 
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crepancy between theory and experiment. Fig. 7(7) indicates 
instability of the computer solution where the theoretical results 
predict stable behavior. As shown in Fig. 8, the stability charac- 
teristic for this mode is a line coinciding with the 6-axis and ex- 
tending from a value 6 = 3/8 to 6 = 0. However, Fig. 3 shows 
that the position of the endpoint of this characteristic for a; = 

1/4 is very sensitive to the value of a3. This endpoint lies be- 


tween 6 = O and 6é = for values of a; between a; = —1/4 


and a; = —1/8. If the value of a; in the computer solution is 
slightly different from —1 
slope, and an unstable range will be encountered 

In Fig. 8 there are also shown the stability characteristics for 
the two cases OL-IS and OS-IS where there exists a discrepancy 
between experimental and theoretical results. In the case OL-IS, 
the theoretical and experimental results are easily brought into 
conformity by an argument similar to that used for the configura- 
tion OH-IS. 
experiment Is produced when the straight lines of the stability 


1, the characteristic no longer has zero 


In the case OS-IS, conformity between theory and 


chart in Fig. 8 are replaced by the more accurate curved lines 
which the straight lines approximate 

There remains the discrepancy between theory and experiment 
in the case IS-OH. 1/7 or the outer springs 


are nearly linear. 


In this case a; = 
If they were altogether linear, the theory 
would predict stability of the out-of-phase mode. We suspect 
that the instability in this case was so mild as to have been over- 
looked 


tracted observation of 


It probably could be discovered by a sufficiently pro- 
the behavior of the system However, 
errors in the performance of the computer which accumulate with 


time do not permit suc h an extended observation 


Concluding Remarks 


We have discussed the free vibrations of a conservative system 


consisting of springs and masses. When this system is linear, 
questions concerning the stability of the motion do not normally 
arise, whether the system has one or several degrees of freedom 
When the system is nonlinear and possesses only a single degree 
of freedom, an examination of the stability of free vibrations is 
usually restricted to the demonstration that the motion is 
orbitally stable. 

The situation is quite different in nonlinear systems having 


two degrees of freedom. Here, the question of stability is of cen- 
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Fig. 7 Comparison between theoretical and experimental data. Heavy 
lines are theoretical results, light lines are experimental results. Dotted 


lines represent instability. 


tral importance because its resolution decides on the existence, in 
a physical sense, of the periodic solutions. It has been demon- 


strated that the free vibrations are frequently unstable, and 
changes of stability take place at threshold amplitudes whose 
magnitudes cannot be estimated from heuristic arguments based 
on physical intuition 

It is not difficult to extend 


directions 


of this 
these is concerned with 


the theory paper in two 


One ol forced vibrations 
For sufficiently large amplitudes, the amplitude-frequency curves 
of forced vibrations lie in the neighborhood of the backbones, 
and for sufficiently small amplitudes of vibration they lie in the 
neighborhood of the frequency-axis. But, the frequency axis 
maps into the 6-axis of the stability chart, and the backbones 


Thus 


one can discuss the stability of forced vibrations in terms of con- 


map into the stability characteristics of free vibrations 


tinuity arguments with reference to the amplitude of the forcing 
function. The general appearance of the stability characteristics 


in the €6-plane is shown in Fig. 9. It is observed that the inter- 
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Fig. 8 Stability characteristics of three cases where the experiment 
seems to counterindicate theoretical results 
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Fig. 9 Stability characteristics of forced vibrations 


section of the stability characteristic of free vibrations with the 
6-axis is a saddle point in the e6-plan« 

The extension of the present theory to unsymmetrical systems 
is accomplished by the demonstration that the modal relations in 
the general two-degree-of-freedom case are of the type x, = ¢2 
where ¢ = const is given by the roots of an equation involving « 
and the parameters of the problem. In the symmetrical cass 
these roots werec = +1 

teports on these extensions of the theory will be given in tl 


near future 
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On Finite Bending of Pressurized Tubes 


is presented of two well-known problems which have until now been 
The two problems are: (a) the linear problem of pure bending 
of curved tubes, and (b) the nonlinear problem of pure bending of straight tubes. In 
both problems the etlect of uniform internal pressure is included. The essential step in 
the present analysis is the treatment of the flattening of the cross sections of the tube 
by means of a theory of finite bending of circular rings. The general results of the 
paper are used to obtain improved values for the stability parameters in the problem 
of flattening instabtlity of originally straight tubes acted upon by end bending moments 
and also to obtain results on the effect of slight original curvature of the beam axts in 
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A unified treatment 
considered separatel 





the problem of flattening instability. 


- present paper is concerned with the linear 
problem of pure bending of curved tubes as considered by von 
Karman [1],? Thuloup [2], and others, and with the nonlinear 
problem of pure bending of straight tubes as considered by Bra- 
In both problems the effect of internal tubs 

We consider these two problems from a 


zier [3] and others. 
pressure is included 
unified point of view and in this way obtain additional results of 
the following kind: 


1 We show that the results of Brazier [3] and Wood [4] for 
originally straight tubes may be considered as a first approxima- 
tion to the solution of their problem, in so far as expansion i: 
powers of «a suitable parameter is concerned. We establish the 
nature of this expansion and obtain the corresponding second ap- 
proximation 

2 We obtain first-order, nonlinear corrections to the 
of the linear theory of originally curved tubes, and in this way 
delimit the range of validity of linear theory. 

4 We generalize the known, first-approximation nonlinear 
theory for originally straight tubes to the case of tubes possessing 
a slight initial curvature, under the assumption that the order of 
critical 


results 


magnitude of this initial curvature is the same as the 
curvature for originally straight tubes. 


Formulation of Problem 

We consider a tube with center-line radius a, wall thickness h, 
and cross-sectional radius 6, which is subjected to an internal 
pressure p, Fig. 1. A moment M is applied to the ends of the 
tube which changes the center-line radius from a to R. At the 
same time the circular cross section of the tube deforms into a 
doubly symmetrical noncircular shape, Fig. 2. 

(pplication of the moment M causes a longitudinal fiber stress 
o and a longitudinal fiber strain ¢. We designate by y and by 

' A report on work carried out as part of a project supported by the 
Office of Naval Research of the United States Navy. Some of the 
ideas incorporated in this report were arrived at during a consulting 
appointment, in August, 1957, with the Mechanics Department of 
the Guided Missiles Research Division of the Ramo-Wooldridg« 
Corporation 

* Numbers in brackets designate References at end of paper 
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Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1959, for publication at a later date. Discussion 
received after the closing date will be returned. 

Notre: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, May 7, 1958. Paper No. 59—APM-5. 
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Fig. 2 


y + v, the distances of the points of the middle surface of the tube 
wall from the neutral surface of the tube, before and after defor- 
mation. The relation between moment M and fiber stress o is 


then 


M = fholy + v)ds (1 


where ds is the element of are of the deformed meridian curve of 
the tube wall. 
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The relation between fiber stress o and fiber strain € is 
o = Ee (2) 


where E is Young’s modulus of the tube material. 
The fiber strain € is a function of the radius change R — a and 
of the displacement component v. We limit ourselves to the con- 


sideration of tubes for which 
bh/a<X | (3 


For such tubes we have that the neutral surface of the tube is the 
eylinder with radius R and the expression for € is found to be 


(1 ') 1 ' 
7 is as” 2 


In order to determine the displacement function v we consider 
the problem of the deformation of the tube cross section as a 
problem of the cylindrical deformation of an infinite pressurized 
circular cylinder or, except for a factor | — v® in the appro- 
priate stiffness coefficient, as a prob'em of plane deformations of 
a circular ring 

Let & be the angular co-ordinate of the points of the middle 
surface of the cross section before deformation, Fig. 2. The 
corresponding Cartesian co-ordinates are 

beos & y = bsin & 5 
Because of deformation the co-ordinates «2 and y change to x 4 
u and y + v, and the original radius of curvature 6 changes to a 
variable radius p, Fig. 3. The original tangent angle @ changes 
into@ + 8B. 

We may assume that the deformation of the cross section takes 
place with negligible extension so that the are length ds of the 
deformed element is the same as the corresponding undeformed 


are length bd&. We then have 


pd(od + B = ds = bd& = hdd (6 

l l ' " 

and = (1 + B ) 7 
p 6 


where the prime indicates differentiation with respect to & 
The components of displacement u and v follow from the rela- 


tions 
Ur + u dy + v) 
= cos (@ + B), =sin(@ + 8 s 
ds ds 
Since @ = — +4 randds = bd&, equations (8) may be written 
in the following form: 
du ; 
— = 4 sin (£ } B sin & 
dé 
9 
a . - 
bleos(—E + B cos £ 
dé 
The second of equations (9) and the symmetry condition o(0) = 0 
leads to the formula 
x 
of cos (£ + B) cos E}dé (10) 
J0 


In order to relate the deformation variable 8 and the fiber 
stress o we consider the equilibrium equations and stress-strain 
relations of the meridional rings of which the tube is composed. 
Introducing forces, moments, and load intensities in accordance 
with Fig 4, we have the following system of equilibrium equations: 
. ~ @ + py, = 0 (11) 
b p 
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Fig. 4 
q’ \ 
+ + p, = 0 (12) 
b p 
V, 
; Y=0 13 


In view of the assumed inextensibility of the ring sections, 
the system (11) to (13) is complemented by one stress-strain 


relation only, which is of the form 


M, 1 3 


= = 14 
D h p b 
It. will be assumed that the tube material is isotropic so that 
Ehé : 
D = 15 
121 y? 


It is, however, equally well possible to consider D as a stiffness 
constant for an anisotropic tube material, in which case equation 
15) is replaced by a different relation 

A final system of relations expresses the components of load 
intensity p, and p, in terms of the internal pressure p and in 
terms of the ring-load intensity pe which is due to the relative 
inclination of the fiber stresses o, as caused by the curvature 1/2 
of the center line of the 
direction of the axis y and is of magnitude 


tube The load intensity Do 2 mn the 


h , 
le = O 6 
” R 
The load intensities Po and Pp, are then 
P, = —p + pesin(E +B (17) 


Po cos (E + B) 1s 
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The system of equations (11) to (18) may be reduced to one 
differential equation for B and oa. Introducing (12) into (11), 
and (14) into (13) we have first as a system of two equations for 


Q and Bp 


- 2 b 
Q + Q = bp, — (pp,)' (19 
b p 
D 
77 8" +Q=0 (20 


With p from equation (7) and p, and p, from equations (17) and 
(18) there follows as equation relating B and o, 


dD i F sui aa J ’ 

b (4g) t+ 68 " D rr od 
. h aoe ~~ a sin (E + B)\’ (21) 
~ leo +e ( 1+, )| ” 


A second equation relating 8 and @ is given by the stress- 
strain relation (2) upon introducing v from equation (10), and y 
from equation (5) into equation (4) for €, 


o ( bh bh ) “ h 
= sine + 
E R a - 


Equations (21) and (22) are to be solved subject to suitable 


ctr 


ve 
leos(£ t B) cos E d 
/0 


(29 


houndary conditions for the function B. Because of symmetry, 
8 as well as Q must vanish fo: & = 0, w/2, w, and 34/2. This 
means that it is sufficient to determine 8 in the quadrant 0 < 
£ < w/2 subject to the boundary conditions 


é 2 
B(O) = B’'(0) = B (2/2) = B''(w/2\ = 0 (23 


In addition to the longitudinal fiber stress 0, as given by (22), 
and the displacement v as given by (10), quantities of interest 
ire the meridional bending stress og given by 

6M, 6D 
= &—— = F (24 
h? bh? 
and the applied bending moment M which may be written in the 


form 


ae SF ok ee 
EI - R " 1 + - aq b sin € dg 


where ] = mhb* is the moment of inertia of the tube cross section 


in the undeformed state 


First and Second-Order Nonlinear Theories 


For the application of the results to specifie cases we write 
‘ ' . ; I ; 
cos (— + Bp cos £ B sin & rn BP cor & + OB 26 
: ae is 
sin (€ + B) = sin & + Beos & = B2sin E + O(8%) (27 
and, exeept for higher-order terms, 
(28 


v ¢ er l 
“tate B sin — + “ 
) 0 — 


« 
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o b b ’ b § ? l t " 
E7"\p sin — — r J, B sin — + 9 B* cos & } dé 


(29) 


A corresponding approximation for the differential equation 
(21) results in the relation 


D i) : ( a ) 
\8 at D 8 


oe ial ‘ pb' ee 
- [0 + BB -(1 +2) ea"! 


h 


eee . . 
k a(2 cos & — (28 + B’’) sin 


+a sin + B cos & B’ sin }} (30) 
which, upon introduction of o from equation (29), is further re- 
duced to the following form: 


pb’ 
3 
D ) , 


AE j b b | B , 
= — 4 cos € sin & + (cos*é 2 sin? £)p 


B sin & cos & " B”’ 


—T 
sin’ & 
sa 
€ 
2 ¢ £ tedt 2¢ 
2 cos & B sin Ed—é + B sin? 
/J0 


f sa 
(28 + B”) sin é [ B sin Ed— + cos & B? cos Edé 
70 / 0 


3} : ; ae | 
+ — B* cos € sin § — BP’ sin? :|t (31 


Inasmuch as b/R — b/a may be small compared with b/R, we 
have included in equation (31) terms of order 8? in the second 
bracket on the right but terms of order B only in the first bracket 
on the right. Consistent with this, terms of order 8° will be re- 
tained in the second integral on the right of the moment-curva- 


ture change relation (25). 


First and Second-Order Nonlinear Theory for an Originally 
Straight Tube 


For an originally straight tube we have 


and since in this case b/? — b/a is the same as b/R, we may 
further delete al) terms of order 8? on the right of the differen- 


tial equation (31). In this way (31) reduces to 


D J — ( ee) ii 
we VP +\l- p/P 
P iv pnb3 - - a 
~ pf a — (1 +2) ar] — ara! 
AbE f3 | f , 
= ~~ 45 sin 2 — 2 cos € B sin Edé 
R? (2 ‘ ae A 
{ 
f 


B’ sin 2 — B”’ sin? Ep 


, eT . soe . 229 
+ (cos* & © sin §)p “= (30d 
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Equation (29) for the fiber stress ¢ becomes 


e 3 oe f( Dae ) { 
- = — 4sin & - B sin £ + — Bos E) dé> 
E R - 4 in 9 { 


(25) for the moment-curvature change relation be- 


(34) 


and equation 


comes 


M I i ‘ 
~ = J l B sin & dé sin Edt 
El R } T 0 0 
1 ela € 
| ( [ B? cos é it) sin é 
* Jo /J0 
a 2 j 
( | B sin £ dé dé 4 
Jo f 


The form of the differential equation (33) indicates that B de- 
pends on two parameters a? and A, defined as follows: 


(35) 


hEb pb ; 
a= = 36 


DR?’ ° D 


For an isotropic tube, with D given by equation ( 15), the forms 
of a and X are 
52 pb 


. , A= 121 ) = 
AR Eh? 


a= [{12(1 y? (37) 


The solution £ of equation (33) may be expanded in powers of 


a, as follows: 


B = a®f, + a'B, 4 (38 
However, the first two terms only of this expansion are meaning- 
ful. Determination of £8, for n 
of 8 and its derivatives be taken into account, in accordance with 


> 3 requires that higher pc wers 


the complete equations (21) and (22) 


Introducing (38) into equation (33) we are led to the following 


two equations: 
Bi + (1 A)B,"’ = = sin 2é (39) 
Bp." + (1 A)B."’ = B,'[B, | 2r)8 + B,''B,’ 
_— sin Edé + (2.cos 2k — 1)8 
/O 
l . l : 
3 B,' sin 2E ; p | cos 2F 1) 


Both 6; and B: must satisfy the boundary conditions (23 


Introduction of (38) into equation (28) gives for the displace- 


mente 
Vv) 
= a + at + i] 
b b b 
*E 
1 . ‘ 
where } = | Bi sin § dé 12 
4 J0 
7s 
t o l > > 
= B. sin & 4+ eos & ) dé 13 
} s » s x 
) 2 
/ WV ° 


Finally, introduction of (41) into the moment curvature rela- 
tion (25) leads to the formula 


M Bs . 
= il + qa? + ca’ 4 i (44 


El R 
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where 
2 y r 
“(= sin & dé to 
Tw b 
~~ 
Sg eee (3 ‘To 
= sin + dé 6 
T Jo b 2\b r 
The solution of the differential equations (39) and (40) Is 
readily carried out. We find 
3/2 
= A, sin 2~, <A; = 17 
Pi - 12 + 4d 
B = A» sin 2¢ + Be sin +f 
j (36 + 8A)A;? 1,/3 
A; = A’, B= (48 
9 240 + 16A 
Introduction of (47) and (48) into (42) and (43) gives 
t l . l as 
= A, sin — 4 A, sin 3& ty 
b 4 ) 


Introduction of (49) and (50) into (45) and (46 


and therewith 


V l 2 . 
_ = l 1a? (Aya + 2 
El R 3 
where, according to (47) and (37 
IS(1 vy? bt 
1,a? = : 52 
12+ 4d h?k? 


tetention of two terms only on the right of equation (52) leads 
to the result of Wood |4 
A = O represents Brazier’s result [3 


Specialization of this result to the case 


Letting A,@? = 2c? we may write (52) in the dimensionless form 


where 


Vb? Is(1 v*) 
™* EITh (12 + 4A 


According to Brazier and Wood the value of m is largest when 


l 
I= Ipgw = = ().577 (55) 
V3 
According to equation (54) the value ef m is largest when 
l Vv 201 i ie - . 
z=2z" = = 0.509 (56 
- ~ 
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(hat is, when 


b? 24 3\/2 -/3\"? 
: ~ 0.509 ( ae a... ) = 0.415 (' +A (57) 
AR, S te toe 


Corresponding to the factor 0.415 in equation (57) the analogous 


formula by Brazier and Wood has a factor 1/2/3 = 0.471. The 
corresponding values of the moment function m are 
] 2 
Maw = c=? 0.385 58 
m, = 0.509 (1 — 0.259 — 0.049) = 0.354 (59 


We note that consideration of the a‘-term in the expansion of 
the present solution results in a 15 per cent decrease of the critical 
value of the curvature 1/R and in a 10 per cent decrease of the 
corresponding critical value of the moment M. 

The critical values of 1/R according to (55) or (57) may be 
compared with a corresponding value obtained by Chwalla [5 
by means of a minimum-energy analysis of the finite-deflection 
problem. Chwalla assumes as an approximation that the shape 
of the cross section is truly elliptical after deformation and finds 
for the case AX = O that b?/hAR, = 0.806. This differs from 
Brazier’s value 0.471 by about 70 per cent and from the present 
value 0.415 by nearly 80 per cent. 

We may determine further the amount of flattening 6 of the 
cross section associated with the critical value of 1/R.  Accord- 
ing to equations (41), (49), and (50) 

v (9/2) 2 
= —= — 3 A,a’ 


h 
( — 4 qd 
3 15 15 


With A,, As, and B, as given by equations (47) and (48), this 
may be written in the form 


2 71 


- 4d 
A,a* — : 


: ~ (A,a*)? (61 
135 + 9X 

Retaining the first term on the right of (61) we obtain, with 
1a? = Ztpy? = '/;, for the 
with the critical value 1/Rgy, independent of pressurization 


amount of flattening associated 


U 
bay = —— = —0.222 (62 
BW 9 4 


If we retain both terms in (61) we obtain 


2 71 + 4A 
6, = —-— 272 - ®,° 

: 3°°  136+9,°' 
where x, = 0.509. Equation (63) indicates that, in second ap- 
proximation, pressurization tends to decrease the amount of 
flattening to a very small extent. We find 


(6.x~=<0 = —0.207, (6,),x=<0 = —0.202 (64 


which is about 10 per cent less than Brazier and Wood’s values 


Nonlinear Corrections for Originally Curved Tubes 


l 1 | | 
We write = 4 ~ (65 
R a ( R a ) - 
1/R — 1/a 
and = k (66 
l/a 


and we consider an expansion of the solution of the problem in 
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powers of k. For this purpose we write the differential equation 
(31) in the form 


B+ (1 — AB” — BIB — (1 + 2d)B") — BB” 


hEb* j de. . " ‘ ¢ 
=a (1 +h) 4k] Fain 2E + (cos? E — 2 sin? §)B 


l 
2 B’sin2€é p’ sin? | 


€ 
(1 + w[zome f B sin — dé 
0 


3 
(2B + B’’) sin & f B sin E dé 
70 
¢ s 2 eat 3 2 sin VE ant ft t 7 
cos & Bp? cos & dt t \ B? sin =f BB sin g rf (07) 
0 


Setting further 


Akb* bt 
- 19 2 


= = pu" (68) 
Da?’ 


and assuming 


B=kBi+hA+... (69 


we obtain by equating corresponding powers of & in equation (67 
a system of successive differential equations for the functions 8, 
The first two of these are 


BY + (1 A)Bi"’ + yw? [2 cos & [ B; sin Edé + B, sin? | 
7 


ictal 
= = Me sin £& 


(70) 


Bo” + | A)B2"" + p? 2 cos § } B:sin EdE + Be sin? | 
J0 
3 o ’ iv Q /f) Ad 
= > pw? sin 2§ + BIB: (1 + 2A)B,’’] + B’’B; 
7 I a - 
tr pe pameall é = sin* & B - 8, sin == p sin’ § 
feos & [ B, sin — dé 26, sin? & 
J0 


(28 T Bp - sin ef Bp Sin Edt . cos £ [ B,? cos EdE 
0 / 0) 


T BB (71 


er , 5 ee 
_ ‘ B:? sin 2 sin? o¢ 


Equations (28) and (29) for displacement v and stress o be- 


come 


t l » = é ' » 

_~ h — ‘Ee dete k 2 B; sin — dt 
$ | 

ke Bz sin & + = B,? cos — } dé 
0 = 


” ‘* B, sn ae | 


B;? cos | d&é&+.. \ ( 


~I 
i) 


w 
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Equation (25) for the applied moment .V becomes 
1 PI 


Ma | 
= | 1 + 
El T 


ie 


The form of equations (70) to (74) allows two qualitative con- 


clusions without further analysis. These are: (a) Nonlinear cor- 
rections to the linear theory are negligible provided the relative 
change of curvature k, as defined by (66), is small compared to 


unity; and (6) the effect of the nonlinear corrections differs, de- 


pending on whether & is positive or negative. 


Trigonometric Series Solution for Initially Curved Tubes 


Suitable series solutions of equations (70) and (71) which sat 


isfy the boundary conditions (23) term by term are 


B., = ZA, 


sin 2nk& ‘e 
In what follows we are limiting ourselves to a consideration of the 
equations of the linear theory, for which the results are not new 
We do, however, obtain an approximate formula for the rigidity 
of the tube which seems more suitable for interpretation than 
previous forms of this result 

Writing 


1; 1 76 


we find from equation (70) the following system of recurrence 


relations for the coefficients A 


{ [12 ee 
i) 


. - 
Zn L pe? 

{ 0) " 2.3, as 
2n+1 4 

Introduction of 8; into equation (72) gives for the displace- 


ment i 


— | sin (2n 1g sin (2n + 1)& 1“ 
= S 1 (a0 
h — 4 an l Zn + 1 


Introduction of into equation (74) gives within the range of 


moment-curvature 


f linear theory the following 


VU h : l 
EI a 2 


represents the effect of the initial curva- 


applicability 


relation 


The quantity [1 1 
ture on the effective rigidity of the tube. For moderate values 
we may obtain successively closer approxi- 


1/2A4) 


as follows: 


of the parameter yu 
mations to the true value of [1 by solving the system 
(77) and (78) by sectionalization, Disregarding all 


coefficients except A, we obtain in first approximation 


I : 2 

+ + . 

3 144” 
A (81) 

2 | ' wo . 

Se 44” 


Disregarding all coefficients, except the first two, we obtain 
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3 144" Sy 
Z + b/ + 
: 30” 
1,02 8 
2 5 ‘ 
10 1728 © 
1 + A 4+ uu? “ 
3 144 cia aaliea 
2 4 6/ + . 
30 


When A reduce to formulas give: 


by von Karman {1}. 
obtained by Thuloup {2} and Barthélémy 


= 0 equations (S81) and (82) 
When A # 0 they are equivalent to results 
{6}. 


represents the effect of initial curvature with sufficient accuracy 


Equation (82 
for values of uw up to about 10. For larger values of ¢ equation (82 
may be replaced by simple asymptotic formulas which for the 
cise \ 


and for finite but not too large values of \ by Crandall and Dahl 


0 were obtained by Clark and the present author |7 


S|. 


Tubes With Slight Initial Curvature 


We now consider tubes for which the initial curvature |/a is 
of the same order of magnitude as the critical curvature of a1 
initially straight tube In particular we derive moment 
curvature-change relation for such tube which is an appropriat« 
generalization of Brazier’s formula for the initially straight tulx 
ind which has the same range of ipplicability as Brazier’s for 
nila 

The basic equations which are needed for this problem follow 
29), (28 


by specialization of equations (31), ( and (25) in the form 


D | *) ) Eh 
BS + I = 
bs | D p { R 
a fb ') b fs _— 
sin & Db sint dt s+ 
E | R a , R J0 


7 

é 
| Bsin Eds s 
/7 0 


The 


solution of (S83) ts 


hEb? b 
8 = 


where A is defined in equation (37 


The displacement function v becomes 


Ehb? b ( h ) $/2 (“5 
h D R R a 12 + 4A 2 


is relation betwee 


ain 3& ) 
oe 
: 


moment 


Introduction of (88) into (86) gives 


V and curvature change R™ a 
V ( l -) , 3/4 hEb? b (2 if i )| 
El \R a I2+4. D RNR af, 


When b/a = 0 equation (89 
Brazier and Wood 


reduces to the corresponding Lol 
mula by 
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For the purpose of further discussion we write 


b b b 
= Zz, = zx (90 
R a a 
3/4 hEb*® 1 — p*)/4 5? 
= = ¥ 9] 
12+4A D 1+A/3 h? 
Vb 
and EB = (| ¥Y y*)2 SY 292? - 2y 2 (62 


In addition to including the formulas of Brazier and Wood, equa 
tion (92) also includes the appropriate formula of linear theory 
in so far as the first term on the right of (92) is equivalent to the 
first two terms on the right of (81) and (82) if these formulas are 
expanded in powers of p? 

According to Brazier and Wood we have a critical value 
euch that 6yzgy? = | 


tion concerning the order of magnitude of 1/a may be expressed 


"BW 
In view of this fact our original assump- 


in the form 


V2? = O(1) 13 


However, in order that equation (92) remain significant within 


the range of applicability of linear theory, we must assume some- 


what more restrictively that 


. 38 l—-vw b 
V20" = : (94 
4$1+A3 ha 4 
Critical values of 2 are again obtained from the relation 
OM /oz = 0, that is, from 
1 V2 OY 22 6) 27 = 0 (95 


l l I 
We find z= 2) 2 . i + ¥20? (46 
2 (oy : 2 
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Equation (97) may be written in the equivalent form 


( a) 2 1+A/3 A? 1 bb 
R a - y l y? b? 3 a? 
( 2 44+) *) th 
+ (98) 
HH) l py? a 


The validity of equation (98) requires according to (94) that 


1/a satisfy the inequality 
b f1+X/3 h 
< (99) 
a .3(1 — pv? b 


When 6/a is larger than the right-hand side of equation (99) then 


a more accurate analysis of the problem is required 
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On the Instability and Folding 
Deformation of a Layered Viscoelastic 


M. A. BIOT 


Consultant, Shell Development 
Company, New York, N. Y. 
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Medium in Compression 


When a layer of material embedded in an infinite medium ts subject to a compression 


parallel with the layer an instability tends to develop which manifests itself in the folding 


of the layer. 


and the surrounding medium are both viscoelasti 


This phenomenon is examined here for the general case where the layer 


This problem which was examined 


in preliminary form in an earlier publication |6|' is treated here with particular atten 
tion to the effect of interfacial adherence of the layer and the medium, and to an evalua 


tion of the amplitude of the folding 


In general there 1s a lower and upper-critical value 


of the compressive load between which folding occurs with a finite rate of deformation 
There appears also a dominant wave length, for which the rate of folding is maximum 


under a given load 


The effect of interfacial adherence while not negligible is not generally significant 
rate of folding increases very rapidly 


two media 


The dominant wave length may or may not depend on the load 
The 


beyond a certain value of the viscosity ratio of the 


A brief discussion is also included of the thermodynamic implications of 


incremental stress-strain relations in prestressed media 


C INSIDER an inhomogeneous elastic medium of in- 
finite extent containing a layer of material of higher rigidity. It 
is well known that such a system when subject to a compression 
parallel with the layer will buckle beyond a certain critical value 
of the load 
folding of the layer which appears suddenly with a characteristic 


This buckling instability manifests itself through a 
wave length at the critical load.? The nature of the phenomenon 
is typified in the elementary treatment of the buckling of a beam 
or an elastic foundation It is clear that this phe nomenon is a 
particular case of the much more general one where the layer and 
the medium are viscoelastic. In this case we shall not in general 
observe a sharp buckling, but a folding of the layer will appear 
with a rate of folding and a wave-length content which are de- 
pendent on the physical properties, the compressive load, and the 
initial irregularities of the laver 

The present paper is one in a series presenting the results of an 
the Shell De- 
The subject is of 


investigation of these phenomena carried out at 
velopment Company during the past 10 vears 
course of primary interest to the geologist since it furnishes for the 
first time a quantitative basis for the evaluation of folding and 
The re are 


other tectonic features of stratified rock formations 


also interesting technological applications connected with the 
buckling failure of inhomogeneous structural material such as 
sandwich panels under conditions of creep and the deformation 
due to instability of materials in general in the viscoelastic tem- 
perature range when there is a high-temperature gradient. The 

' Numbers in brackets designate References at end of paper. 

2? The buckling of layered elastic media was investigated by Bijlaard 
{1, 2], Gough, Elam, and DeBruyne [3], Goodier [12], and others 

Presented at the Summer Conference of the Applied Mechanics 
Division, Troy, N. Y., June 18-20, 1959, of THe AMeRIcAN Society 
or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1959, for publication at a later date 
received after the closing date will be returned 

NoTE 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, March 11, 1958. Paper No. 59-—-APM-21 


Discussion 


Statements and opinions advanced in papers are to be 
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result also throws light on the behavior of such engineering com 
ponents as an axially compre ssed rod in a viscoelastic fluid, and 
so on 

A discussion of the fundamental aspects ol the theory i given 
in [6]. This makes use of the general results established previ 
ously for the viscoelastic behavior of solids on the basis of irreversi 
ble thermodynamics [4, 5]. In the present paper we hive empha- 
sized a more exact approac h which takes into account the ad 


While 


this adherence does not affect the phe nomenon qualit itively, it 


herence between the layer and the surrounding medium 


does introduce considerably more complication in the analysis 
We also have given a more complete discussion of some aspects of 
the phenomenon, and in particular of the magnitude of the insta 
The 


theory is developed here by repre senting the laver a8 a Visco iastic 


bility as represented by the rate of growth of the folding 


plate obeying the equations derived from a straightforward gen 
eralization of the classical equations for elastic plates by a cor 
A more rigorous treatment of the problem 


This 


the existence of a 


respondence rule [5 
on the basis of a continuum also has been compl ted [7 
treatment takes into account 


more rigorous 


compression in the surrounding medium which is neglected in the 
present theory. Results indicate that use of the plate equations 
is satisfactory for most practical purposes. In more recent work 
the effect of gravity has also been introduced [13] 

In Section | we derive the equations ol flexure of a viscoelastic 
plate under compression, and Section 2 derives the properties of 


the surrounding medium. These results are combined in Section 


3 and equations are established for an embedded layer with per- 


fect or imperfect adherence at the interface We assume that if 
an interfacial slip occurs the friction is proportional to the rate of 
slip. Section 4 develops quantitatively the results for the case 
where the layer and the surrounding medium are both incompres- 
sible viscous solids under the assumption of perfect adherence 
Particular attention is paid to a comparison with the case of per- 
fect slip and to the rate of growth of the folding 

Section 5 discusses briefly other cases such as the elastic layer 
in a viscous medium, and two Maxwell materials. These other 


cases were treated in more detail in reference [6] 
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In Section 6 a few remarks are presented regarding the incre- 
mental stress-strain relations in nonlinear rheology and it is 
pointed out that an essential distinction is to be made between 
thermodynamic systems in the vicinity of equilibrium or in a 
steady state of flow 

It is pointed out that there exists, in general, a lower and higher 
limit for the critical compressive load. Between these limits the 
folding takes place with a dominant wave length; i.e., one for 
The 
The 


latter case is true for two viscous fluids and in general for two 


which under a given load there is a maximum rate of growth 
dominant wave length may or may not depend on the load 
materials with the same relaxation time. The rate of growth of 
the folds which is evaluated for the particular case of two viscous 
fluids becomes large and very wave-length-selective for values of 
The 


small in 


the viscosity ratio u/m), of the order of about 70 or higher 
influence of interfacial adherence is found to be very 
the range where the magnitude of the instability becomes signifi- 


cant. 


1 Equations for Deformation of a Viscoelastic Plate 

We shall first derive the approximate equations for an elastic 
plate under the assumption that the wave length of the deforma- 
We consider 


a two-dimensional deformation such that the upward displace- 


tion is large relative to the thickness A of the plate 


ment of the plate is, Fig. 1, 
= vp coslr (1) 


The assumption stated above corresponds to the conditions /A< 1. 

The upward plate deflection may be derived in terms of the 
bending moment .V per unit width. We may write the differen- 
tial equation 


Bh 
V 


The siga of VM is taken positive clockwise when matter is located 


to the left of the cross section. The coefficient B is 


iG(G + ) 
2G +X 
The Lamé constants of the plate are denoted by A and G.8 
We assume 


that the plate is subject to a total compressive load Ph acting in 


The bending moment V will now be determined 
its plane. In addition we assume a vertical load qg per unit ares 
taken positive upward and a tangential force 7 per unit area on 
the surface of the plate acting positively to the right on the upper 
surface and to the left on the lower surface, Fig. 1. These loads 
are distributed sinusoidally according to 


q = q cos lx 
T = T sin lr 
If we call 1/7, the bending moment due to g, we may write 
PM, 
dr? 


The shear modulus G@ is also generally represented by u but 


prefer to reserve the latter symbol for the viscosity coefficient 





+) Ph 











Fig. | Forces and displacements for the plate 
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The moment M,. due to the tangential load must satisf 


hf raz + M,=M 
0 


where .V is the moment at a cross section = ()where 7 = 0 


i.e., the total shear also vanishes at that cross section Differen- 


tiating (6) we find 


dM 


dz 
Finally, we must evaluate the bending moment due to the axial 
compressive load Ph. This bending moment depends on the 


deformation and is equal to 


, and (9) we derive 
dr 
h + Pi 
dx 
differentia 


and substituting in (2) we find the 


the plate deflection as 


t 


In addition to the plate deflection we also need for our preset 
purpose the displacement u of the plate tangentially to the surface 
rhe sign of u is chosen positive to the right on the upper sur- 
Ince The displacement u is due to the rotation a ar) ol 
the cross section and in addition to the shearing deformation 
thea 


of the plate produced by the tangential force r The 
two effects is 


It should be noted that in establishing the last relation we have 


assumed that the shearing deformation of the plate is solely duc 
to r. There is, of course, an additional transverse shear asso- 
ciated with the bending which we have neglected. Although these 
two assumptions are not quite consistent, we are concerned here 
mainly with the separate evaluation of the effect of interfacial 
this effeet as the 


idherence and therefore we wish to introduce 


sole correction to the approximate theory of reference [6| for the 
purpose of comparison. A consistent assumption would be to 
neglect the shear deformation of the plate. This is easily done by 
© in relation (12) andQ = 
in the following. Further remarks on this point will be found in 


It should be added that the effect of shearing deforma- 


putting G = in all relations derived 


Section 4 
tion associated with bending is evaluated implic itly in the exact 


treatment of reference [7] based on equations for the pre- 
stressed continuum. The magnitude of the effeet is found to be 


not very significant 
Putting 


we find 
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As we have pointed out in earlier publications [4, 5, 6], equations 
obtained for an elastic body can be extended readily to a visco- 
elastic continuum by replacing the elastic constants by their cor- 
responding operators. We have called this the ‘correspondence 
rule.”’ This rule holds for the most general case of anisotropy and 
is valid for relations derived by energy or variational methods. 
For an isotropic viscoelastic material Hooke’s law is replaced by 
(15 


og 20 ‘ij 


+ 5;, Re 


and ¢ are the stress and strain tensors, 6,, is the 


Where oa, 
Kronecker symbol and 

(16 
is the dilatation. The symbols Q@ and F# represent operators 
They replace the Lamé constants G and A. We have shown [4 
from linear irreversible thermodynamics that these operators are 
of the form 


Oriy(ridr + Q + pQ 


p 


Riryy(r)dr + R 4 pR’ 


p+ 
In these expressions p is a differential time operator 


d 
dt 


aig 


The variable of integration r is a relaxation constant with a spec- 
tral density y(/ We have 
R(ryy(r) with the spectral density function y(7 
factor in order to bring out the common properties of these func- 


written the function Q(r)y(r) and 


as a common 
tions as regards their singularities In case of relaxation with a 
discrete spectrum the integrals are replaced by summations, 


pQ 


also shown that the constants in the operator @ are all 
In addition, we must have R + Q > 0 


these 


It was 
The appli- 


positive 


eability of operators tor incremental stresses in a linear 
or nonlinear prestre ssed medium is discussed in Section 6. 

The significance of the operational stress-strain law (15) is 
multifold. It may be interpreted as a relation between Laplace 
or Fourier transforms of the stress and strain components For 
instance, if the strain components are harmonic functions of time 
and represented by e,,e™! then the stress tensor is o,,e" where 
after putting p = @ in 


e,, is related to o,;, by equations (15 


ij 
the expression of the operators 
Relations (15 


sponse to an arbitrary function of time by operational rules or 


may also be considered as giving directly the re- 


Fourier integrals. For instance, assume a relation for pure shear 
2Qe, (21 


and assume the shear strain to be of constant unit value and sud- 


denly applied at ¢ = 0 


We have the operational rule 
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p\(t) l(t) = dt 


Hence applying the complete operator Q as given by (1 
we find 


¢, = f é "Or )yy(r dr + Q@ + Qt) 
0 


The time history of the stress contains a distribution of exponen- 
tial stress relaxations. The Dirac function 6(t) corresponds to 
infinite shear rate at ¢ = 0. The coefficient Q’ is equivalent to a 
viscosity coefficient since 

de 


. 


dt 


26) 


Q'pe, = Q’ 


More generally, if the strain e,(¢) is an arbitrary function of time 
the significance of the operator is given by 


t 
= ev e"delt 
/J0 


The complete stress-strain law expressed by the operational equa- 


tion (21) is therefore 

l f« t 
~~ o, = Or)y(rdr é 
” / 0 /0 


The coefficient Q is pure elastic modulus. Putting 


Qryy(r) = Fl 


fi Fiera 
0 
in the form 
= } Ati T deJ(T 
0 


h(t) = 


we write (28 


which brings out an heredity function A(t 

By the correspondence rule we may apply immediately the 
The 
Lamé constants G and J are replaced by the corresponding opera 
tors Q and Rk. The coefficient B becomes the operator 


elastic-plate relations (14) to the case of a viscoelastic plate 


10/10 +R 
20 + R 


and equations (14) are transformed into the operational relations 


i , 
q (1 Brel? — P 4 Q) av 2QI1 


= 1Q 
2r 2Q1V 4 U 


(] 


Again, these may be considered as relations between Fourier or 
Laplace transforms or as differential and integral operations re 
lating the quantities U’, V, and 7 
We should finally 


produced by the compressive load 


to q 
add a remark concerning the deformation 
If the material tends to 
flow indefinitely under load the compression /’ will be associated 
with a constant rate of compressional deformation of the plat 
This deformation, however, will be disregarded as we are in 
terested in cases where the deflection normal to the plate is the 


preponderant effect 
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2 Deflection of a Semi-infinite Viscoelastic 
Medium Under Normal and Tangential Surface Load 


We have pointed out that from the correspondence rule we 
may proceed exactly as in the theory of elasticity provided we 
replace the elastic coefficients Dy the corresponding operators 
We shall therefore proceed directly by using operational equations 


throughout. The semi-infinite medium is represented in Fig. 2. 


It has a boundary at y = 0 on which the normal and tangential 


loads are gq’ and r. The solid half space is in the region y > 0 


We write Lamé’s equations for the displacement components u 
and v of the solid after replacing the elastic coefficients G and A 
by the operators @ and Rk. We have 


QV +(Q4+R 


Ove +(Q + R) 


with 


The Papkovitch-Boussinesq solution of these equations 1s 


, (20 + R) = 
grad(y, + y)+2 O+k y 


The field displacement vector is 


and the co-ordinate vector is 
(ft, 
rhe vector y and the scalar Yo satisfy Laplace’s equation 
Vy=Vy¥ 0 
We shall choose the vector y to be oriented along y and put 
¥ = (0, ¥, 

The component W, also satisfied Laplace’s equation 

Vy, =0 (40 


We are seeking here a solution which will match that of the plate 





| any 
AiidLlbditlbdtll tl ll 1 


amen J 


| 


Fig. 2 Viscoelastic half-space 
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at the boundary. We therefore assume a sinusoidal! distribution 


of the surface load, i.e. 


T = 7 sin lz 
(41 
q' = q : cos lr 


We also choose Boussinesq potentials y and Y, which contain 
. , y 
the same trigonometric factors, and write 


Wo = Ae 
vy, = Ce 


These functions satisfy Laplace's equation in compliance with 
(38) and (40 vields the dis- 


Y cos lr 
42) 


'¥ cos la 


> 


Substituting Yo and y, in (35 
placement field, 


Cye ¥ sin /r 


- yl 4 a 


train relations (15) we derive the relevant stress 


We find 


From stre 


components at the boundary y = 0 


20 +R 
= ( (Jt cos lz 
T R 


The displacement u, v at the boundary is found by putting 


2 


in (43 We write the boundary displacement as 


= U sin l/r 
= V 
and the boundary stresses as 


= gq cos lr 
16 


T = 7 sin lz 


j 


! in equations (43) and (44) (with 


Then eliminating A and ¢ 
y = 0) vields the following relation between surface stress and 
displacement 
= Q , 20 +R 
201° ~ ~304+R 30 +R 
I 20+ R ” Q ; 
= To = ne ; = = 
20 30 +R 30 + R 


It is of interest to call attention to the particular case of the in- 
This is the case for which Rk = © while 


compressible material. 
If we substitute R = 


e = Oand Re remains finite in relations 


(47) they simplify to 
= —2QIV 
—2QI1 
In this case the vertical and horizontal displacements are un- 

coupled 

We must remember that the significance of these relations is 
operational. For instance, if the material is el: stic and incom- 
pressible then relations (48) are proportionality relations with 
@ replaced by the shear modulus G. If the material is an in- 


compressible viscous fluid of viscosity uw then 
Q = up 


and equations (48) become differential relations 
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p pau 
—2u 
dt 
If the material is elastic in pure compression with an elastic 
bulk modulus A, we have shown [4] that the operator R is given 
in terms of Q by 


R=K =a 
3° 


In this case, even for a viscous fluid relations (47) imply both 


integrations and differentiations 


3 Unstable Deformation of the Embedded Layer 


We are now ina position to consider the case of the embedded 
We will first 


assume the case of periect adherence between the layer and the 


layer by putting together the foregoing results 
embedding medium, Fig. 3. We will then follow with a brief 
discussion of the case of impertect adherence 
Assuming perfect adherence the displacements ( and V are 
equal at the interface for both media. The stresses also are con- 


tinuous, the value of the shear 7) being the same at each bound- 


ary and the normal load q on the layer being equal to twice the 


normal traction qo’ at the boundary 


> 


From (32 
at the boundary 


and taking into account (51) we may write the stress 


of the laver as 


with the operators 


A 


foo = 2Q/Ih 


The stress at the boundary of the embedding medium is given 
by (47 We re plac e QO and R by 0, and R , the latter referring to 
the viscoelastic properties of the embedding medium while the 
former refer to the properties of the layer We write, for the 
stress at the boundary of the half space, 


with the operators 


20, + R, 
= 20; — 
i 3Q, + 


- , 
= 20), -.———; 
: 3Q, + R, 


The condition that the stresses are continuous at the interface 


is obtained by equating expressions (52) and (54), ie 
(56 


At this point we must call attention to a property of the 
operators which is implicit in some remarks made previously con- 
cerning their significance. All the operational equations derived 


here are valid if the variables vary with time proportionally to 
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Fig. 3 Embedded layer 


an expone ntial factor e?* In that case all operators are sin ply 


algebraic quantities and p instead of being the differential opera 
tor d/dt is the algebraic value of the coefficient of time in the ex 


conclude 


pone ntial factor. If we now consider equations (56) we 


that instability of the layer will appear whenever there are posi 


tive values of p for which the determinant vanishes 


In that case any initial value of l’ and V no matter how small 


will increase exponentially with time proportionally to ¢ An 
isoidal told 


ing In principle, a range of wave lengths will be unstable but 


instability of the layer will appear in the form of sir 


not all wave lengths will grow at the same rate For given 


value of the load P equation 57) may be considered as a relation 


between p and /h The latter parameter being related to the 


wave length L of the folding by the relation 


The wave length for which the value of p is maximum will tend 
to grow faster than others and will generally be the observed one 
We have called it the “dominant wave length’’ L,, the correspond 
l We have 


havior of the folding and the value of the dominant wave length 


ing value of / being denoted by discussed the be 


for various types of materials in reference [6) for the case of perfect 


shall discuss in more detail the 


In the next section we Cust 


for which the laver and the eml edding medium are both incom 
pressible viscous solids with perfect adherence 

Before concluding this section let us formulate the case of im 
periect adherence In this case it is assumed that slipping may 


occur at the interface of the laver and the embedding medium 
The slip layer is assumed to be a thin viscous lnyer of thickness A, 
and viscosity coefficient u,. The interface displacements of the 
folding layer and the medium are denoted, respectively, by U’ sin 
The shearing stress 7») at the interface ts 


lr and U, sin lz pro- 


portional to the rate of slip, according to the equation 
bp(t l 
with a coefficient of slip resistance 
b = p/h, (60 


Expressing that there is continuity of stress and normal dis 


placement V, we find the three equations 


Ay 
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lquating to zero the determinant vields 


pt 


yb - = - = ™ 
. (Au + G)(An + G) — (An + G)*] = 0 (62 


The particular case of perfect adherence at the interface cor- 
responds tob = © giving again equation (57), while the case of 
perfect slip h=0 yields 

A}? 


a * 


? 


This case was considered previously [6 . We note that 


20,(0, + R,) 1 
~ 90, + R, = 3% 


r) lh 


while 


(65) 


Ay? 1 1 
An - ( Bhi? - 
Ae 7 \ 


Hence equation (63) becomes 
B, 


t 


P = = Bhil? +4 (66) 

It is readily seen that for every value of p the load P plotted 
as a function of lh goes through a minimum which corresponds to 
the dominant wave length for that load. This last equation 
coincides with relation (3.1) of reference [6] where it was the 


object of a detailed discussion 


4 The Case of Two incompressible Viscous Solids 


We shall now consider the particular case of a layer of incom- 
pressible purely viscous solid embedded in a medium which is also 
incompressible and purely viscous. Perfect adherence is assumed 
at the interface. Incompressibility of the medium is expressed 


by the condition Rk; = © hence from (55) 


Also for the layer 
B = 4Q 
For the case of pure viscosity the operators become 
Q = up 
- (69) 
Q, = mip 


where yw is the viscosity coefficient of the layer and yu, that of the 
medium. The stability equation (57) becomes 


+ €,) — A)? = (70) 


This vields 
10, Oth 


142 a 


mM 


The two first terms in this expression correspond to the case of 
perfect interfacial slip. The third term represents the correction 
due to perfect interfacial adherence. 

Let us substitute expressions (68) and (69) for the operators. 
Equation (71) becomes 

: (th)? +4 — 
Mp 3 Mh 
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The dominant wave length is determined by considering the 
minimum value of this expression as a function of Ja. Equating to 
zero the derivative of this expression with respect to /h yields an 
equation for the value /,h corresponding to the dominant wave 


length. We may write this equation 


(lh) = a 


We note that the dominant wave length for the case of two in- 
This 


is a particular case of a general rule for systems with a homogene- 


compressible viscous solids is independent of the load P 


ous spectrum as already discussed in reference (6 

The second térm in the bracket of equation (73) represents the 
effect of the imperfect adherence at the interface. In order to 
evaluate the importance of this adherence let us consider the case 
This corresponds to neglecting the 
The equation then 


of perfect interfacial slip. 
second term in the bracket of equation (73) 


gives immediately the value of /,h. Denoting by /,’ the value of 


l, for perfect slip we find 


6 . ] 
lh = ( m) (74 
m 


The corresponding dominant wave length for perfect slip is 


2r ‘Va 
= 2xh (© 
te Ou 


We denote by 


(76 


the dominant wave length for the case of perfect adherence as de- 
We may solve equation (73) for 1h 
Values ol 
this ratio are shown in Table 1 along with /,’h and L’,/h 


termined by equation (73). 
as a function of u/, and derive the value of L/L,’. 


Table 1 


la’h * La/ La’ exp( pl; 
1.000 062 2.7 
0.793 046 q 
0.551 025 27.0 
0.437 O15 221 
0.347 O10 4440 


show the influence of interfacial adherence on 
We can see that the effect of ad- 


Values of L,/L, 
the dominant wave length 
herence is to lengthen the dominant wave length by amounts up 
to about 6 per cent. The effect however becomes vanishingly 
small for viscosity ratios u/u, > 70. This corresponds to ratios of 
the dominant wave length to the thickness larger than 14 

That the wave length increases due to adherence follows im- 
mediately from inspection of equation (73) since the bracketed 
factor which represents the effect of adherence amounts to an in- 
crease in the viscosity wu of the layer 

As already pointed out in Section 1, we have assumed that a 
shearing deformation occurs due to the interfacial stress r. If we 
neglect this shearing deformation, i.e., if we assume that all nor- 
mal cross sections of the layer remain normal to the middle surface 
(neutral axis of the beam theory) this amounts to putting Q@ = « 
while retaining B finite in equation (70), hence replacing the 
bracket of relation (73) by 


E + a | 
4 d 
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The correction of the dominant wave length due to adherence will 
in that case be increased, but only by an insignificant amount 

An important feature to be considered is the “degree of in- 
stability’ as represented by the amplitude of the folding observed 
after a given time. Consider that a total time 4, has elapsed such 
that under the load P? the compressive strain of the layer is € 
We may write 


tu 


If the compressive strain is 25 per cent during this time 4, 


Mi 
t; 


P = 


, 


Let us go back to equation (72) and neglect the effect of the ad- 


herence, i.e., let us drop the third term in this equation. Sub- 


stituting in this equation the value (78) for P we find 
i hu 
[*h? 
» # lh 


Introducing the value / = /,’ from (74 


corresponding to the 
dominant wave length yields 


l ( b ) 3 
(th)? \6p 


is an amplification factor 


ph = 


»” 


The factor e? During a compres- 
sive strain of 25 per cent the amplitude of a dominant wave length 
initially present as an irregularity in the layer will be multiplied 
by eP 


stability. 


It may therefore be considered as a measure of the in- 


Values of e?" are also shown in Table | against w/u, 


We notice that the amplification factor e?" and hence the in- 
stability itself become large for values of the viscosity ratio w/ 4, 
of the order of 70 


about 14 times the laver thickness 


For u/u, = 70 the dominant wave length is 
An initial disturbance of the 
layer with this wave length is amplified by a factor of about 200 
In a compressive deformation of 25 per cent 

Another interesting point brought out by Table 1 is the fact 
that outside the range of the viscosity ratio w/), for which the 
instability is mild, the influence of the interfacial adherence on the 


dominant wave length becomes negligible 


5 Discussion of the More General Case 


In the previous section we have considered the folding of a 


viscous layer in a viscous medium. We shall now consider th 
case where one or both materials is not only viscous but viscoelastic 
in the more general sense. In order to simplify the derivation 
we shall neglect the influence of interface adherence From out 
discussion in the previous section we mav infer that neglecting 


adherence will not affect substantially the results. Since these 
cases have been treated in more detail in another publication [6 
we shall simply outline briefly the results 

The essential result is furnished by equation (66) whic h gives P? 
as a function of /h for every value of the rate coefficient p in the 
time tactor exp( pt The variable p appears in B and B 
is found by taking the derivative 


We find 


The dominant wave length Le 
of equation (66) with respect to lh 


The corresponding loac 


Pp 
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eliminating p between those two relitions vields the dominant 
load P It can be 
in general, there is a lower critical load obtained by putting p =0 
in equation (82 At this Phe 
higher critical load is a buckling load obtained by putting p 


wave length as a function of the seen that, 


load instability is incipient 


two tn 


compressible viscous fluids examined in the foregoing corresponds 


This load corresponds to elastic buckling. The case of 


to 


B = 
B, = 


tup 
typ 


Hence in th 


dominant wave length is independent of the load 


We find expression (75) independent of p 


For an elastic layer in a viscous medium both incompress 
we have 
i; 


B, = A4pip 


G is the shear modulus of the lave Applying expresso 


ball | and (82 


where 


ind eliminating p between them we find 


WG 
L, = th ( ) 
P 


In this case the dominant wave length decreases as the lo 


Increases with the lengt! 


that 


It is interesting to compare L wave 


of elastic buckling of the laver assumed free It is found 
L, is V3 times the wave length of free elastic buckling under the 
same load P? 

Another 
1 he lave T ol 


\sstuuming again incompressibility of both media, we 
P 
1G 


It is independent of the viscosit 


case is that of a viscous laver in an elastic mediun 


course must be sufficiently viscous to sustam the 


loud hina 


Ihe 


wave length (86) is independent ot the viscosity and 


vhere G, is the shear modulus of the surrounding medium 
dominant 
vith the load 
The case 


6) and it is found that the ratio of relaxation times of the 


Increases 
of two Maxwell media ts also eXamimed in relerence 
two 


media is an important parameter which controls the dependence 


of the dominant wave length on the load 


6 Nonlinear and Incremental Stress-Strain Relations 


\s mentioned in the previous work [6] there is a lot more to lx 
said if we wish to apply irreversible thermodynamics to relations 
This is of 


course closely related to the problem of nonlinear rheology since 


between incremental stresses and incremental strains 


i deformation mav be considered as a succession of incremental 


W hile 


there 18, 


states this appears to bee quite a compl x problem in 


general however, one case whi h can be Hoamediately 


inalvzed by combining the thermodynamics of linear rheolog 


4} witl 
8 9 


those of the theory of elasticity for incremental stresses 


a solid which is in a state of thermodynamu 


a stress field S 


Consider 


equilibrium under Then for small deviations 


from this equilibrium state we may assume Onsager’s relations to 
ipply to the incremental strains and stresses. We must be careful 


however, to eXpress the stress components /,, as forees per unit 


irea before incremental deformation [8, 9 This is necessary be 


ause application of thermodynami« prin iple requires the tse 


conjugate variables in such a way that 
WW 


Liewle 


plasticit 


‘The somewhat arbjtrary assumption proposed 


that linear 
ooks the as\ 


viscoelasticity is directly applicable ti 


mmetry of the operators. 
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represents the work done by ¢;; with e,; the incremental strains. 
Then the relation between e,; and ¢;, is of the same general type as 
for the unstressed system 


Pi je 


ij Cnt 


where P,,*' is the tensor operator derived in reference [4] 
The actual incremental stresses o;; as referred to areas after 


deformation are related to ¢;, by the relations [9 


Note that this is not generally a svmmetric tensor, ie 


B,;,* # By 92 


For instance, if we start from a two-dimensional state of principal 


stresses 


Then 


only if we have 


Hene 


the tensor is symmetric 


S = N, (5 


i.e., if the initial state is isotropic. In three dimensions this will 


be the case if the initial stress is hydrostatic. Substitution of (90 
in (88) yields 


Ob 


We conclude that under our assumptions the relation between the 
actual incremental stress and strain is not, in general, expressed 
by a symmetric tensor operator except i the initial stress is hy- 
drostatic 

We see 
a symmetric matrix is in contradiction with (96). 


which in- 
volves The 
error, however, will be small if the initial stress is sufficiently small 
relative to the incremental matrix P;,; (incremental moduli in 


therefore that the stress-strain relation (15 


the elastic case). This contradiction does not arise if the ma- 
terial is not assumed to satisfy the condition that it is initially 
in thermodynamic equilibrium subject to small perturbations, 


e.g., if the state of prestress produces a steady state of flow 
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Similar considerations may be applied to the more general case 
of perturbation in the vicinity of a steady or near-steady creep 
In this case, the creep rate is coupled to the deformation be- 
cause of temperature changes due to the thermoelastic effect® 
and the Onsager relations are not satisfied for the incremental 
quantities. 

If the body is such that for infinitely slow deformations it be- 
then it is probably 


whether linear or nonlinear, 


comes elastic 
legitimate to assume that Onsager’s relations are satisfied for in- 
The 


operator, however, is restricted in this case and must be such that 


cremental deformations and to use relations of the ty pe (96 


an incremental stress produces no steady-state creep Hence it 


must be of a form such that 
PP," #0 for p=0O 97 


These simple remarks are presented here to indicate some of the 
deeper implications which are involved if we wish to extend linear 


viscoelasticity to incremental deformations 
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The Stress Distribution in a Semi-Infinite 


P. S. THEOCARIS 


Visiting Assistant Professor, 
Division of Engineering, 

Brown University, Providence, R. | 
Mem. ASME 


z f(w) 


Strip Subjected to a Concentrated Load 


A solution is presented for the stress distribution in a semi-infinite strip subjected t 
an axtal concentrated compressive load 
|! defining the Schwarz-Christoffel transformation 
tions are satisfied except along the two longitudinal edges of the strip 


The problem is solved by using the function 
All the boundary condi 
Normal stresses 


along these boundaries are present which are eliminated by applying the minimum 


strain-energy principle at a part of the strip 


The stress components are calculated 


along all the boundaries and the axis of symmetry, as well as along three transverse 


sections in the neighborhood of the applied load 


The theoretical results are compared 


with experimental results obtained by using photoelasticity and the electrical analogy 


method for the tracing of isostatics 


le problem of a semi-infinite strip compressed by 
a concentrated load was first studied experimentally by Filon 
The models they used for 
their experiments were loaded uniformly over a small portion at 
Thus the 


problem can be easily related to the problem of a concentrated 


1],? Favre [2], Tesar [3], and others. 


the middle of the transverse boundary of the strip. 


load. 

Theoretical solutions of a similar problem of a finite plate com- 
two symmetrical concentrated loads are given by 
, Coker and Filon [5], 
All these solutions, which are presented 


pressed by 
Timoshenko [4 
Pickett [8 
“us applications of general methods for solving plane elasticity 


Goodier |6], Foeppl [7] 


ly 


and others 


problems, give approximate results for the stress distribution in 
this particular problem 

While the solution of related problems has been considered ex- 
tensively, there appears to have been no theoretic il investigation 
of the specific problem of the stress distribution in a semi-infinite 
strip loaded along its transverse edge. The object of this paper 
is to present such a solution for the limiting case when the ap- 
plied load is concentrated on the longitudinal axis of the strip. 

It has been shown [11] that it is possible to derive a solution in 
certain plane elasticity problems by determining a function ¢(z) 

The results presented in this paper were obtained in the course 

of research sponsored by the National Academy of Sciences under 
the Scientific Research Project TA-01-101-3006 
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of the comp!'ex variable z r + iy) representing the field of iso- 


statics. The problem is solved by using the analytic function 


¢(z) defining the field of isostatics in the case when a normal con- 


centrated load is applied at the straight boundary of a semi- 


infinite plate. The Schwarz-Christoffel transformation defined 
by the function z = flu maps the foregoing field of isostatics to 
the corresponding field in the semi-infinite strip 

Since the field of isostatics in the strip is determined, the stress 
components can be calculated all over the strip by using the pre- 


viously established formulas [11 


Analytical Solution 


We consider the semi-infinite plane (w) with a normal load P? 
applied on the point O of its boundary, Fig. 1(a) 
The Schwarz-Christoffel transformation for mapping of this 


plane into the semi-infinite strip is given by the relation [10 


ly 


a2 


du 


Fron: the relation (1) it can be deduced that the points 




















(b) 


Conformal mapping of semi-infinite plane into semi-infinite strip 





Nomenclature 


= (X + i¥), complex variable at semi-infinite 
plane 

= (x + iy) complex variable at semi-infinite strip 

a complex variable related to the u, v-system of 


ui = 


co-ordinates for which we have (u +4 
( mx Ty ) 
\ 2a ite 2a 

an analytic function of complex variable z = 
(x + ty) 
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semisum of principal stresses (2¢ oO, + O2 
an analytic function expressed by relation: 
= —la + br + cy + d(z*? + y’?)] 


supplementary 
aw/2 


Cartesian components. of 


stresses at part of strip where 0 S u 


Cartesian components of supplementary stresses 


at part of strip where w/2 < u 
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and (+1) on the X-axis of the semi-infinite plane correspond to 
the points / and m of the strip, respectively, and the regions 
»e<w< -l, —-l<w< +land +1 < w < + @ of the u-axis 
to the (kl), (dm), and (mn) boundaries of the strip, Fig. 1(6). By 
integrating Equation (1) we obtain the following relation: 


z = ¢; log(w + (w* — 1)'*] + (2 and consequently 


we can place 


*,* . . = 
where ¢; and c; are constants. From the conditions of the problem, sinh u cosh u 
cosh? u — sin?t 


¢ = 2a/m al » = 0 
: ' and C2 But we have also that 


> relat) ») age » 
then relation (2) becomes sinh u cosh u + 7 sin v cos 


2a , ; 2 cosh? « — sin? : 
log{w + 2 . cosh~! w 
T . . 
which gives 


equation (3) can be also written as follows: ae sebte emht a = gts cots 


R[—h*%X(z2)] = — 


wz fa? cosh? wu sin? yp)? 
w= cosh {< 
2a ) 


: : 1? sinh 2u sin 2: 
, a . I[—h?*(z)] = - - 
Qn the other hand, it is known that the curves ((z) representing 8a? (cosh? u — sin? v)? 
the two families of isostatics in the case of the semi-infinite plane 
w are given by the relation By introducing the values of o(z) and R[ —h?(z)], 7| —h*(2) | given 
by (12) and (14) into relations (8) we obtain the Cartesian com- 
f(w) = log (w) ponents of stresses: 


These curves are defined in the plane z by the equation cosh? u cos? v — sinh? u sin? ¢ 


(cosh? u — sin*® 


\ -_ 
C(z) = log cosh = ) 
2a sinh u cosh u 


cosh? u sin? vf 
We now change variables by letting 


cosh? u cos? v — sinh? u sin 
12 J. 


2 2 
cosh? ;- ae os 


; sinh « cosh u ( = 
and we have ¢(z) = log [cosh ¢] (7) sy ™ 2 pf 1 
, cosh? u — sin?2 
The Cartesian components of stresses are given by the following : 
rh sinh 2u sin 22 
ul 
fa (cosh? u — sin? v)? 


relations {I 1}: 


o, = 0 + pR[—hA*(z)] 
From Equations (15) we have for the transverse boundary of the 
a, = o — pR[—h2(z 4 ; os —~ T , is | jar h the ex- 
“ strip that for u = 00, = Oall over this boundary with the ex 
ception of the point »v = w/2 where we have a, = 


For u = the stress ¢, becomes 


where # and J are the real and imaginary parts of the function 
—h*(z)| and o is the semisum of principal stresses given by the 
relation 


dz + P 


( or ) consequently, the constant 6 is 
+ ic) 


Oz h 


and uw is an analytic function given by the relation and the relations (15) become 


w= w(x, y) = —l[a + br + cy + d(x? + y?)] 10 rf cosh? u cos? v — sinh? u sin? v 
. 5 “ “ ” “ 
; 2a | cosh? «1 — sin? »)? 
In these relations a, b, c, and d are arbitrary constants depending 
on the applied load and the geometry and /? in (9) is the real part sinh & cosh { 


of the function cosh? sin? vf 


iE o¢ / cosh? u cos? »v — sinh? u sin? v | 
(2) az ~é . 
e ‘ | 


2 (cosh? u — sin? v)? 


In the special case of this problem the constants a = ¢ = d = 0 sinh u cosh 


and the function yu is reduced to the following cosh? u si! 


=» —J pe 
a sg sinh 2u sin 2: 


> 


herewith hquation (9) becomes : cosh? u — sin? vp)? 
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The stresses at the longitudinal edges where v = 0, become 


P 


2a 


4 tanh? uv — tanh u 


P 


2a 


lu + u tanh? u — tanh u 


= 0 


zy 


From Equations (18) it follows that along the longitudinal edges 
of the strip there exists not only stresses a; parallel to the edges 
but also stresses a, normal to these edges. In order to cancel 
these stresses we introduce a stress function @ which gives the 
appropriate stresses along the boundaries of the strip. The ex- 
amination of the distribution of the normal stresses o, shows that 
their variation along the longitudinal edges becomes almost 
proportional to the co-ordinate u for values beyond 7/2. 

Thus the domain of the strip can be divided into two parts, for 
the determination of @ 
fined by 0 S u m@/2 and the second corresponds to values of u 
between 4/2 <u < ©. In the second part of the strip, the 
stresses 0, remain constant along any section parallel to the v- 


The one corresponds to values of u de- 


axis. In order to cancel these stresses we must simply add a fune- 
tion @, giving values of stresses differing only in sign with those 
18) for u > w/2 m this fune- 


given by For values of 4/2 < u « 


tion has the form 


P 2.106 
Dp, = L333u? — u3 
fa 3 


and gives stresses 


= and a,, 11.333 — 2.106u 


2a 


For values of u > @ the function @, is expressed as follows: 


(19a) 
l2a 


and gives values of stresses 


The maximum residual stresses o,, introduced along the longi- 
tudinal boundaries » = 0 and @ by accepting the functions @, 
are of the order of less than 0.02P/2a (actually they are Oo» = 
0.0175 P/2a at v = 29/3 and o,, = 0.0195 P/2a atv = m). 

In order to obtain the function ¢, in the first part of the strip 
(OS u n/2 


~ 


we must express the boundary conditions in a 
We call first the stress function giving the stresses 


as Dar. 


suitable form 
o,, expressed by Equation (18 This function is given 


by the equation 
P ju? 
a 13 


<a 


u log (1 


Pai = 
(20 


Next we add to this function a supplementary function @.2 given 
by the relation 
ra .  2.0160u5) 
Par = 4 1.3330u? — P 20a 
fa | 3 { 
This function introduces only stresses 7, and as a result annuls 


the stresses o, at the point u = 2/2. 
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Finally, we consider the double of the first part of the strip as a 
square plate loaded along half its opposite sides (v = 0, 3) with a 
normal load equal and of opposite sign of the stresses a, intro 
duced by the sum of functions (@, @.2). This load is given b 
the relation 

al 
= = 11.3330 — 
2a 


1.0160u + u tanh? u — tanh u| 


ya 


By application of the minimum-strain-energy principle to this 
plate we can determine the function @, which satisfies all the 
boundary conditions of the plate, i.e., it gives zero shear stresses 
along all the boundaries, zero stresses a, along the transverse 
boundaries (u = 0, r), and furthermore it gives the appropriate 
stresses o,, expressed by Equation (21), forv = 0, r 

The stress function @, is given in a form of series of functions 
of which we retain only the four first terms [4, 9] 

This function is given by the relation 


P 2 0.0160 
u log (1 + e* 


w)?[Ai +A 


The last term, which expresses the correction function in qua 
tion (22), is truncated after the fourth term Ay. The contribution 


of the fourth term to the stresses o,, along the longitudinal 
boundaries is calculated to be of the order of 2 per cent in the 
regions where the stresses take significant values Near the cor 
ners, where the stresses are very small, the contribution of the 
term A, is greater but there the stresses are insignificant 

Since the next term is expected to contribute much less than 
the term Ay, truncation of the series at this term does not affect 
significantly the stress distribution 

Application of the minimum-strain-energy principle to this 
gives the following four 


n 


plate, as it is described by Goodier [6], 
relations from which we evaluate the four coefficients A,, Ae, A 


and Ag: 


164.5714, + 3.7403m7%(A, 4 + O.10807r'A, 


2.5.5.7.9 ("2 (*/? 
24 Ww) (Gu? 
14 
7 0 0 


omwu 
. 


14.9611A, + 8.02407*A 0.41569°A, + O.16789'*A, 


2 fxr/2 


ore 1)?(480u* 240u? 
0 


6247*u* 144m7%u + Sr j)dudt 


14.9611A,; + 0.41569), 8.02409), 0.16789*A, 


2°.5.5.7.9 


128A, + 51.6923m7(A, 4 + 6.0930 tA, 


235.5.7.7.9.11 (7/7 . ; ‘ 
v ’ ° ul g 
us ) 


1804 


. 


2401 u 62497? 1449°u + Sar)dud 


where @, is given by the relation (21 After the evaluation of 


the integrals and rearrangement of its terms the system of equa 


) 


tions (23) becomes 
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Table 1 Values of principal stresses along boundaries and longitudinal axis of strip 


xr/a,y/a 0 r/12 r/6 r/3 r/2 2r/3 5/6 llw/12 7 
v-axis (z/a = 0 
O; 0 0 0 0 —« 0 0 0 “ 
Oy 0 0.076 0.212 0.419 0.478 0.419 0.212 0.076 0 
u-axis (y/a = 0, x 
Oo, 0 +0. O58 +0.101 —0. O85 —0. 383 —0.771 —0 934 —) 961 0) 973 
Oy 0 0 0 0 0 0 0 0 0 
axis y/a = w/2 
Ox —« —7.629 —3.831 — 2.020 —1.452 —1.164 — 1.076 — 1.080 1 O27 
Cy 0.478 0.503 0.508 0. 486 0.310 0.175 0.082 0. 057 0.040 


Table 2 Values of Cartesian components of stresses along three transverse sections of strip 


























r/a,y/a 0 r/6 r/3 w/2 24/3 5/6 - 
I-I Section (4/a = 2/12) 
g 0.058 —0 O41 —0. 303 —7.629 —0.303 —Q O47 0 O58 
Cy 0 —0. 120 —O. 816 0.503 —0. 816 —(0. 120 0 
ey 0 —(0. 100 —0. 248 0 0.248 0. 100 0 
II-II Section (x/a = 1/6) 
Ox 0.101 —(. 180 —1.169 —3. 8351 —1.169 —0. 180 0. 101 
Gy 0 —(). 168 —0. 298 0.507 —). 298 —0. 168 0 
Tey 0 —0) 336 —0.YSS 0 0. OSS 0.336 iT) 
[II-III Section (t/a = x/3) 
Ox — O85 —0). 606 — 1.357 — 2.020 — 1.357 —(). 606 0 O85 
oy 0 —(. 012 0.179 0.486 0.179 —) O12 0 
Tey 0 —0.378 —0 601 0 0.601 0.378 ) 
164.5714, + 3.7403m7(A, + As) + 0.10397'!r, 
‘are 
= x yd 362.6703 o, 
@) y, V 
29.9222A, + 8.4396r7(A, + As) + 0.33579, a 
l _ ¢ _ 
= = < 150.6397 
T mie 
ee 1 ' ; 
7.608429?(A2 — Az) = - < 47.0196 (24) }— - — 
128A, + 51.69234*(A, + As) + 6.99307*d, 
l —— 
= — XX 1087.1267 
n° = 
From the solution of system (24) we find the following values 
fo! the coefficients A,, Ae, As, and Aq: 
l ” l = 
Ai = xX 1.9722 mr; = X 1.2319 
1 nr 
(25) Ss _ 
l = I = * 
rr, = x 7.4127 rr, = < 55.4435 
1 nr 
The Cartesian components of stresses due to the function @,, in 
the first part of the strip (0 S u S w/2), are 
P 9 e} ’ ‘ of 2 
0., = On u2(u — w)?}(3e? — 3mv + w?/2)[4A, + As(Qu — 1)?] ° I i ry P 
2a 
+ 2-*[4800' — 240mv? + 6244? — 1440 + 8x] Y x,u 
[4A2 + Ay(Qu — 1)?}} Fig.2 Values of stresses along boundaries and longitudinal axis of strip 
(experimental values are represented by small circles) 
pP 
- 2/ = 2! (3u2 — 3eru 4 2/9) 4 , 2 
ve oe oT Ee te 87 4A, + A2(Gu? — Gru + ®*) + As(Gv? — Gv + T° 
+ 2-*(480ut — 240mu + 624m2u? — 14474 + 81] + Ay/4(Gu? — Gru + w*) (Gv? — Gre + 7m); 
[4A2 + Aa(Qv — w)?]}} (26) From relations (17) with (19) or (26) we can evaluate the Car- 
tesian components of stress all over the strip. These stresses 
are calculated ; rs aries . ; al axis . 
Frye = w(u — w)(v — #)(Qu — #)(Qv — are calculated — all boundaries, the longitudinal axis of sym 
Ja metry (v = 7/2) as well as along three transverse sections at dis- 
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tances of u = m/12, 7/6, and 7/3 from the v-axis. These stresses 


are tabulated in Tables 1 and 2 and plotted in Figs. 2 and 5. 


Photoelastic Tests 

The foregoing analy tic al work was ¢ omplemented by a series of 
photoelastic tests, using Columbia Resin CR-39 and plexiglas 
models and the graphited-paper analogy for the tracing of iso- 
statics [12 

The 


isochromatics 


Columbia resin models are used for the determination of 
and the The 


models are loaded with a symmetrical concentrated load applied 


difference of principal stresses. 


over a small portion of the transverse boundary of the model. 


Thus the stress distribution in the strip can simulate closely the 





Fig. 3 tsochromatics for semi-infinite strip 





Fig. 4 Family of isostatics for semi-infinite strip. Left half of strip is 


shown. 
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Fig. 5 Stresses 0, along three transverse sections of strip where x/a = 
7/12, r/6, x/3 


distribution produced by a concentrated load with the exception 
of a small area near the application of the load 
The stress along the free boundaries is obtained from the fore- 


going stress patterns, I ig. 3. These experimental values are also 


plotted in Fig. 2. The comparison with the analytical results 
shows a good agreement between the results over all boundaries 
except near the point ol load application as is to be expec ted 
An isotropic point is also determined on the longitudinal 
boundaries and at a distance 0.37 from the transverse boundary 
Experimental determination of this pomt pl iced it at a distance 
ol O.329r 
it the region near the transverse 


Extensive study of isoclinics 


boundary with models made by plexiglas revealed a second iso 
it the interior of the strip and at a distance from the 
0.0314 and 1 0.1787 


The determination of the Isotropic points and the separation 


tropic pomt 


corners u 


of the boundaries into two groups ol families of isostatics pro 


means for the isostatics by the electrical 


method 12 In Fig + the 


vide the tracing ol 


analogy one family of isostatics is 
shown 

data from the isochromatics and isostatics in the 
adapted Lamé-Maxwell equations of equilibrium, we separate the 


The 


2 and they are in 


By using 


principal stresses along the longitudinal axis of the strip 
values of stresses obtained are plotted in Fig 


good agreement with analytical results 


Conclusions 


An analytic selution of the stress distribution in a semi-infinite 


strip loaded by a concentrated symmetric load is given b ming 


conformal mapping and the properties of isostatics 
The theoretical results are compared with experimental results 


obtained using photoelasticity ind the electrical analogy method 


for the tracing of isostatics: good agreement was found, exc pt 


in the neighborhood of the point ol appli ition 
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A maximum compression stress o, is presented at the point of 
application of the load. A maximum tensile stress 7, exists on 
the longitudinal axis v = w/2 and at a distance u = 7/6. 

The boundaries are divided into two parts by the isotropic 
points at the longitudinal boundaries. These isotropic points are 
found at a distance of about u = m/3 from the transverse bound- 
ary. Two other isotropic points are detected at the interior of the 
strip placed near the transverse boundary. 

The principal stresses 7; are compression stresses over the entire 
strip except the small regions at the two free corners of the strip 
The principal stresses a2 are tensile stresses throughout the 
strip, except in the two regions surrounding the interior isotropic 


points At these domains stresses a» are compression stresses 
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Postbuckling Behavior of Rectangular Plates 


NOBORU YAMAKI 


Assistant Professor, 

Institute of High Speed Mechanics, 
Tohoku University, 

Sendai, Japan 


With Small Initial Curvature 
Loaded in Edge Compression 


The solution of Marguerre’s fundamental equations for large deflections of thin plate 
with slight initial curvature ts pre sented for the case of a rectangular plate subjected te 


edge compression 


The problem is solved under eight different boundary condition 


combining two kinds of loading conditions and four kinds of supporting conditions 
Numerical solutions are obtained for square plates with and without initial deflection 


and the 
with applied loads 


cases those investigated by Levy 


I, is a well-known phenomenon that the failing 
strength of a thin plate can exceed appreciably the buckling stress 
Thus it 


technical linportance to « larify the post buc kling behavior of the 


when the latter occurs in the elastic range will be of 
plate, accompanied with large deflections 

The fundamental equations for the large deflection of thin flat 
plates have been derived by von Karman |{1 and the extension 
to the plate with small initial curvature has been achieved by 
Marguerre (2]. Using these equations, the postbuckling be- 
havior of rectangular plates under edge compression has been in- 
approximate 
[4], Timo- 
ind Marguerre [6 and solutions of theoretically 
} and Coan [8 


studies seem to be confined to the simplest case where the plate is 


vestigated by several researchers For example, 


solutions have been obtained by Schnadel [3)}, Cox 


shenko [5], 
However, most of these 


exact nature by Levy [7 


simply supported 
In this paper, the extension of Levy and Coan’s works is at- 
tempted and the problem is solved extensively under various 


boundary conditions. Numerical solutions are obtained for the 


Numbers in brackets designate References at end of paper 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, November 30—-December 5, 1958, New York, 
N. Y., of Toe AMERICAN Society OF MECHANICAL ENGINEERS 


Discussion of this paper should be addressed to the Secretar) 


connections 


are clarified 


if deflection, edge shortening, and effective 
The 


and Coa) 


width of the plat 


solutions here obtained include as pecia 


deflection, edge shortening, and effective width of the square 


plate, and the results are graphed and discussed 


Statement of Problem 


We will first derive the fundamental equations for large detle: 
tion of a thin elastic plate with small initial deflection Denoting 
by wy and w the initial and additional deflections, respectively, the 
the plate hecome 


strain components in the middle surface of 


€ d + 1/2 w..2? + wosW., € ' + 1/2 w Wy yu 
1 z F P y 
vi» & U. v. vw Wo ~u + Wy ul | 
v 


and the connections with membrane stresses are expressed is 


Ee, 0, vo Ke, o vo, 


Ey,, 21 + v)r 2 
Introducing the Airy stress function / defined by 


', «7. &, ee F ; 


r 


and eliminating displacement functions « and » from the pre 


ceding equations, we obtain the following compatibility equation 


Tv ‘F E(u P 2 w .,u + Du yl 








ASME, 29 West 39th Street, New York, N. Y., and will be accepted The equilibrium equation in the ¢-direction, taking account of 
until October 10, 1959, for publication at a later date Discussion the initial deflection, becomes 
received after the closing date will be returned 
Note: Statements and opinions advanced in papers are to be ? Numerical results for stress distributions have been res lf 
understood as individual expressions of their authors and not those another report 
of the Society. Manuscript received by ASME Applied Mechanics >Subscripts following a comma stand for differentiatior Cn 
Division, May 21, 1958. Paper No. 58—A-59 Wye = Ow/OZ, Wyey = Ow /OFdY, et 
Nomenclature 
l 4 > ‘o-ordinate 8 of a oInt 6. Gua ) average COMpressive stress in 
. I asi median-fiber strains Py I 
origin at center of plate, Vou j-direction 
Fig. 1 0,,7,, a given coefficient concerning 
B sti median-fiber stresses tial deflect 
a length of plate in x-direction Tay be ERETIAS CETOCUIE 
E Young's modulus h unknown coefficient concert 
bh = ate 7 .c 
5 width of plate in y-direction a Poisson’s ratio ine net deflection 
h plate thickness D Eh? /12(1 y? flexural A pya?/mrEh? nondimnen 
8 = a/b = aspect ratio rigidity of plate sional load factor 
lispl F Airy’s stress function Ww, maximum net deflection 
u. vw. t displacements ol ;: ntu ‘ ° 5 
—s placement thet sauces Vv‘ o*/or* 20' Or*di/? 0 edge shortening in y-dire 
tr, y = 2-directions, re- L 9t/oty Sale 
spective , 
pects y Fai a total loads in z= and j-diree Ki ratio ol effective width to 
Wy = initial deflection tions, respectively actual width 
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Fig. 1 
loaded 


Rectangular plate 
in edge compression 











Viw = (h D)[F ,(w + We) + Fo(w+w 


y rz ed vy 


quations (4) and (5) are Marguerre’s fundamental equations 

governing the finite deflection of initially deflected thin plates 
Next, we will state the boundary conditions for the problems 

here treated, Fig | They consist of the k ading and supporting 


conditions along the edges Concerning the loading conditions 


along the side edges, 2 ta /2, we will consider the following two 


CILSeS + 


%2a 2 l 
Case (a tle = eg/2 | KE (} vF , 
l 
~ u u Ws da const, 
2 
P h I ly 0, #F 0, (6a 
. b/2 
Case (5): F F. 0 Ob 


In Case(a), the edges are kept straight bya distribution of normal 


stresses, the resultant of which is zero, while in Case (4), the edges 
ire Iree trom stresses Assuming that the plate is compressed by 
frictionless loadi iw heads, the conditions ilong the loaded edges, 


th 2. beco ne 


%eh 2 { 
eb /2 = or vF 
k 


e - 


/ 


const 


p.ah, 


where p, 's the aver we compressive stress In the y-direction 
As for the supporting conditions, we will treat the following 
supported; Il loaded edges 
I1I-—loaded 
IV —-all edges 


These conditions can be expressed as follows: 


All edges simply 
the 


four cases: I 


simply supported, other edges clamped; 


edges clamped, the other edges simply supported 


clamped 


along x ta/2, along y +bh/2 
I: u u - vu 1) i e. vu 0 S 
Il “u Ww, 0), “ u + pu 0 (Y 
II w=w,.t vu 0 w= U = () (10 
IV: w wv, 0, w=w, 0 (11) 


Further, the initial deflection w» is assumed ‘o satisfy the same 


conditions as win each case 
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Now the problem consists in determining the functions F and 
w which satisfy the fundamental equations, together with the 
given boundary conditions 


Theoretical Analysis 


The 


satisfy the corresponding conditions in (8) to (11 ) may be ex- 


initial and additional deflections in each case, which 


pressed as* 


Wo = h ) > Onndm(Z)GnAY), 
m n 
wah > ) bf, (x )g,(y), 12 


m 
where 
cos (mm/a)r, m = 1,3,5 
for Cases I and ITI, 
me = 13 
1)" + cos (2mm a)xr, m= 1,2,3 
for Cases IT and IV, 
cos (nw /b)y am 13.5 
or sin (nw /b)y, on 2, 4, 6 
g,( for Cases I and II } 
(—1)* + cos (2na/b)y n=1,2,3 


for Cases IIT and IV 


In Equations ( 12),a and = represent the prescribed ind unde 


termined coefficients, respectively Substituting these e 


pres 


sions in Equation (4), the results ean be generally ¢ vpressed in 


the following form 


: wiEh? 
Vv ‘fk - 


a*h? 


= 2pm Ine 

2pm 2qn , 
 » 3 _— , In 
p=0,1 q=0, 1 ' . 


where , are the quadratic functions ol a and 4b differing in 


each case obv 1OUs ly 


\ particular solution F, of the foregoing equation is given ss 


: ; — 2pT 2g 
f Ei? ¢.. cos r cos it 
4 a F 
I 0.1 q 0, 1 


where 
l I 
¢ o y) l 
16 i 4 ) q° 
Letting 
I 1/2) p,a I Is 
it will be verified that Fz satisfies Equations (4), (t ! 7 
hence F is the stress function corresponding to Case a 
To obt iin the stress function F, for ¢ se h ve pu 
F F } 
y 
o ® 
Substitution of this expression in Equations (4), (65), and (7 


vields the following conditions for F.-: 


V'F, 0 x1) 


4In Cases I and II, both symmetric and antisymmetric deflectior 


surfaces with respect to the 


r-axis are considered. 
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‘ tar? 2qn 
Posy = 0 F, yy hi > ) ( 1 )?9*¢,,, cos : Y, 
* p=0,1 q=0, 1 ‘ 
(21) 
+h /2: 
2 a/2 
(F vF>,,)dy = 0, f F,,,dr = 0, Fos, = 0 
—a/2 
(22) 





Noting that F, should be an even function in z and y, the general 
solution of Equation (20) can be expressed as 


2nT 
F, = Agz® + Coy? + Eh? > ¥ (4. cosh —— y 
> a 


n=1,2 


. 2nt 2nr 
By sinh y cos Zz 
a 


a 


2nTr 2nr 2nr 
C. cosh z+ D rsinh xz) cos yl, 
b b b 


where A,, B,, €, 


these constants by 


F, = Eh > 


ind D, are unknown constants. Determining 


conditions (21) and (22), we are led to 
2nT 


k inh nrB + nwB cosh nwB) cosh ; r 


) 


2nT 2nT 2nT ; 
r sinh n76 sinh xr | cos /, 23 
) b h 
where 
a“ 
E sinh n7B cosh nwB + nwB) ! (—1)™*¢ 24 
m=, 1 


To facilitate the calculation hereafter, we expand the foregoing 


expression in the Fourier series, which gives 


; Eh? = > jo en aaa id ; 95 


/ 


' 


where 
y te, —| {°p sinh? gro 
ee 1(p 3*y sinh gr cosh qrp quip 
> 1)"¢ 26 
m=Q0,1 
ind where € 1/2and €,(p 1. Thus the stress function 
F mav be generally « xpressed as 
l — 2pT 2qT 
P » Ent Y > &.cm ait 
> ia “a a h 
~ 01 0 1 
97 
where 
Pre for Case (a 
p 28) 


Ppg Tt Vo for Case (b 


It will be noted that P< are, AS Cpg, quadratic functions of = 
and b,,,, 

For the determination of the unknown coefficients = con- 
tained in the expressions of w and F, we will apply the Galerkin’s 


method to the remaining equation (5). This leads to the re- 
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the following conditions be satisfied by each 


which the deflection u 


that 
function f,(r)g,(y), in terms of 


quirement 
is repre 


sented. 


a/2 eb /2 j h 
| 3 V ‘w F Aa TU se 7 } ss wtr+eu 
/0 / WV { D 


fixrgy \drdy 0 20) 


‘ 


Substituting the expressions Of w, u and F above obtained and 


integrating, Equation (29) vields the following general equations 


in each case: 


b (1 — v®)B2|-%r? + B%2)%,. 


a T ‘ 
, > > (a. +b (ms 
m r 


4 ®,, cnn ? ee db - enn ®,, 4 , ) 


I: 4s7A 


3,0 lor upper signs 
5 s)) 


2, 4, 6 for lower signs 


l i) i ipper u 
1,2, 0 | j 
-— - © for \ y 
Ill is*X(a,, + b 1201 y2)3 > 0 
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IV: 8 D> (ag, + bye 2-1)" 4 + Bye] stil il elated is) 
4 and 6,; is the Kronecker delta. Further ®,, is to be taken zero if 
301 y?)B2)~) + 2. banl2( —1)" * ‘6 either 7 or j is negative 
m n It will be noted that these equations, in each case, give a set of 
+ 2 —1)"+*Btgt§. + (r? + B22) 6. simultaneous equations involving cubic products of 6,,,. Solving 
= these equations for each prescribed value of A, the corresponding 
+ . ® 7 + b,)}2( —1)" +425? (20 —1) tb ? deflection and stress functions can be determined, thus the prob- 
m n lem is solved. 
®, oe 2( —1)™ +4 2r2[2( — 1) +1 d The present solutions for Cases I(a) and I(6) are ascertained to 
P p 1 —1y +m, . . be mathematically identical with those obtained by Levy [7] and 
, F Coan [8], respectively, through somewhat different procedures 
2a —1 n2r%( ®,, + Drimnn + Ps 
»» nr 4d, 4 ®,, - @& 
, p ( “4 Table 1 Nonzero deflection coefficients in equations (12) for each case 
?P ?, )- ms + nr)*(®,,4 
Case Gus = 
b od, + Jt =0 4 = 
t , I ay, Ou, bys, b De 
m,n, r, 8 1, 2, 3 ( II ay: biz, bee, baz, ns 
Ill ayy bi, bie, b } bao 
In these equations, A is the nondimensional load factor defined as IV ay by, bye, be by 
Table 2 Values of deflection coefficients b. for cases I(a) and I(b):  » = 1/3 
Case l(a Case I(/ 
\ h his b h dr hb, — bys h b 
a, = 0 a, = 0 
0.375 0 0 0 0 0.375 0 0 0 0 
0 406 5 0. 07130° 0. 0°84 0. Of12 0.396 05 0.07127 0.07135 0. 0°76 
0 497 l 0.01038 0.07608 0.0835 0.457 l 0.0795 0. O101 0. 0°88 
0 6438 1.5 0. O347 0.0180 0. 0°25 0.549 15 0 0290 0 0312 0.0738 
0 839 2 0. 0829 0.0355 0 0100 0. 664 2 0.0612 0 0668 0.0115 
1 O74 aoe 0.1651 0 0629 0.0298 0.798 2.5 0.1054 0 1169 0 0264 
1 304 ; 204 0.0953 0.0716 0.945 3 0. 160 0 180 0 0505 
1 703 55 0 482 0.127 0.146 1.103 3.5 0.220 0.254 0. 0839 
1.273 i 0. 283 0.336 0.125 
a, = 0.1 1.456 15 0 345 0 423 0 172 
0 0 0 0 0 
0 213 W125 0.076 0.062 0.0°11 a, = 0.1 
() 282 0 25 0 0°35 0. 0°27 0.0815 0 0 0 0 0 
0 356 0.5 0.07199 0.07138 0.0425 0.212 0.125 0.0476 0.0909 0.0846 
0 418 ) 75 0. 07595 0.07378 0.0715 0.278 0.25 0. 0°35 0.0543 0.0421 
0 487 1 0.0129 0. 0°782 0.0°53 0.342 0.5 0.07193 0). 07224 0.0313 
0 654 } Ss 0.0404 0.0211 0.07331 0.390 0.75 0.07561 0 07623 0 0°45 
0 S65 2 0.0933 0.0414 0.0124 0.438 l 0.0117 0.0131 0.07115 
1 118 25 0 182 0 O688 0.0352 0.546 1.5 0 0332 0.0370 0 07478 
1 414 ; 0.320 0.102 0. 0820 0.672 2 0. 0673 0.0755 0.0135 
1 7é7 $5 0 519 0.132 0.162 0.812 2.5 0.1134 0.1284 0.0301 
0.963 3 0.169 0.194 0 0559 
1.126 3.5 0.230 0.270 0 0908 
1.300 4 0.293 0.353 0.133 
1.486 4.5 0.354 0 442 0. 181 
The following abbreviation is used in Tables 2 to 5 0.02130 0.00130, ete 
Table 3. Values of deflection coefficients b, for cases Il(a) and I(b): » = 1/3 
Case Il (a) Case II(6) 
A 0 ~ Dz bse his X bie — boo hb bre 
ay. = 0 ae = 0 
0 72 0 0 0 0 0.724 0 0 0 0 
0 781 ).2 0. 0206 0.07452 0.0447 0.781 0.2 0.0206 0.07450 0 0451 
0 951 4 0 0566 0.0115 0.0533 0.949 0.4 0.0569 0 0112 0.0338 
1 235 0.6 0.1213 0.0235 0.0591 1.231 0.6 0.1228 0.0239 0.07110 
| 646 oO8 0. 221 0.0469 0.07185 1.637 0.8 0.227 0 0488 0.07242 
2.204 10 0 350 0. O857 0.0735 2.189 1.0 0.364 0 0921 0 0750 
ay. = 0.05 a. = 0.05 
0 0 0 0 0 0 0 0 0 0 
0 386 0.05 0.07439 0.071038 0. 0°46 0.386 0.05 0.07440 0.07103 0. 0°50 
0 524 0.1 0.07948 0.0°214 0.0418 0.524 0.1 0.07949 0 07214 0420 
0 676 0.2 0.0222 0.07467 0.0496 0.675 0.2 0.0223 0.07467 0. 0*96 
0 SOO 0.3 0.0398 0.0°784 0. 0823 0.799 0.3 0.0399 0. 0°787 0. 0°25 
0. 937 0.4 0.0640 0.0122 0.0544 0.934 0.4 0.0643 0.0122 0.0551 
1.275 0.6 0.1373 0.0266 0.07110 1.269 0.6 0.1391 0.0271 0.07134 
1.733 0.8 0.246 0.0536 0.0722 1.721 0.8 uv. 252 0.0559 0.0729 
2.335 1.0 0. 380 0. 0949 0. 0740 2.320 1.0 0.397 0.104 0 0758 
410 | septemBer 1959 Transactions of the ASME 











Numerical Solutions 


The method of solution outlined in the foregoing will be applied 
to investigate the postbuckling square plates. 
Noticing that a good approximation will be obtained by retaining 
only a few terms of the deflection function, Equation (12), we 
as shown in Table 1. 


behavior of 


will take the nonzero coefficients a,,,, and b 


In each case, a,,,, corresponds to the fundamental mode of the de- 
flection and b,,,, is chosen so as to minimize the buckling load. 
Thus in Case IT, we have chosen the coefficients corresponding to 
the deflection surface with two half-waves in the y-direction. 
In what numerical be obtained for 
initially flat plates and plates with initial deflection, the magni- 
tude of which is 0.1 h. 
Poisson's ratio v as 1/3. 
(a) Evaluation of the Deflection Coefficient. To illustrate the pro- 
coefficients } we will 


mn 


follows, solutions will 


Further we assume the value of the 
cedure for the determination of the 


the case where the plate is simply sup- 
From Equations 


treat Case I(a); ie., 
ported and the side edges are held straight. 
(12) to(14) and Table 1, 


we have 


T 
ly = ha, cos zt cos y, 
a ) 
7 T T on 
w = hl by cos zr cos y + by cos r cos y 
a b a ? 
ow T 3 jn 
+ by, cos zr cos y + bss cos z cos y 
a b a b 


Substituting these expressions in Equation (4) and noting Equa- 
tions (15), (17), and (28), the stress coefficients ,,. for B l are 


obtained as 


?,, 0.03 125( 2a,, + by) by 0.0625(a,; + by, iy 
0.28125b3,(b), + 2b 

P,, 0.015625(a,, + b, db, 0. 1406 25h) 

ete 


Table 4 Values of deflection coefficients b, for cases Iil(c) and Ii(b): » = 1/3 


Case III(a) 


r b bis bey — bse 
ay = () 
0.682 0 0 0 0 
0. 666 0 25 0.07269 0. 0°927 0.051038 


0 765 0.5 0.07536 0.07659 0.0°743 
0.925 0.75 0. 0°878 0.0187 0.07215 
1.143 l 0.0147 0.0365 0.07442 
1 419 1.25 0 0265 0 0590 0 07815 
1.755 1.5 0 0545 0 O41 0 0144 
a, = 0.65 
0 0 0 0 0 
0.357 0.0625 0.0°537 0.065 0.0°6 
0. 467 0.125 0.07115 0. 0°286 0.0428 
0.574 0.25 0 07242 0.07148 0.09136 
0 654 0.375 0.07370 0. 07409 0 09431 
0.734 0.5 0 07504 0.07832 0 09894 
0. 924 0.75 0. 0?868 0.0216 0.07242 
1.163 I 0.0151 0.0403 0.07481 
1 456 1.25 0.0279 0.0627 0 0°847 
1 806 1.5 0 0564 0 0889 0 0153 


Table 5 Values of deflection coefficients b, for cases IV(a) and IV(b): » = 1/3 


Case 1V(a) 
A by bi: be, - boo 
a, = 0 
0.956 0 0 0 0 
1.009 0.125 0.07805 0 07962 0.07209 
1 162 0 25 0 0165 0.0241 0.07520 
1.417 0.375 0.0277 0.0469 0.0103 
1.585 0.4375 0. 0364 0 0619 0.0141 
1.783 0.5 0.0506 0.0805 0.0198 
2 036 0. 5625 0. 0827 0. 1050 0. 0307 
a,, = 0.025 

0 0 0 0 0 
0.554 0.03125 0.07132 0.07212 0. 0°36 
0.719 0.0625 0.07300 0.07447 0. 0°82 
0.879 0.125 0.0°%667 0.07994 0.07192 
0.999 0.1875 0.0106 0.0169 0.07333 
1.122 0.25 0.0147 0.0257 0.07513 
1.422 0.375 0.0255 0.0502 0.0105 
1.822 0.5 0 0497 0.0857 0.0206 
2.096 0.5625 0 0848 0.1116 0 0324 
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Case III(b) 
\ bi bis by Oa, 
ay, = i) 
0.632 0 0 0 0 
0 661 0.25 0.07240 0.07118 0 O38 
0. 740 0.5 0 07301 0. 0°86! 0 0158 
0. 860 0.75 0. 0°53 0 0252 0.0815 
1.013 l 0.07642 0. 0506 0.07219 
1.192 1.25 ~0 0201 0. 0822 0 0PS803 
1 392 1.5 0 0449 0.1170 0 0206 
1 610 1.75 —(0 0849 0.1525 0 0429 
1 843 2 -~. 142 0 185 0 O774 
a, = 0.05 
0 0 0 0 rT 
0.356 0.0625 0.05521 0. 0°84 0 O15 
0. 465 0.125 0. 07108 0 08366 0 084 
0 566 0. 25 0 07198 0 07192 -() O45 
0.636 0.375 0.07239 0 07532 0 08101 
0.7038 0.5 0 07213 0.0110 0 0°12 
0.849 0.75 —0 07105 0 0288 0 0°58 
1 O16 1 0. O0°885 0 0562 0 07300 
1 205 1.25 -~0. 0241 0 O887 0 07989 
1.413 1.5 0. 0508 0 1242 0 0239 
1 638 1.75 0 0938 0. 1589 0 O485 
1 S76 2 0 1538 0 191 0 OR50 
Case IV(b 
\ bi; bis b bg 
a, = UO 
0 956 0 0 0 0 
| 006 0.125 0 07792 0 0°61 0.07200 
1.150 0.25 0.0153 0 0230 0 07458 
1 383 0.375 0 0224 0 0461 0 07772 
1 702 0.5 0.0300 0 O768 0 0105 
| 891 0. 5625 0 0339 0 0947 0 0112 
2 OR 0 625 0 0366 0 1135 0 0100 
Ay; 0.025 
0 0 0 0 0 
0.554 0.03125 0 07132 0 07212 0 0°35 
0.718 0. 0625 0.07298 0 07446 0 0°80 
() 874 0.125 0 0%650 0 07990 0.07182 
0.989 0. 1875 0 079098 0 0168 0 07299 
1.105 0.25 0 0133 0 0254 0 07435 
1.381 0.375 0.0196 0 0491 0.07722 
1 726 0.5 0 0255 0 0808 0.907912 
1.925 0.5625 0 0276 0. 0988 0 0°86! 
2 134 0.625 0 0263 0.1167 0 07544 
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Letting r = s = 1 in Equations (30) and recalling that vy = 1/3, it 
follows 
+ by (Pa + Py) 
+ 8D, + 40,, + D,) 
1P,, + 8®,, T ®., ) 
+ 36h,,(D,. + & 0, 


1A( a, + bit) 


15h), + 8a, 
+ th, (2%, 
T 1h (2D + 


and substitution of ®,, in the foregoing gives 


1A(a,, + by, 1.5b, — 0.5(3a;, + by) by? 
O.5a,,%2by, + dys + bey) — 0.75b),f2a;, + by by + b 
$.26(4;; + by: (bys? + ba?) — Qay, + by, )Disbs: 
$.68b59(a,;, + br; (dis + bay) 1.62(a;; + by, )b 
6.5bisbs,)( bis + Ds) 22 Shsbasbss = O 
Similar equations can be obtained by taking rs = 13, 31, and 33, 


respectively. The method of obtaining a solution of this set of 
cubic equations consists in assuming values of b,, and determining 
by successive approximation from their respective equations the 
corresponding values of A, b, by, and b 

The results 


Observing that, in each case, 


Other cases can be treated in the same manner 
Tables 2, 3, 


the fourth coefficient is much smaller than the others, fairly good 


are shown in f, and 5 

approximation will be expected in the following calculations 
Critical values of A corresponding to the buckling loads for 

0 and »,,, 


in the cubie equations and by solving the resulting set of linear 


— 


flat square plates are obtained by letting a,,,, = 
equations. The results are shown in Table 6, together with the 
exact ones It will be seen that the approximation is satisfac- 
toril\ good 

(b) Relation Between Load and Maximum Deflection. | enoting !\ 


w,, the maximum net deflection, it is easy to see that 


bh +h, 3 hk, + 6 for Case I, 


t [Aho + b by for Case II, 
>) 
} 2h, +h for Case ITI, 
1h for Case IV 


given above, the relations between 


h are obtained with the results shown in Figs. 2 and 3 


Substituting the values of b,, 
p and uw 
In the figures hereafter, including these, full lines correspond to 
the initially flat plates and dotted lines to the plates with initial 
deflection, the magnitude of which is 0.1 A 

From these figures, the following may be observed: 


1 The deflection for Case (a) is always smaller than the cor- 
responding one for Case (b This seems to be due to the fact 
that for Case (a), tensile stresses act along the central portion of 
the side edges to constrain them straight 

2 For Case II, the effect of the edge constraint discussed in 
the foregoing is very small, but it is to be recalled that in this case 
the plate buckles in two half-waves in the y-direction 
3 Under loads much greater than the criticals, the net deflee- 
tion for the initially deflected plate is smaller than that for the 
initially flat plate. But it should be noted that the total deflec- 
tion u 
latter 

4 The inflection point of the load-deflection curve for the 


initially deflected plate almost corresponds to the critical load. 


0.1 h of the former is always larger than that of the 


Levy |7) calculated the deflection of an initially flat square 
plate for Case I(a), assuming that the Poisson’s ratio v is 0.316 
bs, sa, Dis, and b,, different 
His results are shown in Fig. 2. It is seen that both 


Noticing the slight dif- 


and taking the six coefficients b,,, bys, 
from zero 
the results agree within about | per cent. 
ference in the value of v, this seems to prove the accuracy of the 


present solution. Assuming the same value for v, Coan [8] ob- 
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Table 6 Critical values of \ in equation (34): » = 1/3 


Case Approx. Exact Error, per cent 
I 0.3750 0.37502 0 

II 0.7242 0.7206" +0.5 

II] 0.6323 0. 6322° +0.02 

I\ 0.9559 0.94444 +1.2 


2,»,¢ See reference [9a, b, c], respectively. 
? See reference [10]. 
tained the solutions for Case I1(b) when a,,; = 0 and 0.1 by using 


the three nonzero coefficients 6;, b:, and b;,. His results are 


plotted in Fig. 3. The deviations appreciable at large deflec- 
tions are examined to be due to the neglect of the fourth co- 
efficient b 

(c) Relation Between Load and Edge Shortening. 
Equations (7), the displacements v along the loaded edges are 


pxh (2 | 1 
: , = - (F.., — F., 
ro - l E ‘ 


As given in 


Substituting the general expressions of w, wo, and F, and in- 


tegrating, we obtain the following formuias for v at y = =6/2 in 


each case: 


: on . 
2E 166 ,,4 1,3 n=1,3 
or 2, 4 
n* 2a. +b \h ‘ 


m 4 =I2n 
or 2,4 
n*(2a,,,, + b,,,,)b,,,[2( —1 6, (? (36 


Pp b wh? 
I: F — + ; Be 2. n*(2a bb , 
2h P Teel s 
Wb 1h? 
wi «f+ FD > 
) 2/ ee) 1,2 n=1.2 


n*( 2a, a b n b., 2 1) + § ; 


These check the uniform displacement along the loaded edges 
Denoting by 6, the edge shortening in the y-direction and re- 
calling the Definition (34), it will be seen that 6, Th? in each 


case becomes 


I: A + (1/8)(2a,,b), + 6,2? + Dis? + bs,2 + 9b 


II: A + a,(3bi2 — Zhe + Zhs2) + 1.5(1 a 
+ Dhy_?) 2 bob biob + Probyo) (37) 
lil: A Tt ay, diy t 0.5(b;;? + bs;? +. Dh? + hyo?), 
IV A + a;,(3b,, Qho,) + 1.5(b? + be? 
+ bi b, 24h 9? ) 2h ba, - Shi obe. 


The relations between A and 6yb h? are shown in Figs. 4 and 5 
For the initially flat plate, the curve consists of two parts Joining 
at the buckling load. The first straight line obviously corre- 
sponds to the simple compression and the second line represents 


the increase of shortening due to deflection The apparent 
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1/3 (© denotes the Levy results obtained for Case I(a) with a; = 
0.316) 
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Fig. 4 Relation between load and edge shortening for Case (a) 
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Fig. 6 Relation between load and effective width for Case (a) 
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Fig. 2 Relation between load and maximum deflection for Case (a): 
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Fig. 3 Relation between load and maximum deflection for Case (6): 
0, 7 1/3 (O and + denote the Coan results obtained for Case I(b) with a; 
= Oand 0.1, respéctively; » = 0.316) 
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Fig. 5 Relation between load and edge shortening for Case (b) 
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Fig. 7 Relation between load and effective width for Case (b) 


sepremBer 1959 / 413 





rigidity of the plate after buckling is seen to be 0.4 to 0.6 times 
the original one, according to the various edge constraints. It is 
also seen that the initial deflection has the effect of reducing the 
rigidity of the plate and that the plate with undistorted edges is 
more rigid than that with stress-free edges. 

(d) Effective Width. The ratio of the effective width to the 
initial width will be defined as the ratio of the actual load carried 
by the plate to the load the plate would have carried if the stress 
had been uniform, and equal to the Young’s modulus times the 
average edge strain. Hence denoting by R the ratio stated above, 
we have 


Py A 


‘ - 38) 
E(6,/b) (6b/m*h?)B? 


R 


Using the preceding results for 6,, the relations between A and 
R are easily obtained with the results shown in Figs. 6 and 7. 
It will be seen that the effect of the assumed initial deflection is 
remarkable in the vicinity of the critical load, and that the effec- 
tive width in case of a clamped plate is much greater than those 
for other cases. Further, it is ascertained that the results here 
obtained for Case I(a) are in good agreement with those obtained 


by Levy [7]. 
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A New, Theory of Elastic Sandwich 
Plates—One-Dimensional Case’ 


A new flexural theory of isotropic elastic sandwich plates is deduced from the theory of 
elasticity. The one-dimensional case is presented in this paper. The theory includes 
the effects of transverse-shear deformation and rotatory inertia in both the core and faces 
of the sandwich, and no limitation is imposed upon the magnitudes of the ratios be 

tween the thicknesses, material densities, and elastic constants of the core and faces of 
the sandwich. The method used is an extension of one due to Mindlin {1),? and the 
results reduce to those of his for the corresponding homogeneous plates as special limiting 
cases. <A final equation also may be simplified and reduced to the corresponding results 
of Reissner |2), Hoff [3], and Eringen (4) for the bending of ordinary sandwich plates 
that have thin faces. Results of the theory are applied to the problem of bending of a 
cantilever plate subjected to load at the unsupported end and to the problem of propaga 

tion of straight-crested waves in an infinite plate 
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H plates have been studied by man) 
authors. The type of sandwich construction investigated con- 
sists of comparatively thin faces covering a thick core, the ma- 
terial of the faces being much heavier and more rigid than that of 
the core. Thus, in an investigation carried out by Reissner [2], 
the faces were taken to be membranes, although the transverse- 
shear deformation in the core was taken care of. Hoff [3] later 
considered also the flexural rigidity of the faces, and Eringen [4) 
further included in his investigation the flexural rigidity of the 
core, but the transverse-shear deformation in the faces has never 
been taken into consideration in the sandwich-plate problem by 
Then, the investigation has been limited 


any previous author 
no publication on the 


to the bending and buckling of such plates; 
vibration of sandwich plates is known to be available 
In this paper an exploratory study aiming to attack the vibra- 
tion problem of sandwich plates is carried out, for the one-di- 
mensional plane-strain case. Guided by our knowledge on the 
vibration of homogeneous plates [5], we shall consider the effects 
of transverse-shear deformation and rotatory inertia in both the 
core and the faces. Besides, we shall impose no restriction on the 
magnitude of the ratios between the thicknesses, material densi- 
ties, and elastic constants of the core and faces. The treatment 
is therefore more inclusive than any others that could be ef- 
fected by adapting the existing bending theories of sandwich 
plates to the vibration study. Inversely, a new set of equilibrium 
equations is obtained as a by-product, which is more complete 
than and reducible to previous bending equations such as those 
given by Reissner, Hoff, and Eringen. The method of approach 
used here is an extension of one employed by Mindlin [1] in a 
systematic treatment of the vibration of homogeneous plates, and 
the results for the sandwich plates reduce to those of his for the 
This research was supported in part by the United States Air 
No. AF49(638)-453 monitored by the Air 


Foree under Contract 
Research of the Air Research and Develop- 


Force Office of Scientific 
ment Command. 
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homogeneous plates as special limiting cases. To illustrate the 
use of the results of the present theory, two problems are solved 
in this paper; namely, the problem of bending of a cantilever 
plate subjected to loading at the unsupported end, and the 
problem of propagation of straight-crested waves in an infinite 


plate 


Stress Equations of Motion 

We consider the sandwich plate the cross section of which is 
shown in Fig. 1. The section lies in the rz-plane; and, since our 
discussion will be restricted to the plane-strain case, only a unit 
length of the plate in the y-direction need be taken. As show 
in Fig. 1, the two faces of the sandwich have the same dimen 
sions; they are also of the same material 


The variational equations of motion in the theory of elasticity 
1 ’ 


vield for the plane-strain case 


Od, OT, O*u a 
+ p dudt 0) (1 
Jy \ der dz or? 


OT,: od, O*w : 
: p bwdV = 0 2 
Jy \ or oz of? 


where the integrals are to be taken over the volume of the body 
under consideration. These equations will now be applied to the 
core and faces of the sandwich plate, each of the three layers being 
= 1), two plane surfaces 


bounded by two end sections (z = Oand z 


Zz 
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Fig. 1 Cross section of plate 
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at the top and bottom (z = const), and two planes parallel to 
the zz-plane at a unit distance apart. 

Consider, first, Equation (1). The various quantities, in gen- 
eral, will be different for the core, the lower face, and the upper 
face, which will be distinguished from each other by the subscripts 
1, 2, and 3, respectively. The displacements in the z-direction 
in the three layers are assumed in the form 


u;(z, z,¢) = zu,(z, t) 
u(x, 2,¢) = u(x, t) + 2u_\(z, t) (3) 
us(z,z,t) = us(z, t) + zus(z, t) 


where the superscripts in parentheses are used to indicate the 
order of the displacement components in the manner of Mindlin 
{1]. With the displacements chosen in this form, it will be seen 
to be possible to maintain their continuity at the interfaces be- 
tween the core and the faces; also, the effects of transverse- 
shear deformation and rotatory inertia may thereby be in- 
Equations (3) are now 
substituted in (1) for the various layers. After integrating with 
respect to z and putting to zero the coefficients of the variations 
of the displacement components in the integrand, we find 


cluded in both the core and the faces. 


2h,* . 
- 20,0 = 0 


M,,' = Qa T [27221] a! = 


——_ 


M,,' a Qs + [27222] A 


Mas’ — Qss + [2723], 


hj? 


Naa! + [Tex2]_,-™! — pPahatis — py 


h? - h,? 


9 


- 


Nz;’ + [Tez] ,," - pshzti; 1. 


where we have introduced the following plate-stress components: 


Ai hy h 
M,, = f O,2dz, se. = f ; o,2dz, M,, = ; Oz;2dz 
—h h hi 
‘ 1. 
2 (¢ 
hy wil h 
Qazi = f h T e212, Qs. = f ; Tsz2lz, Qs: = f, T exxlz 
a =% 1 


which are the usual bending moments, forces in the plane, and 
shearing forces, respectively. 

Equations (4) to (8) are valid for the individual core and faces 
of the plate. 
stress 7T,,; must be the same for the faces and the core at the in- 
terfaces between them, namely, 


In the composite plate, however, the shearing 


(Text )e= a = (Test)sa Ay (Tati emmy = (Tent )em dy 


which may hence be eliminated from these equations. Thus, 
adding Equations (4), (5), and (6) and noting that p: = p; for the 
identical faces, we find 

2h, h? — h,? 
M,’ - Q, + hp, = pr- ; ti + py ——— (ts — ti) 


- 


A? — h,? 


+ pr» + (ti + wi) (10) 
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where M, = Ma +Man+M, 


Q. - Qe + Qer + Qa 


are the resultant bending moment and shearing force for the sand- 
wich plate, and 


P, = (Tez2)s= a+ (Taz3)amr 


is given by the surface traction in the z-direction acting on the 
top and bottom surfaces of the sandwich plate. Similarly, add- 
ing to Equation (4) the difference between Equations (8) and (7) 
first multiplied by h,, we obtain 


M,,' _— Qe: + hi( Naa’ -_ N22’) 


2h, 
= Pe 


+ hip, 


h? — h,? 
ty + poh = (a, + i) 


(11) 


+ Poh he( i, _ ti, ) 


In an entirely similar but simpler manner, Equation (2) is 
made use of in the derivation of another stress equation of mo- 
tion for the sandwich plate. It is now sufficient to assume for the 


three layers of the plate 
w,(z,z,t) = w,(z, t) (1: 


where the subscript i takes in turn the values 1, 2, and 3, as will 
also be used hereafter throughout this paper. Since continuity 
in the normal stresses at the interfaces requires that 


(Cua)en- hy = (Cn)sm-hy (On): i = (Oss)s—r, 
the equations derived from Equation (2) for the individual layers 


may be added to yield for the composite plate 


Q,’ + p, = 2pihiwi + phew, + pshgids (13) 


where 
P, = (Og)snra — (C2)s—= a 


represents the resultant surface traction in the z-direction acting 
on the top and bottom surfaces of the sandwich plate. 

We add here that further refinement of the theory of the sand- 
wich plate may be made by including higher-order components in 
the displacement expressions in Equations (3) and (12), as was 
done by Mindlin [1] in the case of homogeneous plates. For in- 
stance, compression of the layers in the thickness direction may 
be included by introducing in Equation (12) additional first-order 
terms. 


Displacements, Strains, and Stresses 


The displacements in the core and faces are now written in the 


following form: 
yi 
—hi(yi— 2) + 22 
hi(yi—Yo) + 22 


0 


that is, the nonzero displacement components are 
uM = YY, 
uw = uj) = yx, 


2 = — U3 -_ 


—hi(y — 2) 


u 
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In these expressions, w is the transverse deflection of the plate, 
assumed to be constant for each cross section (x = const), and 
¥, and y are the changes of slope of the normal to the middle 
plane of the plate in the core and faces, respectively. The 
quantities w, ¥,, and y will be referred to as the plate displace- 
ments. It may now be seen that the displacements are continu- 
ous at the interfaces between the core and faces of the plate, as 
was pointed out before. 
It follows from Equations (14) that the strains are 


€21 zy,’ 
—hi(yr’ — Yo’) + 2p’ 
h(i’ — Po") + 2pr’ 
vi + w’ 
Yes = Yo + w’ 

= YY, = 0 (17) 


= Yeyi 


Since the strains in Equations (16) are related to their com- 


ponents by 


7;° (18) 


ily’ — Yo" 
a = vi’, €2 (19) 
1% = Vy +. ap’. 


where, as in the case of the displacement components, the super- 


Pha = yy _ 2 + ay’ 


scripts refer to the order of the strain components. 

It is now observed that €,; = 0 in Equations (17) would lead 
to an unrealistic and undesirable situation, for it implies that no 
strain of any kind is permitted to develop in the thickness direc- 
tion of the pl ite. The following expression of €,3 will simulate 
the true situation more appropriately: 

(20) 


1 2 
2€ qi 


where the zero-order term represents the type of strain that 
occurs in the thickness direction when the plate is under extension 
in its plane, and the first-order term is associated with flexure of 
the plate, both reflecting Poisson’s effect. To be consistent with 
the assumed form of the displacement w,; in Equations (14), how- 
ever, the presence of €,; and ¢€,;“ is made implicit in the manner 
described in the following. 

According to Hooke’s law, the following stresses Corre spond 
to the strains in Equations (18) and (20): 
= (A, + Qu, )(e, 4 ) + A-(E,;© 


‘ 


F325 


On, = (Ay + Qu; (Ee + zE,(?) + Ae“ 


fa) 


0) 


Teri = KY: 


where A; and yw, are Lamé’s constants. To these we could add 
¢,:;, Which is also nonzero but will not concern us in the present 
discussion of the one-dimensional case. The stresses o,; and 
T,2; in Equations (21) and (23) are next integrated in accordance 


with Equations (9), to yield the plate-stresses: 


M 


i 


bs 
l o,dz = (bj — a;)[(Ay + Que 


a 


b 
Q,; = [ Tagdz = (b; — a;) WY 


J a 
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where a, and 6; are the lower and upper limits of the z-value of 
the respective layers. The stress ¢,; in Equation (22) may 
similarly be integrated as follows: 


b 
‘ t S = 2 
f 0 ,,2dz = “ 9 * (Ag t 24; és + Aye] 
a; 7 


ee 
$ ERO OA, + Sade + Dee 
" (25) 
g,z = (b, — a) [(Ay + Que + Ape) 


a 


. 


ee 

SE TONG + Saad? + Deed 

The integrals in Equations (25) are associated with the trans- 
verse normal stress ¢,; which is, in general, much smaller than the 
other normal stresses ¢,; and o,,; except at locations where the 
Furthermore, they do 
not occur in the stress equations of motion of the plate. It is 
therefore assumed that these integrals are equal to zero, which 


transverse load is highly concentrated. 


leads to the relations 


Ay Ny 


= (0 { (1) 
Ai + Qu, Ay + 2p; * 


By means of these relations the strain components ¢,, and 


€,;°? may now be eliminated from Equations (24). The results 


are 


Qs = Uy b, 


< 


a, ry "as 


* and vy; are Young’s modulus and Poisson’s ratio, re- 


By virtue of Equations (19), these results may fur- 


where E; 
spectively. 
ther be written as 


= Dy,’ 


Fe (0) 4 


= De 
Dy 

+ Das 
¥:') — Pas 

¥2') + Pils 


Deeg = Fahy! — Yr’ 
Fishy; y2" 
Fahy Wy’ 


Ey y,’ 


= Fs, + Dee 
= Ese Fe, 


= Ee, 


Q. 


where 
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It follows that 


Ma, - M,;, Neo = Nes, Qe2 = V2; 


The factor « in G, is a shear coefficient introduced in the manner 
of Mindlin; choice of its value will be discussed later 


Initial and Boundary Conditions 


Subject to certain restrictions concerning continuity, single- 
valuedness, and singularities, initial and boundary conditions 
sufficient to insure a unique solution of the stress equations of 
motion and the displacement-strain-stress relations in the theory 
of elasticity may be obtained from Neumann’s theorem [6], 
which is applicable to the sandwich-plate problem. Following 
the procedure used by Mindlin [1], we find that the initial condi- 
tions consist of the specification of the initial values of w, Yi, ¥: 
ind their time derivatives. Similarly, the boundary conditions 
can be shown to be specified by prescribing for the entire plate 
between ¢ = Oand x = / one member of each of the two products 


Pz(Us)emr, Del Wa em d (27 


ind by prescribing at the end sections z = Oand « = l one mem 


ber of each of the three products 


Ni2)]W, 
(M.. + M, 


Me, 4 hil Nes - 
hy N, 


or, alternatively, the three products 


VW, [Mes + M,, Ay N3 Ve2)](We " Vv; Qu 


Displacement Equations of Motion 


Che following displacement equations of motion are obtained 


. 


by substituting Equations (15) and (26) in Equations (10), (11), 
ind (13): 

Diy" + 2D" + 2F a(n” 
26.( Y 
Dw,” 


2") Gi(y, + w’) 
+ w') + hp, = plu, + poles 4 play, v: 
Gly, + w’) + 2Phivr” + 2EwAY"” — yr" 

t hipe = plus + pide + pila(h — ve 


Gi w") + 2Ge(Wo’ + w") + pe = 2Apihi + poheii 


vhere 


thy? ah’ 


hy*) 
; : 3 ; 


hie = hy(h? —hy®), Is 


= 2h,*h 


\ single equation involving only w may further be derived by 
lifferentiation and elimination; thus, 


L,\{2(prhy + paha)idb — (Gy + 2G2)w" 
+ [Lq][2(pihs + poked] — [Ls] [2G,G.w"| 
2G,G2[2(pihy + poh:)io) { [Zi] + [Lx] + 2G,G;} p, 


+ {(Lalh — [Ls]hi — 2G,G.h}p,' = 0 (31 


where the operators are 


oO? 0? 
Li) = | (plu + pela) (D, + 2E2h;*) 
ot? oz* 


I 


418 / september 1959 


F ; o? ; = o? 
| (ots — Pals) an — (2D, — 2Fh,) A 


>? 
— [ cot + Polis) - (D, + 2Fh;) =| 


. : Se ae 
| ont - Pal) v7 (2F sh, 2E.h;?) - 


z 


Oo 
{Le} = [Gi( pol x 2pelis + polar) + 2G pili, + pola) ot 


1G)(2D Fh, + 2Eh,*) 


2G D, 


J 


7] 

+ 2K h;*)] 
' Or* 
[L;| = | (os + pol») 


Ly) = |Gi(poly pol 2G pul; 


IG, (2k h 2K h,? 
2? 


2G piliy + poly) 
ot* 


pols) 


G,(2D 2K hy 2464 D, + 2F shy 


Or? 


When the faces are absent, the various operators in Equation 
(31) become 


[Ly = 0 


( F o? F oO? ) 
= i i I; 
- or? or? 


f ( ( / o* / o* 
[Le [L. [Le 2072 Pil) , 
_ . ? . yr? 


and Equation (31) reduces to 


oO? 
(ou ar 


Similarly, when the core is absent, the operators become 


l = ) pil ( ; 
d, (2p,hyu uw 
oxr* 


G(2pyhyw Py, hp,') 


l = [l (pu - 
(42) = [45] = nn | P ar 


and Equation (31) takes the form 


(a2 
Pol 2 on? 


oO? 
2D, ) (2 phot 2G." 
Or? 
2G 2prhoit Pe hp, ) = @) 


Equations (32) and (33) are seen to agree with Mindlin’s result 
for a homogeneous plate; namely, Equation (37) of reference (5) 
with the y-dependent terms neglected, if in Equations (32) and 
(33) we disregard the p,-terms and choose the shear coefficient 
k to have the same value 7?/12 as given by Mindlin. By so 
adopting the value of x, the limiting frequency for very long 
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waves for the second flexural mode (which approaches the funda- 
mental simple thickness-shear mode) in the reduced core or face 
plate is made identical with the result derived from the exact 
elasticity theory.’ 

When Equations (30) and (31) are applied to bending prob- 
lems of sandwich plates, the time-dependent terms are not needed. 
The value of x = #?/12 may still be used from the standpoint of 
considering the equilibrium equations to be a special case of the 
equations of motion, or we may use Reissner’s value of k = 
*/, for homogeneous plates, which was specifically derived for the 
bending case [8] and differs only slightly from the value w?/12. 

If the effect of transverse-shear deformation in the face layers 
is suppressed, by taking 2G, = ©, Equation (31) in its static form 
may be shown to be comparable to Eringen’s result; namely, 
Equation (30) of reference [4]. When the bending rigidity D, 
of the core is further neglected, Equation (31) in its static form 
becomes comparable to Hoff's result for a sandwich plate, Equa- 
tion (19) of reference [3], or his result for a sandwich beam [7]. 
In both of these cases, comparison should be made only when the 
faces are thin, for only then can Eringen’s and Hoff’s results 
apply. Finally, if the difference between h and h; is completely 
ignored, Equation (31) in its static form is then comparable to 
Reissner’s result for a sandwich plate; namely, Equation (79) of 
reference [2].4 It should be noted that, in references [2}, [3], [4], 
and [7], no shear coefficient such as k was employed 


Bending of Long Cantilever Plate 

The foregoing results will first be employed to solve the problem 
of bending of a long (in the y-direction) cantilever plate subjected 
The 


problem is essentially the same as that of a cantilever beam un- 


to a line load at the unsupported end, as shown in Fig. 2. 


der a concentrated force at the unsupported end, as was solved 
by Hoff [7]. For the plate shown in Fig. 2, P is the load per unit 
length of the plate in the y-direction 





Fig. 2 Cantilever plate 


Equation (31) for w is simplified into the following form for 
the present problem of equilibrium in which no distributed lateral 
load is acting: 
2F sh; ) (D, + 2F hy) 
2G,G(D, + 2D.)w"’ =0 (34 


(G; + 2G2){(D, 
(2F 2h, 


+ 2Eh,?)(2D 
2Eh,?)|w"* 
Another equation convenient for use is obtained by solving for 


¥; from the third of Equations (30) and substituting the result 
into the first, also for the equilibrium case, 


°2G.( D, 2F shy)] W2”’ 


= (G, + 2G.) D, 


[G,(2D_, 2F 2h) 


+ 2Fh, yw (35 


For convenience, Equations (34) and (35) will be put in the fol 
lowing abbreviated form: 


‘ Further discussion on the value of « for sandwich plates in the 
ease of vibration is given in the paper, “Simple Thickness-Shear 
Modes of Vibration of Infinite Sandwich Plates,’ by Yi-Yuan Yu, 
to he published in the JourNaL or APPLIED MECHANICS. 

‘In Equation (79) of reference [2], m,; and m, should be replaced 
hy 2m, and 2my, respectively 
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w' — pw = 0 
y,'"" - Kw" 


The coefficients p*? and K are thereby introduced. A third equa- 
tion for the equilibrium case is deduced from the third of Equa- 
tions (30) itself: 


Gilt’ + w") + 2G.’ + w"’) = 0 (38 


Solving now Equations (36), (37) and (38) in turn for w, ¥ 
ind YW, we find 


Cyr? + Cyr? + Cy cosh px + Cy sinh pz 


+ Bur + Byer? + C\Kp sinh pr + C,Kp cosh pr 
G, + 2Gs 


- (2Cyr + 3Cyr* + Cyp sinh pz 
G, 


262 
Cp cosh pr a (Byr + Byx* + CyKp sinh pa 


r 
+ CsKp cosh px 


Four of the ten integration constants in Equations (39) are not 


Their dependence on the others may be de- 
f 


independent ones 
termined by substituting Equations (39) into the first two o 
Equations (30) (with time-dependent terms omitted) and equat- 
ing to zero the sum of the constant terms, the coefficients of the 
r-terms, and those of the z*-terms; thus, 


: GO + 2 2G, 
(D, + 2E.h,*) 1 6 C; +2 RB, 
G, G, 


2(2F sh, 


G; 


2F hy )B, 


2Eh;*)B, + Gil Ay + Ci) = 0 


22D G,Ay + 2G,B. 


+ (G, + 2G,)C, = 0 
B, = 2C 
B, 3C 
In addition to the four Equations (40), another six equations 
also needed for the determination of the ten constants are from 
the boundary conditions written for the end sections of the plate: 


— ey Ti 
VW, 
vs 
uv, , = Al. Nes) = 0 
Substitution of Equations (39) in (41) yields 
Cr + G = 


Gy + 26. 
pu 
G, 


By + KpC, = 0 


By making use of Equations (39), (40), and (43), the following 
relations are derived from Equations (42): 

C, cosh pl + Cs sinh pl = 0 

(G; + 2G:)(pC, + C,:) = —P 


2C, + 6C;sl = 0 
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The ten constants may now be determined from the ten Equations 
(40), (43), and (44), with the results given by 
G, + 2G{1 + K) _, 
: - pcs 
rl 
B, = —KpC,; 
Pl 
B, = 
dD, 2D, 
P 
2D; + 2D, 
C, = C; tanh pl 
Cc r 
?~ 6 + 
Pl 
2(D, + 2D, 
P 
~ 6(D, + 2D:) 


P ( G, D, 4 2a) 
2G.p(1 + K) \G, + 2G, D, + 2D. 


w, Wi, and yy are thus completely determined. 
We are particularly interested in the maximum deflection at 
the unsupported end of the plate, which is 


PP Pl Pl 
3(D, + 2D. G,; + 2G, (D, 4 


(1 tanh =) 2G,G, ‘te + 2F:h, 2D, — (45 
pl G, + 2G G 2G; . 


Were 
a 2D.)? 


where 


2F hy 
2E-h,?)] 


p? MGAD 2D.)/(G, + 2G2)[(Di + 2B h,?)(2D, 


(D, + 2F hi )(2F 2h 


It is observed that the first term on the right side of Equation 
(45) is the usual bending term. The second is a shear-correction 
term similar in form to that usually given for a homogeneous 
The last term involves the effects of both 
bending and shear deformation. Equation (45) is for the general 
case. When the bending and shearing rigidities of the faces are 
so much higher than those of the core that D, may be neglected 
and 2G, may be put equal to infinity, the equation reduces to 


PB Pl (, tanh ) (2s) (46 
G, \ Pp 2D, 


3(2D.) 


cantilever beam [9]. 


where we now have 
G,(2Dz) 
2E hy 2D, — 2F rh; 
Equation (46) is still for arbitrary dimensions of the core and 
faces of the sandwich plate 
may be shown to be comparable to Hoff’s result for the analogous 


In the case of thin faces, the result 
problem of « cantilever sandwich beam [7]. As was pointed out 
before, no shear coefficient such as k was employed in Hoff’s work. 


Propagation of Straight-Crested Waves 
We will now apply Equation (31) to the problem of propaga- 
tioa of struight-crested waves along the x-direction in an infinite 


sandwich plate. For this purpose, the lateral-load terms in the 
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equation are not needed, and we put in the remaining part of the 
equation the following form of w: 
9. 


w = sin - sin wt 
4 


where L is the wave length and w the circular frequency. The 


result gives 


—s 
Sl Cot + Pole, )w? — (D, 4+ 26h) (7) 
{ L 
Der \ 2 
| cont = Poly» lw? — (2D, - 2F h; ) (7) | 
L 
Dar \ 2 
” | co + Pol i2)w? (D, + 2Fh,) (7)'] 
2 \2 
| cnt Pola jw? — (2F 2h, — 2E,h,? (**) |t 
| 20 + pPohy)w? (G, + 2G) ( 


1(Gi(peles —2peli2 + pole) 2G pili, + pela)|w? 


(G,(2D, 4Fh, + 2E.h,?) + 2G.(D, + 2E2h,?)] (>*)'t 


2r\? 
2( pihy T pohs w? + (pili T Pol v w*? — (D, T 2D.) I ) 
2r 
2G,G2 
L, 


2 
) + 2G:G:2(prh: + prh2)w* = 0 (47 


which is the frequency equation. Once the frequency becomes 


known, the phase velocity ¢ may be calculated from 
wl 
27 


It is seen that there are three branches of the frequency or 
phase-velocity curve. The detailed discussion of these modes 
will however not be given here, and we shall concern ourselves 
for the time being with a study of the general effect of neglecting 
When 


faces, 


the transverse-shear deformation and rotatory inertia. 


the transverse-shear deformation is neglected in the 


Equation (47) reduces to 


J cous + pol )w? — (D, + 2E2h;? (°7)"] 
L} 3 
2x \? 
L 
2x \? 
| ios + paliz)w*? — (Di 4 2Fn) ( )'| 
L 
, d Fah, — 2Eshy? (7) 57) 
a ee 
io + Pals hes D, + 2E shy? (7) 2(pihr + pohs)u? 


2r 
a] (ou + Poll» )as? (D, + 2D. (* 


Prh2 )w? 
The number of branches is seen to have been reduced to two 
When the shear effect is also neglected in the core, we find 


2x \? 2x \? 
| cor + poloe)w? — (D, + 2Dz) (= 1G ) 


+ Pohe hw? = () (49 


- G,2(pyhy 


+ 2( pila 
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Table 1 


Equation (47) 
Nothing 
neglected 


G\* 
pli + pala 


« 


ply 


2G2* 


Pal 


pal 2 


x 


« 
dD; + 2Ezh,?* 


ply 7 pala pili 


2D, — 2Frhi* 
pole — pais 
G, + 


2 pik T 


2G 


pha) 


Equation (48) 
Shear neglected 
in faces 


D, + 2E2h;?* 


T 


Limiting values of w? and c* 


Equation (49) 
Shear neglected 
in faces and core 


Equation (50) 
Shear and 
rotation all 
neglected 
0 


t pal 2, 


dD, 


pal 2) pil, 


2D, _ 2F 2h," 
pal» _ pol 


* Approximate value, for the case of thin faces (he< h 


’ Very long waves L = o, 
© Very short waves L = 0 


and there is now only one branch left. Finally, if the rotatory- 


inertia effect is further suppressed, the result becomes 


2r \* 
w? (D, + 2D) (= ) 
L 


The limiting values of w* and c* when the waves are very long 


2(pihi + poke = 0 (50) 


or very short may be determined readily from Equations (47) 
to (50) for the various cases. The results are summarized in 
Table 1 

Aside from the fact that one value of the frequency or phase 
velocity is lost through neglecting shear in the faces, we see that 
the remaining values of the frequency and phase velocity calcu- 
lated from Equation (48) are all comparable to those from Equa- 
tion (47) when the faces are thin. On the other hand, results 
from Equations (49) and (50) may hardly be considered satis- 
factory from the standpoint of the more complete Equation (47). 
It should be emphasized, however, that these observations are 
based upon only the limiting cases of very long and very short 
waves. Over the entire range of the wave length, comparison 
among the various cases can only be made through detailed 
numerical evaluation of Equations (47) to (50 
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On Invariant Perforation in an 
Infinite Strip 


The invariant perforation in an infinite strip can be classified into two groups. 
the finite group and the other is the infinite group. There are five cases in the finite 
group and nine cases in the infinite group. All the cases can be solved by the method 
of images. This method has, in fact, been used by the author to solve the stresses in an 
infinite strip containing either an unsymmetrically located single hole or a series of 
untformly distributed equal holes. The solution ts illustrated by working out in detatl 
one of the cases in the infinite group, in which the strip contains two sertes of equal holes 
symmetrically staggered along the strip. The stress function is constructed by using a 
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One 1s 


class of periodic harmonic functions derived from Weierstrass’ sigma function. Nu 
merical examples also are given to show the effect of such a perforation on the stresses in 


the strip 


I. A previous paper [1]! the author presented an 
unalytic solution of the classical problem dealing with the stresses 
in an infinite strip containing an unsymmetrically located per- 
forating hole. The method used, though not specifically men- 
” It appears 
that the method of solution can be extended to solve the stresses 
in an infinite strip containing any number of nonoverlapping per- 
forating holes, of equal or unequal radii, in the same way as was 


tioned in the paper, is in fact a method of “images. 


done by Green [2] for a perforated plate. Naturally, such a solu 
tion for the general perforation, as inferred from Green’s solution 
is exceediagly complicated. 

The simplest of the general perforation is the invariant per- 
foration in which all the holes are of equal radii and symmetrical], 
located in the strip in such a manner that, under the given stress 
system acting in the strip, the properties of all the holes are alike 
Consequently, the required solution must satisfy this invariant 
property. In other words, if the solution satisfies the boundary 
conditions on any one of the holes, then by symmetry the cor- 
responding conditions on all the remaining holes are automatically 
satisfied. The solution thus becomes greatly simplified. 

The invariant perforation in a strip can be classified into two 
groups: One consists of a finite number of equal holes only, while 
the other consists of an infinite number of equal holes. Various 
cases of the two groups are shown in Figs. 1 and 2, respectively 
It appears that there are, in all, five cases in the finite group and 
nine cases in the infinite group. 

It may be mentioned that the cases (i), (ii), and (v) in the finite 
group as shown in Fig. 1, in which the strip is perforated by on 
pair or two pairs of equal holes, respectively, have been investi- 
gated by Howland and Knight [3] by using a special method pre- 
viously developed by the authors. The case (ii) was also investi- 
gated recently by Atsumi [4]. Again, the case (i) in the infinite 
group as shown in Fig. 2, in which the strip is perforated by an 
infinite series of equal holes uniformly distributed along the strip, 


has been solved by the author and his associates [5]. In the 
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present paper, the solution of case (vii) in the infinite group as 
shown in Fig. 2 will be given, in which the strip is perforated by 
two infinite series of equal holes symmetrically staggered along 
the strip. 
considered: (a) When the strip is under a longitudinal tension, 
and (b) when the strip is under a transverse bending. 

The present solution at the same time would throw ample light 
on the solutions of the remaining cases in the infinite group for 
As will 
be seen later, the class of special harmonic functions used in con- 


The following two fundamental stress systems will be 


such cases can be solved by essentially the same method. 


structing the present solution is derived from Weierstrass’ sigma 
function. The cases in the finite group can also be solved in a 
similar way, except that a hyperbolic sine function is used in 
place of the Weierstrass sigma function and a biharmonic integral 
in place of the biharmonic series. 

In what follows, the solution of case (vii) in the infinite group 
will first be presented and then numerical values will be given to 
show the effect of such a perforation on the stresses in the strip 


A Class of Special Harmonic Functions 


The given strip is here shown again in Fig. 3. 


Let the strip be 









































. 1 Finite group of invariant perforation 
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The two 
series of perforating holes are equally spaced with their centers 
Let a pair of rectangu- 

For convenience, the 
co-ordinates x and y will be regarded as dimensionless variables 


of width 26 and each perforating hole be of radius Ab 


svimmetrically staggered along the strip 
lar axes be orientated as shown in Fig. 3 


referring to a typical length / or the half width of the strip. Let 


the centers of holes be at the points (xz, y) = (2ma, 0) and (2ma 4 


a, —2c), respectively, where m takes all positive and negative 
integral values including zero. The edges of the strip are repre- 


sented by y = | — cand y = —1 — ¢, respectively. 


By reflection about the edges, the strip forms an infinite eet ot 


images as shown in Fig. 4. The strip in which the origin of co- 
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Infinite group of invariant perforation 
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Fig. 3 The given strip, lengths measured in unit b 
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ordinates ts orientated represents the given strip and is marked by a 
The remaining strips marked by positive 
signs represent the images formed by an even number of reflec- 
tions, while those marked by negative signs represent the images 
formed by an odd number of reflections. Note that any two ad- 
The set of points in each striy 


positive sign as shown. 


jacent strips have alternate signs. 
represents the images of the centers of holes in the given strip 

Consider the zy-plane in Fig. 3 or 4 as an Argand plane of + 
complex variable z where 


(1 


The affixes of the image points in the positive strips, including the 
points in the given strip, are then given by 


P = 2ma + 4ni 


, > we , © ~ .) 
Pan® = (2m + loa + 22n — chi = P,, +a — Qi (2 


where m and n are extended to all positive and negative integra! 
and zero values. Again, the affixes of the image pointe in the 


negative strips are given by 


2(2n + | 


Q.., = 2ma 4 


2(2n l 


Q,...' — ee al 


where m and n are also extended to all positive and negative mte- 
gral and zero values 

Now, define a function W 
these image points, including the points in the given strip, by 


with logarithmic singularities at 


, ‘ 
( = log }o(2)alzjo4 zou 


u i( | mat id ie . 20 7. 


The accent on the multiplica 


in 


a is Weierstrass’ sigma function 
tion sign denotes the omission of simultaneous zeros of m and + 
from the double multiplication. The remaining functions are re 


ated to a by [6 





a 
ae 




















Fig. 4 An infinite set of i 
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i At ncoaden ica tra 
wate WP ta) lpi ta t HP. +a) 


a(z — a) 2? l 
= — exp 42t(@) a) Pla) ¢ 


at (6) 


where { and p are Weierstrass’ zeta and elliptic functions, re- 
spectively, defined by 


{(z) 


d 
log o(z) 
2 


q 
he 


1 —v 1 1 
2? > - (- — P,,,)* 7 53) 


in which the accent on each summation sign denotes the omission 
of simultaneous zeros of m and n from the double summation. 
We thus find, except for a constant, 


@ 


—log (—iz) + > 


k=3 


Wz) = k w,( —iz)* (8) 


where, for k 2 3, 


> 1 
/ 
= a 
@ = 
. 
mn=— @ Pan 
@ 
+ k ( l 4 1 l ) 9 
1 = + (9) 
? k k *k 
m n= ad Pan® Qn | 


By symmetry with respect to the y-axis, it can be shown readily 
that the coefficients w,, for k > 3, are all real. 

Again, define a class of analytic functions with poles of in- 
tegral orders at all the image points, including the points in the 
given strip, by 


(—i) d s 
W,(z) = : Wz) (10) 
(s — 1)! dz* ' 
where s is the order of poles of the functions. Consequently, we 
have 
' : 
W(z) = —~ +(-1) "0,( —iz)" (11) 
(—i)" > 
where, forn + 8 2 3, 
2, = (" +8- t) enn 
n 
and in particular, 
0), = of), = 1.) = 0 (12 


For uniformity in notation, Wyo may be rewritten in the following 
form 


WAs) = —log (—iz) + > "Qo — iz)”, 
n=3 


where, for n 2 3 


’ 


nQ), (14) 


ll 
£ 
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Now, split W, into real and imaginary parts as follows: For 
s > 0, 


Wz) = Sz, y) + iT ,(2, y) (15) 
Also, define a pair of polar co-ordinates (r, 8) by 
2 = ire 
that is, 
xr=rsin@9, 1 =rcos6 (16) 
We thus have, since "Q, is real, 
S, = —logr + > "Qhr" cos nb 
n=3 
7, =0- "Qor" sin nO 
n=3 
(17) 
a cos 30 
S, =- + (—]) nQ) rn cos nO 
ps 
n=0 
7” sin 38 , 
T, = — (-—1) "Q.r" sin nO 
- 
n=1 


It is obvious that these functions satisfy the harmonic equation 
V? = 0, where V? = 0*7/dz? + 0?/dy?. 
Cauchy-Riemann equations give the following relations: 


os oT 1 oT» os . 
ox oy a ss or oy — 
(18) 
oS, oT, oT, ds, : 
= => —g7 at = = _— = 854 
Ox Oy or oY 
The functions S, are even in x while 7’, are odd in x. It also 


can be shown that when z = na, where n is an integer or zero, 


7, = const, Yr, = 0, (s 2 2) (19) 
and when y = 4n + 1 — ¢, 
S, = const, S. s+ = 0, T 2s = is #@ 3) (20) 


Here the constants are not absolute constants but are linear func- 


tionsofn. In particular, 


T\(a, y) = +4f(a) + aw 
(21) 
Sia, 41 — c) = #27€(27) — (41 — chor + w& 
where 
w, = RP{it(a — 2ci) + it(2i — 2ci) + it(a — 2i)} 
(22) 
Ww. = pia — 2ci) + p(2i — Wei) + pla — 22) 


The Stress Function 

Suppose that in the absence of the holes the stresses in the strip 
are derived from a basic stress function xo. In order to allow for 
the effect of the holes an auxiliary stress function x; is con- 
structed by using the special harmonic functions defined previ- 
ously. Besides, series of suitable biharmonic functions which 
possess no singularities within the entire strip are added so that 
the resulting auxiliary stress function yields no normal and tan- 
gential tractions along either edge of the strip. The required 
stress function is thus given by 


X = Xo + Xi (23) 
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Suppose further that the basic stress function is even in z. 
Consequently, the auxiliary stress function is also even in z. On 
account of the periodic property of the given strip the auxiliary 


stress function is here constructed as follows: 


x1 =? D> As Saez, y) + b* D> DesSees(2, y) 


s=1 


s=0 


+ 5? 


+ b?  » Cos XG + c)Se,(z, y) 4+ 


s=1 


(y + c)B2S2,-1(2, y) 


Seo,— (2, ve 


nT 


a 


(Ay + Co) U reel +1 — C), 


a a a 


oF 
ne jnw ne _. 9 . ww nT (<4) 
. A,* sinh — + B,* { sinh + cosh 
a 


nT nT 


nT nT 
+ ee cosh + 2,* (cost + sinh ) ( 
a a a a { 


= ) > 2s(2s—1)( Best Drs) Users 1 — e+) 
a=! 


where, for n 2 1, 


l 


nwr 








ea 
_— Ur(+1 —c) = | Toei(2, +1 — c) sin dz 
@ 
na(y + _. nw(y +c) © J<@ @ 
+ 6b? y 4." cosh (y + c)B,* sinh — (28) 
n=1 a 2 l . . nWx 
Used t1 —c) = Sinelzr, &1 — ¢) cos dz 
., nay +c) nt(y + c) nwx Ss a 
+ C,* sinh + (vy + ¢)D,* cosh > cos : ss 
a a { a e2 ’ ° ° > 
Since 724:(z, +1 — c), for s 2 1, vanishes identically when 
(24) » . ° ' 
_— x = +a, we find by integrating by parts, 
where A>»,, Bos, Cos, Doz, A,*, B,* C,*, and D,* are coefficients of , an\e 
o,2 oye ° t . 
superposition. The auxiliary stress function thus constructed Ueesi(+1 —c) = : ( ) Ux+1 — c) 
. 7 . . . ° Je 
satisfies the biharmonic equation VY‘ = 0. It is noted that the ‘= . 
° ° ° ° ° OQ 
first four series involving S, are of the same form as in the previous ' a\e Si 
, ; a . 5 n ‘ 
solution for a strip containing an unsymmetrically located hole Use +1 —c) = ; ; ( UxA+1 —< 
(2s + 1 a 


[1], but the subsequent biharmonic integral is here replaced by a 


biharmonic series. Provided that all the series converge, the stress : sy - ° 
In evaluating U2, it may be recalled that S,(z, y) is the real part 


i hus constructed gives univalued displacements and . : . : 
function thus constructed gives univalued displacements anc of W:(z) and in turn W,(z) is equal to 


stresses in the entire strip except the singularities at the centers of 


holes. ! WAz) = ow — wz) — p(z — a + 2 
The following normal and tangential stresses along the edges 
om oa & i ), ~ ~~ 9 21) 
y= +1 — c are derived from Xi. Pz oT oN PZ a+ 2 (30 
i @ o*x: ’ where uw is defined in the second equation of (22). The Weier- 
~ ‘bt | or? , = —AS{z, +1 —¢ strass elliptic function p(z) can be expressed by the following series 
y=+1-—ce ae 
[7 i 
_ > 2s(2s + 1)(Aa, + C2,)Soeolr, 1 — €) aw \? { 1 - az — 4m) 
s=1 Az) = _—- + > esc? 
: 2a ' 3 es 2a 
> n*r? | 1° D.* ,; nT 
_ < ( ‘08 = < 
a ) i, & , J) cosh ra , ae on mil ; 
n=1 — CRC ( (31) 
a 
+ (B,* + C,*) sink we —— ys 
1 sinh > COs - (2 ' , 
=e ™ ) a { “ a Now, for convenience, let u stand for 0 or a as the case may be, 


and v for a real quantity. Then, forn 2 1, 


3S : nwr - nr \? 
RP p(x — u + tr) cos dr = x 
a 2a 
v¥~ -@a . a 


« 


ar — u+w — 4mi) nur. 
RP > esc? cos dz 


2a a 


1 0’x 
Te, = — 
ad b? oroy Jy=+1—c 


+) 2s(2s — 1)( Buy + Des)Teers(2, +1 — €) 


s=1 m x 


ad Yn 
r nw (nT : nT , nT nT nT 7 or cosh a 
+ > J Ry sinh + ag (inn t cosh ) = } ) > 
n=1 @ a ; 
= c e 7 
nT 


a la a a cosh a * cos @ 


d nt nt nr nr \ nr sinh? a ) 
+ — C,* cosh + D,,* | cosh + sinh sin - >cosnddd (32) 
a a a a a} I a (cosh a ¥ cos @ 2 
(26) 
where 
Whenever the sign is in ambiguity, the upper one goes with the 
upper edge and the lower with the lower edge These stresses $< = “— bal his aa (33 
vanish identically along both edges provided that by Fourier a a 
transforms the following relations are satisfied: 
The upper sign goes with u = 0 and the lower with u = a. In 
n°? nT _. nw\ tegrals of this type can be evaluated by Cauchy’s theorem of 
4 * 21 and * . ®)« 4 : 7 
at 44, + D,*) cosh a + (B,* + C,*) sinh af residues [8]. It is found that fora > 0, 
- . cos noddd ae == 
= —AUA+1—c) - > 2s8(28 +1) X = (+1)"* — 
out cosh a * cos @ sinh @ 
- . 7 
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i} 


a cos nod (34 fe 4 nT j nn nT (9, nT \* y 
leoshs at en )? € s - cosh 7 + eoth » ¥ ie 1 e ) 
” 1 


n a a a 
3 
9. na 
ome - 2s / ‘ ‘ 
(+1)* — (n sinh a + cosh a) un D nw \* ( ont “ut 
sinh? a + coth > /{ sinh ~ 
a 1 (2s — 2)! a { a a 
It turns out that the values of Ux.+1 — c) are different ac- 
. . ’ ° } ( 2 
cording as n is odd or even. When n is odd, A ee ek a = > ("= 
a a a (2s — 1)! a 
s=1 
; 2nn? . nwe | nn = 
Ul+l c) = + sinh cosh 35 m ] . . 
a’? a a dD nTW \* ‘| Palys Palys 
t » sint - 3s 
= (2s — 2)! a {/ a a 
ind when 7 is even 
— These are the conditions of zero tractions along both edges 
“nT- nie / nT . " » “—— 
Ua ¢) = cosh / sinh 36 Since the stresses derived from x; do not vanish at z infinity, it 
a* a 


is therefore necessary to investigate the resultant tension across 


: wny section of the strip. It is mentioned that by symmetry the 
With these values the values of U,(+1 


- ¢) are readily ob- resultant shear and transverse bending moment derived from x 
f . - y , a (2 7 1e ont! _ re . is ; ° 

tained from Hquations (29). Consequently, we solve when n i we both zero across any section of the strip. If we denote th 
odd 


resultant tension by 47'*, we have 


1 nT nr nw C nt \? vl | *1 2 1 yw, 
By sinh ( + tanh ) » ¥ . ( ) /'* = o.dy = ox d Ox 
" a ' a a (25 — 1)! a , . 2 , 2 


a=1 oY Oy 


uae Ds, nt 2) / 2nT 2nT (Be — Ao)iS(2, 1 ‘ Sia ! cy 
+ tanh : > / {| sinh t 
a (2s — 2)! Sf 
' 


28 - ( 
s=1 ; 


in nme | La C 
B,° sinh sees > = rT 
a ! a (2s , 
s=1 + (B D.,)Sefx, — 1 — c)} 4 2)> y, An* sinh 
a 
= Dd nr \? ‘} /; 2nuT Jn — 
v ps (¢ 9)! (/ sinh y nT nw nw 


' nws 
* - + B* («inn + cosh ) cos (34 
a a a ( a 
nTe 


4 nw nT = ' " 
c,* sinh 1 4 tanh x $y Equations (27), (28), and (29 
T a a 


a 


j As, nm \**| 2 jur + * sinh nn 
si ; ‘ l ( ) 2, la 


a 


nw uw nw { “un 
B . sinh i cosh 


in nT ) As, nw \? — in M 
) ig sinh Ay 4+ > 
a a (2s — 1)! 


s=1 e “ nwa 
+ (Bo, — Do Uo —1 c)} cos 1) 
arc RB ("") ‘| i( Jun =r) . 
+ tanh ) /{ sinh , 
a 1 (28 2)! \ a f a a \gain, by Fourier expansion 
SY 1 . 
S +1 ( (a, + ( 
9 
ind when m is even (os I)a 
ut 
| um nw nT n > U4 +1 ) cos (41 
3. * cosh 1 + coth x a 
n a a a n=1 
j > { (zy ) Also, with the aid of Equation (21) and the relation [6 
{ a4 (28-1)! \a/ § , 
2C(a + ai((21) = T (42 
RB nt \* 2nT 2nT 2 
{ > /\ sinh + 
1 (28 — 2 ! a a a : 
, , we find 
in nm As, nt \?* T jm 8 ( 
.* cosh 1. 4 > "== Ay — (Ay — 2B.) « — ¢((a) — Ze ¢ i 
a e t ((2e— 1 '\a a ba a 
: ; 1 / 2 » f 
+ coth = > Br, ("") t / (sinn — 3 ant ) which is a constant. Hence the resultant tension will be annulled 
‘ »\1 j . > . ‘ » ° . 
a xq (28 — 2a | / a a if a biharmonie function x* of the following form is added to xi: 
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9 1 9 9 » 1 
ee n— 2/n + 2s — 2\ (n + 28 — 1) Katee 
x* = - b?T *y (44 - y x ’ 
2 n n—-1 (2 — 2c)*** 
li is obvious that such a modification on x; does not affect the “B, = ] ("10,4 + 2c "Qry-1) 
boundary conditions of zero tractions along the edges 2 
4 (" +-2s 2\ 2(n + 2s — 1) Katz. — CR atte "Ned | 
Boundary Conditions on the Holes n (2 — 2c)n+™ 
To adjust the remaining boundary conditions of zero tractions atte ~- Sia + & — 2. 
on the holes, it is necessary to express the function x; thus modi- = : , (2 Qc)s tei 
. ° a » ° 7 . . '=— a= @4 
fied in polar co-ordinates (r, @) as defined in Equation (16). By 
Equation (17) and the following expansions: phe st 
"Y= — ni), + Qe ™QD. 
may +c) mar 2 n 
cosh cos 
a a (" + 2s — ‘) An + 2s) J atee* — Cl atte) 
+ 
x > . Ve\a tel 
Ds j mre marr \?" cos 2né " As nak 
= cosh ‘ ‘ ‘ ‘ 
4 } a a (2n)! -—3(" + ee + 26 — 1) ntact 
h ‘a 
= > —. De\a tte 
mire marr an T1 cos (2n + | A = " I * as) 
+ sinh : mf 
a a on + }. n Oo, = n{),, i 
(45 
nmy + Cc) nw n + 2s — 2\ An + 22 — 1S nisi — Cl ntte” 
, , mT: 1 
sinh - cos n (2 — Q¢)s +2 
a a 
n + 2s — 3\ (mn + 28 — 2)Jntre2* 
Y ) meme mar \2" cos 2n0 - ) (49) 
= sinh n = |} (2? Ion ttn 
and, ' a a (2n)! 
mr mar \2"*! cos (2n + 1)64 and 
cosh . 
a a 2n +41)! f K a+ 
"a,* = 
(2 — 2c)**? 
we find through a lengthy, though straightforward, reduction that 
the modified stress function x; is expanded into the following n + 28\ (n + 20 + 1)Kus 
condensed form Ar, ” — o (2 — Qc) +20 +2 
= hh. , Ohy 
x Ey logs : 1 n + 2s l (n + 28)Ka+2* 
= ‘Bas* - » me ’ ] 9 D, yn tte tt 
+ b? > (E, PF.) + (P, + Q,r*)r"™{ cos nO (46 « nt \< & 
n 1 
] a n+ 7) (n + 28 + 1)J ws2ett 
\ here, save for F, and P,, the coefficients of the trivial term r cos Yee ; 2 —, n+ 1 (2 — 2r)" +0e+8 
6. the following notations are used: 
A n + 28 — 1\ (n + 28)J ntsc rn 
l "0.,* = : — (50 
E i = is. 4 Bosra 4 Ces n+ 1 (2 — 2c)" 
» 
Besides, due to x*, values 
Zn T l B 
BF, D., 4 Cm + 2 17 
22n — 1 a {7 . _— F = 
t - ((a) — w and 4 (a) — 
' 2a 2 { ' 2a a | 
l l 
F:, = B Paw = C ‘ . , 
2 ; 2 are to be added to °ao*, *ao, 982", and *B2, respectively The co- 
efficients K,, J,, K,*, and J,* are defined by the following series 
ind ’ . 
Ku 1 =e (3e * 
P. = OrAo Je* (2k)! . a 
> ("aA "3,.B ~ve.* n},.D j > n™* sinh (2nac/a 
A y2 T st /2 
s=1 ' cw sinh (2nmr/a) * (2nm/a) 
18 n 3, 5 
Q "a9" A > n™* sinh (2nmec/a ( 
F +4 2. *B 5 +] ; ‘e < sinh (2nqm/a) + (2nr/a | 
+ D> (ra Be.* Boy + "Y20*C're + *O2.*D die 
= Kon, 21 = (™ . 
in which J ons *k +1)! a 
o 2(K,,* oK,,) (n — 2)K,- j n** +! sinh? (nae/a) 
Ay = — Nh Ft - > 
(2 — 2c)**! n(2 — 2c)* } ‘5 sinh (2nm/a) * (2nmw/a) 
n+ 2s — 1 2(n + 2s (A " *— cK, -_ n a +! cosh? (nre/a | 
af) > 
Ors “42 T n 2? — % rw sinh (2nm/a) 2 Jnw/a { 
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Kx* Xl — c)*+ ( 2k+1 
Ju (2k)! a 


) > n™ tanh (n/a) sinh? (nae/a) 


7, sinh (2nm/a) ¥ (2nm/a 
4 » n™* coth (n/a) cosh? (nae o 
, : sinh (2nm/a) + (2nm/a) 


ee (1 — c)*+2 ()"" 
= x 


J okt (2k + 1)! a 
j n**! tanh (n/a) sinh (2nme/a) 
s 9 J 9 
(015% sinh (2nr/a) * (2nm/a) 
© = , 
> n**1 coth (nm/a) sinh (2nme/a)) 

} - r (§1) 

swet's sinh (2nm/a) + (2n7/a { 


Suppose now that the normal and tangential stresses derived 
from the basic stress function xo take the following values on the 


hole r = A: 


x 


[o,]o = ) a, cos nO, [Tlo = > c,, sin nO (52) 


n=0 n=1 


Note that the equality a, = ¢ implies the condition of zero force 
resultant on this hole. In order to satisfy the boundary condi- 
tions of zero tractions, these stresses must be annulled by the 
corresponding stresses derived from the modified function x; 
Now, from the latter the normal and tangential stresses in 
polar co-ordinates are derived as follows: 


l (3 ox: 1 d*x ) 
0, = 
b? r or : of”? j 


. y "Wins | , 
= —Eyr-? + 20) +> [in(n + 1)E, 
n=1 
+ (n — 1)(n + 2)F,r2}r-*-2? + {n(n — 1)P, 


+ (n — 2)(n 4 1)Q,r2}r"" 2} cos nO (53) 


1 oO 1 Ox: 
_— b? Or r 00 


« 


= -»> [{n(n + 1)E, + n(n — 1)F,r2}r-*-? 


n=1 


— {n(n — 1)P, + n(n + 1)Q,r2}r" 2) sin nO 


It can be shown that the boundary conditions of zero tractions 
on the holer = X are satisfied provided that 


Ey = apd? + 2Qord?* 


(n + 2)c, — na, 
E, = Ant? + (n — 1)P,A™*™ + nQ,A**2, 
2n(in + 1) 
(54) 
(n 1 
" a, —_ Cy ~ 
F, = At — nP,A*-? — (n +: 1)Q,A%, (n 2 2) 


2(n — 1) 


The set of linear equations may be solved in a similar manner 
by the method of successive approximations as described in the 
previous paper for a strip containing an unsymmetrically located 
hole [1]. It is mentioned that the validity of this method de- 
pends upon the value of \. The larger the value of \ the slower 
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will be the convergence. From physical consideration alone, it 
seems likely that there will be convergence as long as each per- 
forating hole does not touch the adjacent boundaries. By the 
method previously used by Howland [9] and Knight [10], a con- 
siderable range of convergence can be established for \ correspond- 
However, for the sake 
of brevity, the convergence will only be illustrated later by 
numerical examples. 

Because of periodicity, if the boundary conditions of zero trac- 
tions on the hole r = ) are satisfied, the corresponding conditions 
on all the remaining holes are automatically satisfied. 

It is now rather straightforward to calculate the stresses at any 
In particular, the stress on the hole r = X is 


| o*x 1 
= 24] 
b? [= | r b? [V°x]r— 


= 55 [V*xlren + 3Q - 1 >> {(n — FA 


n=1 


ing to any given pair of values of ¢ and a. 


point in the strip. 
given by 


Nn ! OA"; cos né 55 


Numerical Examples 
The foregoing solution will be illustrated numerically by solving 
a perforated strip specified by the following values: 


a=0.5, c=04, A =03 


Two fundamental stress systems acting in the strip will be con- 
sidered: (a) When it is under a longitudinal tension; and (b) 
when it is under a transverse bending. 

are first computed 
The results are 


The coefficients in Equations (49) and (50 
with the aid of the values in Tables 1 and 2. 
shown in Tables 3 and 4 

When the strip is under a longitudinal tension of 7 per unit 
width, the basic stress function xo is given by 


l 
Xo = Thy? (56) 


By comparing the stresses at r = X derived from this function 
we find 


with Equations (52), 
Al 57) 
the rest of a, and c, being all zero. 

Again, when the strip is under a transverse bending of total 


moment — Mb?, the basic stress function is given by 


l 
x= ; Mb*y + c) (58 


Similarly, we find 


ay = -4; = = = Mx (59 


the rest of a, and ¢, being all zero. 

With these values of a, and c,, the coefficients E,, F,, P,, and 
Q, are computed in each case for \ = 0.3 by the method of suc- 
cessive approximations. The results are shown in Table 5. 
Each computation has been carried out up to the sixth approxi- 


Transactions of the ASME 











Table 1 Coefficients, fora = O.Sandc = 0.4 











7 a 
& Ja Joc Ky Bas Ja Foca Ky Ba 
e) 0. 00395670 0, 0302427 0, 00400966 0, 0298543 0, 00400896 0. 029840 0,00395739 0, O3024,.80 
4 0,11 264,88 0. 287459 0.1141 544 0. 283779 0.1141 34, 0. 283729 0. 11 26686 0, 287510 
2 0.537117 0, 827517 0. 544-249 0, & 7057 0. 54dA 54, 0. H 66 0.537210 0, 827660 
3 1.041,094, 1.176888 1.057608 1.1627% 1.057428 1.162544 1.044271 1.177% 
4 1.167582 4.111053 1.182H 1.099894, 1.18109 1.099743 1.167762 1.111206 
5 1.014999 0, 9&1 373 1.023636 0. 955637 1.02352 0. 955559 1.015143 0. 961452 
6 0. 936004 0, 952305 0. 940284 0. 9502 0. 940235 0, 950233 0, 936653 0. 952334 
7 0.977995 1.0034 0. 97909 1.002986 0. 979079 1.002979 0. 978010 1.00 3498 
8 1.016247 1.017348 1.01 6460 1.017322 1,01 6456 1,01 7262 1,01 6250 1.017350 
Table 2 Functions, fora = O.Sandc = 0.4 
k Wy £\(a~2ci ?,(2- ci) fy\a-2i) Wy 
4 ~ 1. yd oa Us D29CGi 1, Ohl 54 2.1 WIE 
+4. 4607401 ~3. 43k 
2 - = 3009354200 =}. JID07 —3. 289593 Ie O54H7 
3 9) 0. 7927344 05054 0 0, 6507290 
4 2. 1 646i, S47 h -1, 4 S66 0.1353 -0.04A2 O, 64622 
2 0 @2, 40531 3a -0, 2157021 0 2, 62401 
6 2. 031,68, 6114 2. C92 63 -0, 2771 8&3 0. 00357¢ mhe 45 5242 
7 i) 2.1502343 0, 2951 534 : 2 445 3.67 
E 2.00815, 4724 -0, 70997 6 273753 =U, 003560 1. 488577 
5) ¢) 1.030093 mU. 2209244 e) -0, 801970 
10 2,001 98, 4 4,2, @2. 744 0.170467 . 001 Ow 0. 91 } 
11 0 = 3. 7646708 Je1S77HA 0 ~3e 626K 
12 2.0009, 2175 32 677070 2 107633 0. 000657 De 1053 
0 2. 301 2223 ~0, O37 600i 0 = 2, 293342 
14 2. 0001 2, 2:96 -0.1508 =0, 0744 74, . 163 “1.775246 
© 2e YO29 a 2c tl 2. 4 
2. 00003, C wl 23 . 2] - moe 4314 
° =6 374.22k - + . be 7 
mation. The coefficients are readily converted to A,, B,, C, ( 1) 


and D, by Equations (47). 
The most important are the stresses on the rims of the holes 
For the hole r = A, the values found from Equation (55) are 


4 

YA 
shown in Table 6 and also plotted in Fig. 5. It appears that in > age ae 
both examples there are three points of maximum tensile stress 4 4 
on the rim of each hole, among which the point nearest to the ad- -_,. SY \ 
jacent straight boundary, where 6 = 0, is of the greatest magni- A C] > Y ~~ <~ % 
tude. In the longitudinal tension case the two remaining maxi- v 7) : \ 


\ 

mum points occur at @ = +148°0’ which are nearest to the ad- » 4 . 
jacent circular boundaries and are each of the magnitude 3.081 \ \ 
T. In the transverse-bending case the two remaining points | a Te 
occur at 6 = +135°19' and are each of the magnitude 0.838 M wile = ' _ 
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Table 3 Coefficients, fora = O.5and« = 0.4 

















Goet'f. 2s n=O n=1 p=2 n=3 nak n=} n=6 n=7 oat} 
n fe) ~ “1, 316 “i. Wasa 0" 1,7226x107* 3, 2058x107! 9.0653x107"  =2, 2900x107" =1.1940x107' 
ae - 1.0278 mle 6418 2.993210  =G,0759x1054 =2,900h _, 1,.2869x10, 3.1978 
4 - : &5337M10 = AE 4270 1.1573x105 0, 3024ac1 0 50 2406x10* =-8,5322x10 
4 - - 1641 4xi0 4, 44 37x10* tre 4760x110 , 1.1 700x105 =2, 2900x107 2.386x102 3.0847x102 
8 - - 2.557910  5.9019x10% ~4,5@0x10 2.525 3x10 le 3669x107 9 6, 2013x109 9 1.92341 0% 
", 2 ° © 31626107 4, 3462 2.1559 20878 x107 =7,4429x107! 2,11 5-1 82921074 
6, rm a o 1.4499x10 1737 & 7118 le 8608210, 2197610, 1, 665810, -3.4505x10, 
' 6 - ~ 2. 88x 0 8. 7948x10, 7. 3600xi0 1.1469x10 =1, 296x10 50 5 2hdach 0, Te 2452x10° 
8 - - 3.690410 = 1,1 409x10* 8, ,892x10 1,0254x103  1,0687x102 1.335007 2, 6460x105 
” 2 - - 2 46 1.1050 1,4224x10 9, 0806 1, 2226 500342 bye 3649 
: § b - - 3. 9239x10 2. 7080x1 0, 2. 5274a 0 , 7-1003x10,, 6 3400x1 0 , 233A x10" =1,1603x10_, 
” By - ~ 3. 399 GxiO 160677x105 4429091055 8260x1 0° 3.77591 0% 3. 3838x107 2, 3973x107 
38 - - he 659 M0 3021 25x10* =3,0735x10 8, 5887x10 3. 1482x10 -4, 882410 6 HIbRAO? 
ne 2 - - 1.2301 1. 012 3. 4263 3. 7440 2 9925 167515 ~6, 8211 107" 
d.. 4 - - 2 HWG2x10 = =3,1939x10 5. 57x10 eH ZExI0,  - 6, 2602 le 7036x101 4850x102 
6 * o 6. 2595x10 9.15 Gxt O 4. 6346x10 2.0939x10" =6, 3515x10 2076x107 -9,0962x10 
“ - - 4.9357x10 1,6943x10° =5.7727x10 3,006 x102 =1,5356x107 -2,1067x103 8, 151x107_ 
Table 4 Coefficients, fora = 0.5 andc = 0.4 
x 2s n=O ne n=2 n=} n= n=} n=6 n=7 n= 
: anne ane 2 ee — neice ee -1 ——— - an 
n ¢# 8) 165999 ” » 6062x10 1. 3005x110 2.1672x10 2. 7363x110 2. 751 6x10 2. 7042x110 2. 269400 1-¢ 7764x10 
A, 2 &2N12x10~° 2, 62h 504726 & 8545 1.1357x10 1. 2821 x10 1. 2790x10 1..2399x10 1.1790x10 
4 504726 167710x10 3. 785Exi 0 Ge 4A O41 G&I5IWM0, 1461575105 144i48x105 1, 7401210, 2,11 6Ex10" 
6 1.61357x10 30 8452x410 B.95FOKIO, 167359KI0S 2971x105 %S722x10S 7,6203x10S 1,1450x102 1, 62% x10 
6B 1.27%x10 = &e 597X101 BxI0* §=— 3. 4BO2KI0 7. 6203KI0* )— 1.526709 9-2, 7928x103 MMM IO> ~—- 75-34 ac 
oi > ee 2 - a” 
a,* 2  9013562x10 $16 54358xX107* 5, 21 26x10 1 2. 3900x107 3.9752 6. 935d O ‘ 1.0663 2.01 62 9.063410, 
6. 4 1465638 be 4540x107" = 356 975 2x10 1.040 4210 2. 2392x10 5. 645 3x10 Je 2626x1014 349Ex108  -1,. 04 32c10° 
6 169876xX10 14040410 Be TSADXIO = 1 MAA Zx10S14.1420x10S 9 2992104 OTM IOS = 1,0449x103 1, 2701x103 
7. 4639 5. 645 3x1 C 70 A 32x10 6 2992x10% =8,5107x10° 14.9505x10" 3.0482x102 -1,258 x10? 9. 7621x10° 
~n_# 2 41,6906 3.72 1,07H x10 =. 3H5 1, 8832x10 1.7862x10, 9.7119 1.643410 =6, 2739 
VT, 4 1607%x10 =), 7830 & 2773x108 M4AOx10, 9 & 7983x10, 145338x105 =7.5286x10, 6. 5062x102 4,01 36x10, 
6 1.883210 5.3646x10 6 7983x10 2, 3007x10“ “1.580105 1,62 7x107 1649x105 1. 3616 be 098921 07 
8 971149 657 3hx10 7.528610 1, 12107 m1 AIx10* = 1, 8155 700267x107 =3,1189x103 3, 644 Bx 0% 
nee 2 1320x107" 41049107 8, 7473x107" 1, 3679 1.7707 1, 8926 4.8313 1.598 1.3775 
4 4 25 6242 8, 2075 167707x10 2, 8389x100, 3 Bis5 Gxxt 0, be K75IN0, be BAXIO, 5. 3050x1054 7999x10 
“ 6 833 2. 8389x10 be YO9 4x1 O., 1.11 90x10 1.7357x10 2.4757x10 30 4800x105 4 7626x10 6 3611 x1 0° 
B 1,290 =e hT59XI0 1.15 xI0* © 24757327 = 872010 = BBM x10* §1,.5267x107 a bkTExIO? 35, 6EN9xI 0 
Table 5 Coefficients, for case a = 0.5,¢c = 0.4,’ = 0.3 
i Longitudinal tension case (T=1) Transverse bending case (l=1) 
=n Fy, Ph Qn En Ph Pr n 
: -2 ee ns teaset® omno= 
0 le 751 Gxt O _ _ 1.397610 "| 4. 048810 © _ = =7e4955K10 | 
1 1, 4,608x10~ _ 2 _ 1, 035x107 1.4951 x10" _ = = 2 72921510"; 
2 2. 2624x107 = =5,05835x10°F Be AZO = 5, TN 5xx1 07S we SGIMO™ mA CLIO GQ YOTIXIO | = 3, Z840x1 O'S 
1,9 GxiO7* == 3,1 901 107 1.10410 1, 2696zx1 _ 16426710 F = 2, 35935x10 y & MISO" 54077 O™E 
ly -1,1 308x107? 1.5970x10~ M1 454QA07* == 3.575710 -7.01035x10~ 1,0066x10°% -1,WOEIx10"S 1, 4 2x10 
=o -) , =1 n+ , ~6 22 a7 P =4 2 “4 £ ~2 
5 Se 4dsO52A0 - -& 9450x1 0 2- 72641 0 , 26 45 2dx1 0 2 2. 5244 x10_ -3. 2552x10 1.0248xi0_ >» we O51 6x40, 
) = 6 7329x107! 8,.9795x1072 = =2, 5&1 x10™ 2. 4.33 9x1 O~ =1.1531x10 165575x10_ “4 3Mx07S -2,0010x1077 
7 2 2944x1072 2, 9891072 = 100361071) 94512107) | =1..69635x1072 =. 2,1 31 0x10 3eO452x10"2 8, 5296x1 07S 
f G@AUMxi07? 8, 38921078 = =—-2,09,3x107" 9, 6888x107 | 2561121077 9 $3. 6301x107 9 8, 9908x104 KOS IO“ 
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APPENDIX 


Evaluation of Coefficients 


The coefficients K,, K,*, J,, /,* in Equations (51) can con- 





veniently be computed by direct summation of the series which 
are in general rapidly convergent. The values corresponding to 
a = 0.5 and ¢ 0.4 are shown in Table 1 

To evaluate the coefficients w, in Equation 4), we denote for 


w,* = > i “y f.(2 } > = yy (eo 


m,n 


so that 


(—1¥a, = w,* + f(a Joi) + f,(21 — 2er) + f(a 21 61) 
The coefficients @,* vanish identically when & is odd A re- 
currence relation for w»* is as follows: For k > 4 
l ‘ . ’ 
(k — 32k + 1G Gg + GGixr 
3 
ee - Gat. (8 

where 

Gia = 2k — | jw»,* (63 
The values of w* corresponding to a = 0.5 have been computed 


to 10 digits by the author [11] some time ago and are reproduced 
in Table 2 


For convenience, we also denote 
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Table 6 Stress (oe), =, for case a 0.5,< = 0.4, = 0.3 


Longitudinal tension Transverse bending 


6, degs Case (7 = 1 Case (M = | 
0 $. 423 2.087 
15 3.695 1.731 
x0) 2.035 0.932 
5 0.316 0.141 
“no QO R33 0 366 
70 1.178 0.515 
90 1. 164 0.424 

105 0.863 0.137 
120 0.504 0.425 
135 2. 457 0.836 
150 3.034 0.525 
165 1.909 0.255 
180 1.095 -—0. 657 


Keach eXPAUsion Is valid near the origin lf the convergence of 


the series is slow, the following two duplication formulas [12! are 


rseful 
$f 4( 
f(2 Sf - 
— 
/ 
fe 
p fal ' 
f(2 Jf 
L2f(z)4 
inless 22 is a period Again, the following two addition theorems 


ire useful especially when is a complex quantity 


fs — f22) 
f.( SA 


ot) 
{fdex) — flee)? | 
fof + fof 2 JA 
Vf — fol zo) , 
The funetion fy and fy may be computed from the following 
i i fo% i5w, *f sug * |" 
(67 
= f.% aw 
ard tte subsequent functions trom the recurrence relation for 
l 
= (J 2h 3)H, HH, + HoH 
a} 
HH + + H,yoH tis 
vhere 
H, ; 1 )f (ov 
The values of f, and therefore @, are shown in Table 2, w, ane 


being defined in Equations (22 
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Thick Elastic Plates 


The three-dimensional stresses in the plate are investigated without using the plane-stress 
or plane-strain assumptions, the thickness of the plate being limited so that the normal 
stress in the thickness direction can be taken as a polynomial in the thickness variable. 
The temperature is taken as a polynomial in the thickness variable but with relatively 


large, though restricted, gradients with respect to the co-ordinates of the plane of the 


plate. 


For the case of the temperature constant in thickness variable, the stresses in the 


plane of the plate are presented as the plane-stress solution plus correcting terms due to 
the plate thickness, where the correcting terms involve the product of the temperature 
gradient and the ratio of the plate thickness to the plate length in the direction of the tem- 


perature gradient. 
plates. 


I. THE plane-stress problem of elasticity theory 


the stresses 7,, T,,, and 7,, associated with the thickness direction, 
z, of the plate are taken as zero. Under this assumption the 
strains y,, and ,, are zero but the strain e, and the two-dimen- 
sional stresses and strains are functions of the co-ordinate z as well 
as the co-ordinates z and y. However, if average values over the 
thickness of the plate are used for the two-dimensional stresses 
and if the thickness is small, the stresses may be regarded as two- 
dimensional, Sokolnikoff [1].' 

If there are large temperature gradients in the plane of the plate 
or through the thickness of the plate, the question arises as to 
whether the plane-stress assumption is permissible with regard 
not only to the magnitude of the stresses ¢,, 7,,, and T,, but also 
to the stresses in the plane. Even though the stresses o,, T,,, and 
Ty, may be relatively small for a thin plate, the effect on the 
stresses in the plane may be relatively large. Langhaar [2] and 
Hilton [3] have pointed out that these effects may be large unless 


! Numbers in brackets designate References at end of paper. 

Presented at the Summer Conference of the Applied Mechanics 
Division, Troy, N. Y., June 18-20, 1959, of THe American Socrery 
or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1959, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, June 2, 1958. Paper No. 59—APM-7. 


In many cases the corrections are small even for moderately thick 


the temperature gradients are small. However, it should be 
noted that Hilton’s argument is based on comparing two differ- 
ential equations for the circular plate, one of which is based on 
the plane-stress assumption and the other on both the plane-stress 
and the plane-strain (e, = const) assumptions. The latter as- 
sumption of both plane stress and plane strain does not appear 
to be physically possible in a plate. Even the plane-strain as- 
sumption alone cannot be realized in a plate without using ex- 
ternal restraints, which will produce a completely different stress 
system in the plate. 

The purpose of this paper is to investigate the three-dimen- 
sional stresses in the plate without using the plane-stress and 
plane-strain assumptions. However, the thickness of the plate 
will be limited so that the stress o, can be expressed as a poly- 
nomial in the co-ordinate z and the temperature will be taken as 
a polynomial in z but with relatively large, though restricted, 
gradients with respect to the z and y-co-ordinates. 

The genera) thermoelastic equations are given in Sokolnikoff 
[4] and in Gatewood [5]. The compatibility equations can be 
written in terms of the stresses as follows [4, 6]: 

‘ , » ow 
vx 1 o°6 _ ak V°7%,, - aE OF 
1 + v O7,07; —v 1 + v 02,07; 
(1) 


where i,j = 1, 2,3, Xun = 0,, X2 = o,, Xa9 = 0,, Xi2 = Tyy, Xia 
= T,,, X23 = Ty, Ti = FZ, X2 = Y, Is = 2, v is Poisson’s ratio, EZ is 
modulus of elasticity, @ is coefficient of thermal expansion 


T is temperature in body, 6,; is the Kronecker delta, and 





Nomenclature 


= radius of circular plate 
E = modulus of elasticity 
é, = normal strains 
stresses in polar co-ordinates r, 8 


Czy Cy, 
o,, Fd, Tré 
Gas Cay Ge normal stresses in z, y, 2-directions, respectively 

Si, fe functions of integration, Equation (17) 
H parameter, Equation (28) 

Mz, My, Mey moments at edge of plate 

P parameter, Equation (14) 

P = average of P over plate thickness 

T = temperature change in body 
ZY, 2 rectangular co-ordinates 

a@ = coefficient of thermal expansion 
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Yew Yeo Yys = Shear strains 
6 = sum of normal stresses 
Poisson’s ratio 
shear stresses 
stress function 
rectangular plate dimensions in plane 
= plate thickness in z-direction 
o? o? °? 
ox? + oy? +t dz?’ 
o? o? 
oz? dy?’ 


partial differentiation symbol 
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operator 


operator 





9 
6=0o,+¢,+49, V6 = — ie VT 


Take the temperature distribution as 
n 
T = Tz, y) + 2Ti(z,y) + TH, Te = ) T(z, y)z* (3) 
t=2 


For the case of 7’, = 0, Sokolnikoff [4] gives the normal stress 
o, through the plate thickness as 


22 — 3h 


ak 2 2 
(z? — ney | vor . 5 Vi'7; + 


~ 24(1 — v) 
5z* — 11h?2z mn S24 — 6627h? + 41h‘ . 
+ V7; - VibT7. (4) 


525 7! 


2 
VET 


where 2h is the plate thickness and it is assumed that V,"°7>) = 0 
and V,°7; = 0. In the derivation of Equation (4) it is assumed 
that a, can be expressed as a polynomial in z. The restrictions 
on 7, and 7; allow rather large temperature gradients in the plane 
of the plate, since 7) can be a polynomial of degree nine and 7’; 
of degree seven. 


Shear Stresses r,., 7,. 


If 7 is taken as in Equation (3) then from Equation (1 


Al 2aET y 4 ] ‘| <r) : 
Oo, + + = —V,?| ¢, + (9) 
ez? 1 — pv? l+yp l-vp 
whence 
6 2aET ), i ( aET ) 
= -—g, - Viito, + dz dz 
l y? ws 1 v 
— 20, — 6, 


To evaluate 6; and 4 operate on Equation (6) with 


° 


0 
vw? = V;? + 
re) 


+2 
ak (= 
] v oz 


and use the relations 


V‘e, = 


to obtain 


VO = V7. = 0 


(1 + nfo, 


Thus Equation (6) becomes 
2akET ,, 


l-vp 


oe ff(c.+ 22 
ee l—vp 


From Equation (10.8) in Sokolnikoff [4] 


6 = —akET, aET\: - 


o*r,, I 0°60 aE oT o"a, 1. 
- t (12 


oz? 1 + v Oydz 1 + v Oydz Oyoz 


where the condition 00,/0z = 0 on z = +h was used to discard 
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a harmonic function in the first approximation. Note that 
Equation (4) satisfies this condition. Equation (12) can be ex- 
pressed as 


» > 
Ory _ OF (13) 
oz? oydz 


where 
akET 6 


P=4¢6,- 
l+yp 


" l1+vyp 
(14) 


4 vf f(«. 4 a ) dz dz + 26, + Ao 
= p 


z 
[ aP 
ee dz T 
J0 
z 
[ oP 
dz + 
0 Oz 


With the conditions 


, aET y 


l-vp 


Thus 


there follows 


h 

l oP 
f, = dz 
, A. Ah O2 

if [ 
Le 

21/0 
f 
P= +4 
2h. 


with similar expressions for f; and f, 


oP 
dz 
O2 


P dz 


h 
h 
h 


Stress Function for Stresses o,, o,, r., 


By using Equation (15) in the equilibrium equations with no 
body forces there results* 
oP 
Ox 
oP 
oy oy oY 
If a stress function ¢ is defined by 
079 
re) y? 


Pp 


then Equations (18) are satisfied. 
Since from Equation (2) ¢, + @, 
Equations (19), (14), and (11) that 


,, it follows from 


Vig = 2P —-2P+60-a4, =(1 v)P 2P aET 4 


Also from Equation (19 


} 


? Gatewood [5], equations (1-30 
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°? 
Ve, = (V2) — YIP + VieP (21 
oy? 


By using Mquations (7), (8), and (14) 


"0, 
VeP = * UP =0 
Oz* 
(22) 
o? oO? 16+ akT 
vp = IP g,| - H 
02? Oz? l1+yp 
so that lquation (21) becomes 
o? Oo? | 64 ak] 
V%, = _ (V*y) 4 . 3) 
Oy? Oz? l1+yp i 


Put this value of Ve, in Equation (1) to get 


l (= o716 + vere! ) 
1 +v \or? O02? 


ak O77 ak a ak 077’ 
= ) (V,?7 ) (24 
1+v \ oz? l v I v \ oz? 


By use of Equation (2), Equation (24) reduces to 


o? 
(V2) 4 
ov? 


o* oY LU 6+ akT 
oy? oz? l1+p 


In a similar way by putting V2e, and V?2r,, 


o? oY 6+ akT 
+ Vito =) 
Oz? | oz? 1+p 


o* oy E 6 + akT 
+ Vii¢g = U 
oroy Oz? l+vyp 


lhus the expressions in brackets in Equations (25) and (26) 
Since linear terms will not 
iffect the stresses in Equation (19), the bracket expression may 
Hence by Equations (14) and (20) 


\! 
te 
or 


in Equation (1 
there results 


26 


can at most be linear in z and y. 


be taken as zero 


o¢ 


o P Vi¢ | v)P 


vio (2 
Oz? 
+ 2P+ ak! 27) 


Integration of quation (27) and use of Equation (20) to ob- 
tain the form of the constants of integration gives 


g=SSI v)o, (2 v)P + @ET| dz dz + Pz? + giz 
+ o = H + giz + @ (28) 
where Vi7¢ akT, + (1 v0 2P 
Virtgi akT, + (1 v6, 29 
Furthermore, V,'9 akV 27 
Vi'g: = —a@EV,?7 30 


so that g and y, are the stress functions for the plane-stress 


problem.* Once they are obtained, the plane harmonic fune- 


tions 0 and 6; can be determined from Equation (29 


Stresses o,, o,, 7,, 


The stresses ¢,, 0), and 7,, in the plane of the plate are given 


by Equation (19) with ¢ from Equation (28) and P from Equa- 


tion (14). The plane-stress functions g and ¢ occurring in 


* See reference [5], page 201. 
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these expressions for the stress must be determined from Equa- 


tion (30) and the boundary conditions of the finite plate: 


dg, cos (nz) + Ty COS (ny) = is 
(31 
T,, COS (nz) + O, cos (ny) = Y, 
Since the stress functions g» and ¢, are not functions of z while 
the stresses ¢,, 0,, and T,, are functions of z, it is not possible to 
X, and Y,. Either X, and 


Y, must contain all the 2-terms of second order and higher occur- 


satisfy Equation (31) for arbitrary 


ring on the left side of Equation (31), which is not likely in an 
wctual plate, or some approximation must be made in the bound- 
the their 
boundary are averaged with respect to the plate thickness, then 


ary conditions. If stresses and moments on the 
by Saint Venant’s principle the stresses at a sufficient distance 
from the boundary will be correct to a high order of magnitude 


From Equations ( 19) and (28) write 


0*( ¢ r¢ O*H 
ie @ ° t } 
Oy? On? 
0*( giz T ¢ o°H 
7 4 P+ (32 
or Or = 
O( Piz + o*H 
ordy Odi 
and at the boundary take 
oO? ry 
t (¢ AZ), 6, = rt H 
OY On 
33 
= AA! [ 
- (eo, 4+ 
pray ** mn dt, Ha 
or the funetion gy» and 
” J 
> (Q; + Alz Ps 
2h oy? 
mn, oO? am, o- 
. (g, + Az P2, * = (g: + Ae) (34 
+h Or? 2h Orol 
ui nea I ay 
2h? } Po, _ 2h } she 
for the function ¢ 


Order of Magnitude of Stresses Due to Plate Thickness 


= Ty =0 
Assume that 


In the foregoing formulas for the stresses, take 7’; 
ind consider terms to the fourth order in h and z 
in a rectangular plate of dimensions 2a by 2h (2 ta, y 


th) the temperature 7'p is 


From bMquation (4) 


AE T om (“) ) 2 
i= l 
24(1 v) \a h 
| m m 1) (m 2) (m 
a\! 
+ (n)(n — 1) (nm 2) 
h 


' See reference [5], equations (1-40 


(36 
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which is zero ifm < 3andn < 3. If m = n = 9, which gives 
steep temperature gradients, then the maximum value of @, in 


Equation (36) fora = band v = 0.3 is 


h\é 
360 ( ‘) QET on 
a 


For metals as used in aircraft and missile structures, thermal 
stresses of the order of 0.05 @E7, are usually considered to be 
within the approximations of the other factors in the problem. 
Hence in the foregoing particular case h/a can be of the order of 


(37 


O,J)max = 


0.11 which will correspond to a relatively thick plate. 

To write expressions for the other stresses in Equations (15 
and (19) it is necessary to obtain the expressions for the func- 
tions P and ¢ using the foregoing assumptions. From Equa- 
tion (14) 


rE MEV 2T > 2? 
P= : (2? h?)°V\'T>) 4 : + Oy (38 
12(1 v) I y» 2 
whence from Equation (17 
2h'aE h?akE rae 
od VT) + 6 
15(1 v 6(1 — v) 
‘ oP (39 
i_-«- 
or 
fo = O 
From Equation (28) 
2? YEV 1779 h?2? (2 — v) ”" 
¢ = aET, — + —— aEV 27, 
2 l-vp 6 l—p 24 
y 
+ ¢ + 4 ( 10 


Using these expressions in Equation (15) gives 


with a similar expression for 7,_, 


The maximum values for m = n 9,a = b,andv = 0.3 are 
h , , 
(Tos)maz = (Tumor 16.2 ako, 12 
a 
and for the stresses of order 0.05 @ET>»,,. h/a 0.10 
From Equation (19 
o? 5 2 
o, = | az + VO 
oy? 2 2 
akEY ,?7 4(2 l h2z2| 
1—v { 24 6 4 
079 akYV tT Bits - 2h‘ 
oy? l—sr 112° ; 15 
akEYV ?T (= 2? ) ie 
1 v 6 2 “ 
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The coefficient of the second-order terms in A and z depend 
upon 6% and upon the h*-terms in ¢ so that its value cannot bx 
obtained except for particular problems for which ¢» and 8 have 
this 
coefficient is probably of the order of the stress itself, so that the 


been obtained from the boundary conditions. However, 


correction to the two-dimensional stress is 


h? o* _— ei anne 
: - (@ET)) + @EV,*7 
3 oy? - 
QET mn [h\? 
n(n 1) + 
3 h 


. on A\? 
= 72 ak! - ‘ n=zm = Y, az=bh 14 
a 


Thus for the stresses of order 0.05 aFBT om, h/a 0.03. If the 
then h/a 0.09 
The foregoing approximations indicate that the effect of the 


(Fz), « 


n(n 1) + mim 


gradient is smaller, say m = n = 3, 


thickness of the plate on the thermal stresses may be negligible 
for the stresses associated with the thickness direction on the plate 
but may have considerable effect on the stresses in the plane ol 
the plate. An approximate criterion for det rmining whether 
the stresses in the plane should be corrected for the thickness 
effects may be taken as 


(m oO. 5 


where m is a measure of the temperature gradient, Equation (35 
h is plate thickness, and a is plate width in direction of the tem 
perature gradient 


Example of Circular Plate 


Consider a circular plate of radius 6 with the temperature / 
Ty =0 


the stress function ¢ 


a function of the radius and take 7’ Consider termes 


to the fourth order in and h so that 


Equation (40) is applicable From Equations (33) and (40 


ff - akT j* ; v aa: 4 akY,?7 ‘ (= + 4 . 
6 6 l v so) 


take y Y | 


= bh. whe nee 


From [5 ind in | quation (33) take @ 


onr 


(T J fl =U0onr I VW N on Y 
0 or 
eh i7 
ak off 
iM = rTudr, N 
t J 0 0 =] \ 
From 5 
“—-N aE [ \ 
o rtd a 
/ J0 h 
. 1s 
Vl \ ak } \ 
Ca Lud ak Ow 
/ 0 hy 
Tr ) T+ 


where ¢ Or, Teo are the stresses for the stress function @» whil 


o , Tow are the two-dimensional stresses neglecting any thickness 
effects From Equation (29 
2(M \ WiakY tT hW@akY ,*7 
a 9 
Wl +s ie y* 1 vy? 
Ref p. 101 
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Fig. 1 Radial thermal stresses in circular plates for 7, = T),,R*° 
From Equation (43) with 
7 r 2 
-ae— ge — 2a (50) 
T'om b h 
the stresses in the plane are 
h\? Fi ov (2? 
o, = attra (*)' F122 (2) 
b ROR \2, 
(*)'( | ) 10 wer j2- vn Z? 
\b l v R oR | 24 : 61 + v)f 


Zz h\? Vi47' 2 
) (") ee (Z? — 1)? — 
2 bJ 1—p 112 154 


1 || (") 14 + 3v? — 3v [ov.*7 
6 LOR Jr. b 36061 — pv?) OR Jr 


Here T,4 = 0. 

Fig. 1 shows a graph of Equation (51) for the case of Z = 1, vy = 
0.3, and 7’ = R". The figure shows that, for this large tempera- 
ture gradient, values of h/b must be of the order of 0.10 to have 


(51) 


with a similar expression for o@ 


an appreciable effect on the plane-stress solution (h/b = O case in 
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Fig. 1). As terms in Equation (51) involving h/b are not appli- 
cable at the edge of the plate, the solutions have been stopped at 
a distance of 2h/b from the edge (equivalent distance equal to 
plate thickness). 


Conclusions 


The results of this paper show that the thermal stresses in the 
plane of moderately thick elastic plates can be expressed as a 
function of two plane-stress functions, the normal stress in the 
thickness direction, and the temperature. For the case of 
the temperature a function of the co-ordinates in the plane, the 
stresses reduce to the plane-stress solution plus corrections be- 
cause of the plate thickness. 
are so small that the stresses can be approximated closely by the 


In many cases, these corrections 


two-dimensional plane-stress solutions for the thermal stresses. 
The corrections to the plane-stress solutions involve the product 
of the temperature gradient and the plate-thickness ratio (plate 
thickness divided by length of plate in direction of temperature 
gradient), instead of just the temperature gradient as in the dis- 
cussion by Langhaar [2] and Hilton [3]. The corrections are 
largest for the stresses in the plane of the plate and least for the 
If the thickness ratio 
is large or the temperature gradient is unusually large, corrections 


normal stress in the thickness direction. 


should be made for the stresses in the plane; the stresses associ- 
If the plate 
is thin, the temperature gradient must be extremely large to have 


ated with the thickness direction may yet be small. 


any effect on the plane-stress solution. 
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Analysis of Plane Stress in Polar Co- 
ordinates and With Varying Thickness 


The biharmonic stress-function equation for plane stress in polar co-ordinates 4s 


generalized by assuming that the thickness varies with the radius 


In order to make 


this equation tractable, the thickness is assumed to be proportional to an arbitrary power 


of the radius. 


Michell’s general solution for the constant-thickness case is then general 
ized for this variation of thickness. 


As a numerical example, the solution is given for 


the problem of a segmental plate bent by end couples, the constant-thickness version of 
this well-known problem being due to Golovin." 


Mose calculations of plane-stress problems are made 
assuming that the thickness is constant. However, if the thick- 
ness is everywhere small, the method of analysis may be extended 
to plates of varying thickness. For the axisymmetrical case of a 
rotating disk of variable thickness proportional to a power of the 
radius, a solution utilizing stress functions is outlined by Timo- 
shenko and Goodier.? 

In that which follows, the general, nonaxisymmetrical problem 
is considered, the thickness at any point being assumed to be 
proportional to a power of the radius of the point. 


Analysis 


Fig. 1 shows a stationary element of a disk of variable thickness 
h = f(r), bounded by two radial surfaces, inclined at angle d@ to 
one another, and by two circumferential surfaces of radii r and 
r + dr, respectively. By resolving radially and tangentially, the 
equations of equilibrium are 


re) OT 4 
(rho hoe + h = 0) 
or 06 
(1) 
O06 
*hr.e) + rh = () 
Or Pele 


Introducing a stress function @Q(7, 6 , It may be shown that the 
foregoing equilibrium conditions are satisfied by equations similar 


to those in the constant-thickness case; viz. 


1 Oo i 0 


ha 
or r? Of? 
o* 
hoa = ? (2) 
or? 
, o ( I * ) 
— or r Pali] 


H. Golovin, Transactions of the Institute of Technology, St. 
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Fig. 1 Element of plate 


The direct and shearing-strain equations in polar co-ordinates are 


ou 
= ~ 
u 1 oO 
a) 3) 
r r OO 
1 Ou Ol t 
ste r oO Or ? 


and from these it may be shown that the compatibility strain 


equation is 


re) OYr6 , oe Oe, O7e6 
or (; o6 = aa oo? s 
Introducing the stress-strain equations 
Ee, =a ve 
Eee 06 vo, (o)} 
GY T+ 


in Equation (4) and with the use of Equations (2), the resulting 


compatibility equation is shown after some simplification to be 


0? ra) o? 1 0% 
r? + [2 + pvjr v : 
or? or of? h Or 
°? _ od °? 1 Om 1 O%@ 
vr? + [2y + IIr + 
or? or of? hr or hr? O82 


re) ( ofi od ( 1 oo 
r =) (6 
or oOlL A Or r 06 ) 
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If h is a constant, this naturally reduces to 


°* 1 Oo 1 oF \? 
+—-—+ ¢=0 


ort r Or r? ag? m7 


vs = ( 


the well-known biharmonic equation in polar co-ordinates. 
The general solution of Equation (7) due to Michell is 


A, 
@ = Ay log r + Bor? + Cor? log r + Dor? + Ao’@ + - rO sin 0 


C 
+ (Bir? + A,'r~! + B,'r log r) cos 8 — 70 cos 6 


+ (Dr? + C,’r™ 


+ Do (Ayr + Byrn? 4 


n=2 


t D> (Cyr® + Dyrm ** + Cy’ 
n=2 


In order to find tractable solutions of Equation (6) which are 


+ D,’r log r) sin 6 


A’.r-" + B’,r-"*?) cos n@ 


+ D,’r~" *?) sin né 


also useful in solving practical problems, we assume that the 
thickness may be written in the form 


h = hor Y) 


where Ao and m are arbitrary constants. Since such an equation 
0, de- 


pending on whether m is negative or positive, it is only of value 


means that the thickness is either zero or infinite at r = 


for plates with a hole 
Paralleling part of the constant-thickness general solution in 
.quation (8), we substitute (9) in (6) and write 


+ i R,, sin n@ + > S,, cos n6 


n=! n=l 


> = Ro 


The following Euler equation is then obtained: 
rR,’ + 2m + 1)r?R,'” (1 + 
1)(1 


n{4 + vm 


+ 2n? m 
+ 2n*)rR,,’ 


n>)R, = 0 


vm m?*)r?R,,’ 


(m + vm 


3m vm? (11) 


which, by the change of variable r = e*, become: 


dk, GR, 
+ 2(m 2 


) (4 5m 
dz‘ dz 
dk, 
2n?) 


dz 


(m 2)(m + vm 4+ 


~n{4 + vm 3m vm? n*)R, =U (12) 


\ similar equation is obtained for S,. Hence the characteristic 


equation to be solved is 
At + 2m — 2)A9 + (4 
(m 


n(4 


im vm 2n? + m?)d? 
2)(m + pm + 2n?)A 
3m 


+ pm vm? 


To find the roots, we tentatively write 
B, (7X +a 


(A+at+BhNA +a + BNA + a 


where @ = (m 2)/2 and obtain, after multiplication 
B27}? 
B27) 

8.2} = 0 


4 4+ 2)A3 4+ 
+ (m 


+ [(am 


2(m [3(m 2)2/2 3)? 
2)[(m 2)2/2 B,? 


2)2/4 Bi? | [(m 2)2/4 (14 


Comparing the coefficients of \* and A in Equation (13) with the 
‘8S. Timoshenko and J. N. Goodier, ‘Theory of Elasticity,’’ 


McGraw-Hill Book Company, Inc., New York, N. Y., 1951, p. 116 
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corresponding ones in Equation (14), it is seen that in both case~= 
8,2 + B.2 = (m — 2)2/2 + m(1 + v) + 2n? (15 


The other equation for the determination of 6, and f, is, of 
course, found by equating the terms independent of A in Equa- 
tions (13) and (14). It is 


(m 2)2/4 


B,?][(m — 2)*/4 B27 | 


= —n {4 + ym — 3m vm? n*) (16 


In forms best suited for computation, the equations for the de 
termination of 8, and 8: are then 


3,? + B:? = 
O.?)? = 


(m — 2)?/2 + m(1 + v) + 2n? 


(B,2 m1 + v)? — 4n*m(2 2v + vm) + 1l6n? (17 


and, with a = (m 2)/2, the roots of Equation (13) are ob- 
tained 

{ simple and interesting solution of the characteristic equation 
2 and the thickness thus given by h = hor? 
The coefficients of A? and X in Equation (13) then disappear, 


leaving a quadratic in A? 


occurs when m = 


Aft 2(n? + 1 + v)A? 4 


nn? + 
The roots of this equation are 


A = sn, +(n? + 2 + 2p) 


For the constant-thickness case, m = O and roots are 


a 


$n, 2an 
For the axisymmetrical case, n = 0 and the roots are 


=(,2 — 2)/2 + [(m — 2)? + 4m(1 + v)}'/2/: 


~(m 


The equation for Ry is finally obtained as 
R, = (Ayr™ + B,r™ + C,r™ + D,r* 


with a corresponding equation for S,. However, for the multiple- 


roots cases, such as Equation (21) with m = 2 


Ry = (Ao + By log r + Cor™ + Dor™ (23 


Following Michell’s solution for the constant-thickness case we 
next write 
@ = E[ré@ sin 6+ FO 


ind substituting in Equation (6) with h = h 


/ cos 
, obtam 
if 4 


3 + pm 


2(m + 1)r3F’"’ (3 + *)r2R’’ 


vin m 


3m ym?)rF’ — (3 4 3m vm? )I 


= (2ym 2yvm?)r 


whence the particular solution is 


Fir) = 2m(v l ym)(r log r)/(3 + m vin m?) (26 


rhe complementary solution of Equation (25) is accounted for in 

i:quation (10),.and the companion solution to Equation (24) ob- 
; , . 2 ; 
tained in a simifar manner is 

o= G[ré cos 6 + F(r) sin 6 (27 

hor 


Finally, we assume with h = ™ x solution of Equation (6 


in the form 

ve) (28 
ind obtain 
Dr™ (29) 


H(r) = [Ar™ + Br + (ir 4 
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CROSS SECTION 


! 


Fig. 2. Circumferential stress distribution of segment 


where the A are given by Equation (21); that is, the axisvmmetri- 


cal case 


Example 


\s a numerical example, we consider the problem shown dia- 
grammatically in Fig. 2, the well-known solution of the constant- 
thickness version of which is attributed by Timoshenko and 
CGoodier' to Golovin 

Assuming that the thickness is given by h = hor=?, 
m = 2, and noting that the first term in Equation (23) produces 


that Is 


no stresses, we select the stress function 


@ = Blogr + (r+ Dr-*; X 2+ 2 


and obtain 
o, = (B + Chr’ DxXr 
B+ CA — 1) 4 


)/h 


a8 [ D(A + 1) 


Ta = 0 
Since the radial stress vanishes on r = a andr = b 


B + C\a* — DAa~* = 0, B+ CAd* — DArd 


For zero normal force on any radial cross section 


b db rs b 
re) oO 
[ oshdr = [ % dr = ? 
‘. is Or? Or 


= [Br 4 Crr* I DxXr . i? = (33 


« 


from Equations (32). This condition is satisfied if each of Equa- 


Similarly 


tions (32) is satisfied 


*S. Timoshenko and J. N. Goodier, “Theory of Elasticity,’ 
McGraw-Hill Book Company, Inc., New York, N. Y., 1951, p. 61. 
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b y 2 
o* 
oerhadr ? dy 
¢ a or* 


/a 


b 
B log c(h 


a 


The constants B, C, and D are now determined from Equations 
(32) and (34 


the stresses are 


wr i( 
¢. = 
A \ ' a 


and, after some simplification, it may be shown that 


From the foregoing it may 


b A/2 
nf (*) 
a J 
a A/e b . a . “1 
A log > 
h a h if 
The circumferential stress in the constant-thickness version of 
this problem is greatest at the inner radius, and thus it appears 
that the thickness variation h = hy/r? produces the most efficient 


stress distribution. A graph of circumferential stress for b/a = 2 
vy = 0.28, is given in Fig. 2. For the case of constant thickness A, 
the circumferential stresses at radii a and 2a are —7.76 M//a¥ 
and 4.91 M /a*h, respectively 

It is interesting to compare the foregoing results with thos 
given by the elementary theory of curved bars reproduced in 
practically all texts on strength of materials. Equating the 
second of Equations (35) to zero, we obtain a quadratic equatior 
in (r/a)* for the determination of the position of the neutral axis 
Assuming v 0.28, AX = (2 + 2p 1.6, 6 = 2a, 
obtain r/a 1.3323; this compares very favorably with r/a 
1'/; from the elementary, curved-bar theory Also the stresses 
+12.586 M/ath as com 


a difference 


we further 


atr =a, 


pared with +12.740 M /a*h from the present theory 


2a from this latter theory are 


of only just over 1 per cent 
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I. THIs development, spherical co-ordinates are used 
throughout the paper and are shown in Fig. 1, where 


displacement in direction of radius 
displacement normal to radius plane 
displacement normal to uv-plane 
unit vectors in direction of u, v, and w, respectively 
ui + vj + wk = displacement vector 
Poisson’s coefficient 
E 
21 + v) 


The stresses Og, 9¢, Ty, TRe, TRY, Tey, and the corresponding 
strains are used in a conventional manner. 

The three possible cases arising from nullifying two of the com- 
ponents of the displacement are represented by the following re- 
lationships: 


u #~ 0 v #0 w £ 0 
(a) (b) - (c) — 
v=w=0 —- u=w = 0 y 
(1) 


The first of these cases indicates the existence of a radial strain. 
The derivation of the stress function for this case is shown in this 
paper 

The second set of relationships leads to J. H. Michell’s stress 
function for problems concerning the torsion of axially symmetric 
straight bars of variable cross section.! 

The third case does not possess a stress function, the only solu- 
tion for the system being: 


v 0 


R?—4* (sin y)* —? [A cos 4(1 — v)0 + Bsin4(1 —v)@] (2) 


If we make v = w = 0, case (a) of equation (1), in the equi- 
librium equations, and in the components of the strain tensor? 


we obtain the following system: 


ou or — 2va6 


(a) €g = = 
7 @0 E 
o#1 — v) — vor 
E 


(b) 


1 Ou 


fe) « = 7 
: ve Rsin Y 06 rm 

! J. H. Michell, ‘‘The Uniform Torsion and Flexure of Incomplete 
Tores With Application to Helical Springs,’ Proceedings of the 
London Mathematical Society, vol. 31, 1900, p. 140. 

* I. 8. Sokolnikoff, ‘Mathematical Theory of Elasticity ,"" McGraw- 
Hill Book Company, Inc., New York, N. Y., second edition, 1956. 
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The Stress Function of a Radial Strain 


A stress function which permits the study of radial strain and, in particular, the manner 
of determining this stress function in a given cone, are derived in this paper. 


1 Ou TRy 
d) =_— - = - 
( Ry = ov ‘ 


(e) yw = 0 


OR 4 l OT Re 
oR Resin f 00 


OT Ré l Ode 


oR * R sin y o6 t 
(h) OT Ry 4 1 Oay F 3T RY = 
oR R oy R 


Since €y = € and therefore oy = o¢, Equations (3g) and (3h) 
may be written as follows: 


re) . 
- [R* sin Pree! + 


[og R?] = 
ok 06 © . ; 


re) | 3 1 
: [ke Try] T 


aI [oeh? 


ra) 
oy 


The second of these equations is satisfied when 
(a) oh? = Pp’ 
(b) TryR® = dy’ 


By substituting equation (5a) into (4a), one obtains: 


[R? sin Wrre dre” = 0 


oR 
Integration of this equation yields 


1 
R'siny ™ 








Fig. 1 
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it not being necessary to add any arbitrary function of @ and,¥, 
as this is already included in @. 

By substituting equations (5b) and (7) into (3c) and (3d), the 
following equations are obtained: 


’ 


] Ou l 
- do 
Rsin pW 06 pR? sin 


1 Ou r 1 


R ow ov 


wR? 


Each of these equations yields 


o sh Ali+v) @ (9) 
—pRt ER? ' 
For the same reason given previously it will not be necessary 
to add any arbitrary functions to the integrations performed in 
(9). 
Solving equations (3a 


and (3b) for a, and o@, we have: 


Ou u | 
Vv T 
— 2v) oR R 
E 
(1 
(1 + v)(1 — 2p) 


and substituting in the first of these equations the values of u and 


+ v)(1 


ge from equations (9) and (5a), we obtain, after simplification, 
the following differential equation: 


dp —2(1 — Qv)R-'d (11 


Integration yields 


> 


“- 9( Oy) 


Substituting this value of @ in the expressions for 0g, Tre, Try, 


(12) 


re) - R*® 


og, and u of equations (10a), (7), (56), (5a), and (9), respectively, 


one obtains 
R*® - A by ) 


iv — 2)R” —5e( Op) 
2v)R® 

5 ve’ (OW) 

sin yp 

R® 5 oy' (OW) 


0 


2( l 5 bY 


R ty 


The equation to be satisfied by the stress function is obtained 
through the substitution of the 
stresses in equation (3f). 


gor” + oy’ sin y cos y 


foregoing expressions of the 
After simplifying, we have 


B-¢ sin? Y + gy" sinty = 0 (14) 


in which 


B = 4(1 v)(5 — 4y) (15) 

The stresses in (13) will satisfy both the equilibrium and the 
compatibility equations provided ¢ is a solution of equation (14). 

The stress field (13) permits the determination of ¢ in such a 
way that no tangential stresses operate on the cone surface. 
This will be true if the resultant of the stresses Tre and rry of 
Fig. 2 is parallel to ds at all points on the curve C. This curve C 
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Fig. 2 


is the intersection of the cone with a sphere whose center is the 
origin and whose radius is R. 

The condition that the resultant shear stress be parallel to the 
are element ds may be expressed as 
Tre cos (n, dsg) = O 


Try COs (n, dsy) + 


Try cos (ds, dsg) + 


¥ 


TRé cos (ds, dsy) v0 (17 
¥/ 


where n is the outward normal to the boundary C of the cone 
section. 
From Fig. 2 it may be seen that: 
dsy dy 


cos (ds, dsy R 
ds ds 


ds sin ~d0 
cos (ds, dse : R v 
ds ds 


Substituting the foregoing values into (17), we have 


Try sin Yd? — rredf = 0 (19) 
and substituting here the expressions for Tre and Try from (13) 
leads to 


¢y’ sin® ydé — go'dy 0 ine 20) 
Function ¢ is therefore completely determined except for an 
arbitrary constant, by the following two conditions: 


ve a solution of equation (14 
») 


¥)- 0 


On the boundary surface, the only stresses caused by field (13) 


1 ¢ 
? 


I 
to verify (20) at all points of the surface of the cone F(@, 


are the following: 


5 , 
9 = oy = Al — 2v)R™ ° K,in D 
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The Determination of Safe Loads 
of Beams Subjected to Combined 
Twisting and Biaxial Bending Moments 


Using the lower-bound theorem of limit analysis, a yield criterion is obtained in terms 
of the stress resultants for a beam, subjected to combined twisting and biaxial bending 
Based on a piecewise linear approximate yield condition, the ‘‘collapse load” 


is determined for a right-angle bent, subjected to a load in an arbitrary direction applied 


to the mid-point of one leg. 


Such a collapse load, which is a‘ safe load’’ for the beam, 


is plotted as a function of a suttable parameter, 


— appeurs to be no published work on the ap 
plication of the theorems of limit analysis for structures subjected 
to a combination of a bending moment in an arbitrary plane and 
a twisting moment; i.e., bending moments in two perpendicular 
planes and a torque. The works of Hill and Siebel [1]? and Steele 
2] on thin tubes and of Heyman on beams [3] were restricted to 
the consideration of the simultaneous action of a twisting couple 
and a bending moment in a fixed plane. The present paper is 
concerned with a beam subjected to bending moments in two 
planes plus a twisting moment 

The lower-bound theorem of limit analysis states that a struc- 
ture will not fail under any load for which some statically ad- 
missible stress field can be found. A statically admissible stress 
field is one which is in internal and external equilibrium and does 
not violate the yield condition. Applied to the problem of de- 
termining an interaction curve, the theorem states that any stress 
resultants which are in equilibrium with a statically admissible 
There- 
fore a curve or surface in stress space composed entirely of suct 
statically admissible stress resultants will lie on, or within, the true 


set of stresses in the cross section will not cause failure. 


yield curve or surface. 

The formulation of an approximate interaction surface for com 
bined twisting and biaxial bending moments of a square section is 
presented in the next section. The following section is concerned 
with a right-angle bent, subjected to a load in an arbitrary direc- 
tion applied to the mid-point of one leg. Finally, the conclusions 
of the paper are summarized. 


Formulation of Interaction Surface 


We consider for definiteness a beam of solid square section, Fig 


' The research described in this paper was begun while the authors 
were at the Polytechnic Institute of Brooklyn and concluded at the 
Illinois Institute of Technology. The support of the Office of Naval 
Research in both phases is gratefully acknowledged. This paper is 
part of a thesis submitted by one of the authors (RS) in partial fulfill- 
ment of the requirements for the degree of Doctor of Philosophy ir 
Mechanics at the Illinois Institute of Technology. 

? Numbers in brackets designate References at end of paper 
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understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, May 8, 1958. Paper No. 59—APM-26. 
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1, subjected to the simultaneous action of bending moments in 
two planes and a twisting moment. However, the methods can 
he easily generalized to apply to any section 

We consider first the case of bending without twist. The only 
nonzero stress component is the axial one ¢. When the section 
is fully plastic, a will be equal to the yield stress in tension or com- 
pression. When both moments are positive, the tensile and 
compressive yield stresses will be distributed qualitatively in the 
y = f(x) denote the surface 
Then the two 


manner indicated in Fig. 1. Let 
which separates tensile from compressive stress 
are given by 


hending moments M and \ 


h fiz rh 
as f h Lf h ” Vidy 4 J, x) sin : ay | « 
2Y f af( ada 


‘e } 

h 
I.quations (1) give a pair of statically admissible bending mo- 
ments, and hence a lower bound on the interaction curve, for any 
To determine the best lower bound, we try to 


function f(x). 
By use of variational cal- 


maximize N for a given value of M. 
culus, it can be shown that this is equivalent to finding a station- 


ary value of the quantity 


h 
56N + A6M = —2Y ae [flr) + Ax]6f(xr) dx 


If this is to be equal to zero for all choices of the variation f(z), 
the quantity in brackets in the integrand must be equal to zero 
Thus f(x) must be a straight line through the origin 


f(z) = —dr (2 


The moments in Equations (1) are now easily evaluated in terms 


of the parameter A 





Fig. 1 Square section 
with two bending mo- 
ments 
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Fig. 2. Level curves for combined twisting and biaxial bending of 
square section 


M = (4/3)Yh°A, N = (2/3)Yh%3 — A?*) (3a) 
\t this point it is convenient to introduce dimensionless moments 


m= M/Mo, n= N/Mo, where M 2Yh' (3b) 


Elimination of the parameter A from Equations (3) then leads to 
(3/4)m? +n = 1 (4) 


Equations (3) implicitly assume that the line y = —Az extends 
fromz = —htoz = +h; ie., that \\! < 1 and hence is only valid 
forO < m & 2/3. The case |A| > 1 as well as the cases of nega- 
tive moments are easily obtained by symmetry. The level curve 
t = O in Fig. 2 shows the first quadrant of the interaction 
curve for combined bending with no twist of a square section. 
An approach to the problem of twist combined with bending in 
one plane has been given by Hill and Siebel [1] and can easily be 
generalized to the present problem. We assume a distribution 
of normal stress similar to that encountered in pure bending 
Thus tensile and compressive stresses of magnitude o are dis- 
tributed as in the absence of twist, but the magnitude is such that 


(3/4)(mY/o)? + (nY/e) = 1 (5a) 


At the same time, a distribution of shearing stress is assumed 
similar to the fully plastic distribution for pure torsion [4], but of 
magnitude rt. The dimensionless torque is then 


t= T/T, 'Y, To = (4/3)Yh' (5b) 
Finally, the magnitudes o and r are related so that the Tresea 


yield condition® 
ir? = Y? (5c) 


is satisfied throughout the cross section. Elimination of o and r 


between Equations (5) then leads to the vield condition 


(3/4)m? + n(l — @)'2 +2 =1 |m| <n 6 


with similar expressions for the other octants. Typical level 
curves are shown in Fig. 2. 
For the purpose of solving problems, it is convenient to re- 


* The Mises condition ¢? + 3r? = Y? could equally well be used 
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Fig. 3 Faces of yield polyhedron for combined twisting and biaxic! 
bending of square section 


Fig. 4 Yield polyhedron 


place Equation (6) with a piecewise linear approximation. Ln 
view of the symmetry and the generally spherical character ot 
Equation (6), it appears reasonable to use an essentially octagonal 
upproach. To this end, we take the symmetric points (0, +1 
+1, 0), (42/3, +2/%) on the level curves t = O together with 
corresponding points on the plane ¢ +1/+/2. 
determine 32 plane faces as shown in Figs. 3 and 4 


These points 

The equa 
tions of the planes and the corresponding flow rules are given i 
Table l 


hered face, the lower with the second 


In each case, the upper sign goes with the first num 


Strain-rate variables must be associated with the dimensionless 
stress resultants so that the dissipation of energy D, is propor 
Ii @ 
ind @ are the two bending rates and y the rate of twist, the unit 


tional to the scalar product of stress times strain rate (5 


lissipation is 


dD M60+ No + Tx VolmO + n@ + (T'/Mo)x 


For a square section it is obvious from Equations (36) and (5b 
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(a) Loaded angle bent 


Fig. 5 Right-angle bent with arbitrary load direction 


that 7')/Mo = 2/3; hence a proper choice of strain variables is 6, 
and W = (2/3) x [6]. 


Example 

As an example, we consider the right-angle bent shown in Fig. 5, 
the load P acting at the mid-point of one leg and being applied 
at an arbitrary angle y, (0 < y < 2/2) to the normal to the plane 
of the bent. It is assumed that the effect of the induced axial 
forces on the yield condition can be neglected. 

Hinges can occur only at the ends, corner, or under the loads. 
Hence the free-body diagram shown in Fig. 5 is appropriate. 
Subscripts are used to indicate possible hinge locations. 

Equilibrium of the free bodies and joints in Fig. 5 leads to the 
relations 


R,L/2 = M M, 
R.L/2 M 


We introduce dimensionless quantities defined by 
= RL/Mo, o, = S:L/Mo, fi = FiL/Mo, w = PL/Mo 


N/M, 


yp 


m, = M;/Mo, t; = T,/T. = 3T;/2Mo 


n; = 
Equations (7) can then be written in the form 


4, tp = ly = */ym; 4 = by = */em3; ns = 14; 


2m. 2m my, + m 0: 2m, + 2me + my 


@ cos Y; 2n, tne + 2n3 = w sin 7; 


fi 0 (ng ns); C2 = fy = An ne); 


vw, = 2(me my); vy = (my — Ms); OY 2(n; ne) 


Any set of moments satisfying Equation (9) and not violating the 
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yield condition may be used to find a lower bound on the collapse 
load w. 

The exact solution also must produce strain rates which lead to 
The velocity components at each joint 
Thus denot- 


compatible velocities. 
computed from either end of the bent must agree. 
ing velocities by 


in the directions z, y, z, respectively, 
us = Ds 
=Gth+o + 

0, + @3 + 3/202 + xs + x6 


= Uz, = 


= 1/26, = 4s + 1/2; +1/2(xs 
% = 6, +! 2, = 6; 


+ os 
—'/o(; + 3) 
~(d; + "/eb.) 
Not all of the foregoing equations are independent. Replacing 


x; by (3/2)y;, the independent relations may be written in the 
form 


¢: = -29; os + bi = 9; 


40, + 20, — 20, 


20, — 0: — 20, = 0 


V5 


6, + 20, + 3(yxi + ve + vs) = 0 


If the strain-rate variables are all known, then the collapse load 
is determined from the principle of virtual work. The external 
rate of energy dissipation is 


26, + 


D./Me = */xw[—8, cos y + d sin ¥] (il) 
The actual mode of collapse depends on the inclination y of 
the load P to the normal to the plane of the bent. For values of + 
near 90 deg it is intuitively plausible that there will be hinges at 
1, 2, and 3 and that there will be no twisting moment in either leg 
Hence the points 1, 2, and 3 should lie on the plane ¢ = 0 of the 
yield surface. Further, the compatibility relations g, = ¢, ¢: = 
—2¢, ds + di = &, suggest that 1 and 3 are associated with 
positive values of n, whereas 2 is associated with a negative n- 
value. The equilibrium equations 4, = t, = (3/2)m, require 3 to 
stay at corner C. Therefore it seems reasonable to assume the 
following locations for the hinges: 


lonCD, 2onGH, 3atC 


The plastic strain-rate vector corresponding to a stress point on 
a given face of the yield polyhedron is given in Table 1. For a 
point at the intersection of two or more faces, the vector may be 
any positive combination of the vectors for the intersecting faces. 
Thus the strain-rate vector for point 1 on edge CD is 


E, = (A, di, v1) - A3[—!/2, l, (V2 — 1)] 


+ Aio[ —"/2, l, (V2 = 1)] (12a) 


where A; and \jg are arbitrary positive multipliers. Similarly, 
the strain-rate vectors for points 2 and 3 are 
E: = pr["/2, —1, (2 — 1)] + waal*/s, —1, — (2 — 1)) 
Ey = w["/s, 1, (02 — 1)] + w[—*/2, 1, (V2 — 1)) 

-(V2 — 1)] + m0 —'/2, 1, (V2 - 1)] 
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Table 1 
section 


Face 

17 m 

is 1 

oo 
20 
21 

>) 


Equation 


+ 1 - 


l, 
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| 


m 
=i 


et et ee 


—— | 
HH = 


OR eR OR OR OR RO) 


The components of the strain-rate vectors at the points 1, 2, and 3 


are then seen to be 


(As 
vy 


Ais); 
(V2 


- 


+ 


1)(A Ais 


+ 


Ma), 
= (\ 


9 


(a 
v: 
; @ 


= +p 


CV. 


2 l\ve+yp Vis 


It then follows from Equations (10) and (12c) that 


D 
0, >. @ 


= @; 


) 


Mi = 9; 26; gs = > 


If the foregoing solution is to be an upper bound, then the arbi- 
trary factors of the strain-rate vectors should all be positive and 
this is found to be the case provided 


The rate of dissipation of internal energy is given by 


0 


(12e) 


Dy VUo[mé + nd 4+ ty] = 4Mod 


quating this value to the external energy Equation (11) the 
collapse load is found to be 
16 


cosy + 


(12f 
9 ; 


- 


sin Y 


The set of moments should be in equilibrium with the given load 


. 
that 


Since there is no twisting moment on either leg, it follows 


t, t t ly 


For the assumed position of the 


—'/sm, + ny 1; 1/9? 
Equations (9), (13a) and (136) do not uniquely determine the re- 
maining stresses. However, they do lead to the unique value of 
the collapse load given by Equation (12f) 

The foregoing solution is valid only if the following require- 


ments are satisfied: 


(ia) The strain-rate vector at the point | must lie between the 
limiting normals associated with faces 3 and 19. 
(ib) Point 1 must remain on the finite edge CD. 


Table 1 shows that the requirement (ia) is equivalent to 


Reference to 
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ire yq a 
— om | ome jms 


~~ 


Yield condition and flow rule for combined twisting and biaxial bending of square 


Strain-rate vector 


hou tl 


ll ll dt ne 


¥ 1 


rt) 


and 0.414 0.414 


Obviously, these are true by virtue of Equations (12d) and (126 


The requirement (ib) can be writte 


l4a 

(iia) The strain-rate vector at 2 should lie between the limiting 
normals associated with faces 7 and 23 

(iib) Point 2 


must remain on the finite edge GH. 
Requirement (iia) is equivalent to 


6, 
d» 


0.414 0.414 


and 
de 
satisfied in view of Equations (12d) and (12¢ If we 


rhese 


make use of Equations (9), requirement (iib) can be written 


are 


Ww 
cos cos (146 


9 


The strain-rate vector at 3 should lie between the limiting 
18 and 19. Thus 


(ill 
9 2 


2, 3, 


normals associated with faces 
6 
os 


and 0.414 0.414 


These are satisfied in view of Equations (12d) and (126 


(iv) Point 4 should lie within the yield surface. Equations (9 


ind (13a) determine 


ms, ns 10, te 0 
Hence point 4 is at the corner C and this requirement is satisfied 
(v) Point 5 is not uniquely determined, but it must be possible 
to find some location for point 5 which satisfies the equilibrium 
equations and does not violate the yield condition. To this end, 
0: 0 the yield condition reduces 


we arbitrarily set n since { 


to 
ms 


In view of Equations (9) and (14a) the right-hand inequality is 


always satisfied and m, must satisfy 


m > 1 1/9 COS Y 14 

The foregoing solution will be valid provided some value of m 
can be found which satisfies all of Equations (14). A necessary 
and sufficient condition that this be true is that each left side of 


the continued inequalities (14) be less than each right side. 
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Table 2 Location of points on the yield surface and 


values of the collapse load for 90° > 7 > 0° 
Range of - Location of the points 
values of + l 2 5 Collapse load, w 
vo = 90° 4 G ( C Interior 8 
von y¥<y CD GH ( C Interior 16(cos y + 2 sin y) 
v1 = 62° 14’ D GH C C E 7.16 
n<¥< v2 DE GH ( Interior E 13(2 cos y + sin 4 
v2 = 51° 20’ E GH C Cc E 6.401 
v2 <¥ < 2 E GH Interior CK EM 18. 83(3.457 cos 7 + sin 7) ~! 
vs = 46° 13’ E H Interior CK EM 6.046 
vs< ¥ v4 BE HA Interior CK EM $1. 66(8.914 cos 7 + sin > 
ys = 32° 51 E HA Interior K M 5.187 
v< 1< % EM Face 8 Interior KJ VW 60.10(13.15 cos y + sin 
vo = 15° 42’ EM IA Interior KJ M 4.648 
ex 1 < ¥e EM IA Interior Interior M 1.475 (cos y) 
6 = 0 EM IA Interior Interior VW 4.475 
Therefore m, is eliminated from (14) by setting up six Inequalities 10 my « 0.667 (18a 
expressing this condition: ; ; ; 
and that this restriction is satisfied for all y such that 
7/,5< 0 (15 : : 
om 51° 20’ < y < 62° 14 (18d 
2 4 Ww ~ an 
cos ¥ (156) At y = 51° 20’, the values of the moments and the positions of 
ee 2 : ae a 
the points on the y ield surface are as shown in line 5 of Table 2 
2 For values of y less than 51° 20’, we may anticipate some tor- 
; | cos ¥ 15« sional moment on the leg 4-5, and hence we move the point 5 
. ” upward along the edge EM of the yield surface. As the equi- 
librium Equations (9) require that ¢, = é;, we also move the point 
cos y < 0 (15d) 4 upward along CK of the yield surface. Further, the hinge at 
9 : ; 
e the corner of the bent is now at the point 4, rather than point 3 
Finally, the hinges at points 1 and 2 stay at the corner F and on 
1 w ‘ 
cos Y < = 5 e084 ( 15¢ the edge GH, respectively. 
; = The resulting solution and similar solutions for each of the 
ranges of y may be obtained as shown in Table 2. In each case 
5 COR YY l cos ¥ 15f) the arrangement of hinges is first suggested by the reason for 
"2 ” which the previous solution becomes invalid and is then verified 


Three of these (15a, e, f) are identically satisfied. From the re- 


maining inequalities we find the most restrictive ones to be 
10 
3 


O<w (l6a) 


COR ¥Y < 
Substituting the value of w from Equ on (12f) into (16a), the 
solution is seen to be valid for 


62° 14 << y < 9 (16b) 
At y = 62° 14’, the values of the moments and the positions of 
the points on the yield surface are as shown in line 3 of Table 2 

For ¥ slightly less than 62° 14’, point 1 leaves the edge CD and 
point 5 just comes into contact with the yield surface at E. 
Therefore it seems reasonable to try a four-hinge mechanism with 
hinges at 1, 2, 3 and 5, the corresponding locations being DE, GH, 
(’, and E, respectively. 

For the assumed arrangement of hinges, a solution can be found 
as under the previous hypothesis. In the present case, all stresses 
are uniquely determined. The collapse load, computed by the 
principle of virtual work or by the equilibrium equations, turns 
out to be 

13 
2 cos y + sin ¥ 


17) 


Details of this and other solutions may be found in [7 | 

As before, the solution is valid only for values of y such that 
the strain-rate vectors lie between the limiting normals associated 
with the corresponding adjacent sides and as long as the points 1 
and 2 remain on the finite edges DE and GH, respectively, and 
point 4 does not leave the vield polyhedron. It can be shown that 


the most restrictive condition is the one on point 1; namely, 
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by constructing a statically and kinematically admissible stres= 
Table 2 
The resulting collapse load w is 


and velocity field. The solutions are summarized in 
details may be found in [7]. 
shown in Fig. 6 as a function of the angle of inclination of the 


oad ¥ 


Conclusion 

\ plastic analysis has been made of a square beam subjected to 
combined twisting and biaxial bending moments. The material 
of the beam is rigid-plastic and satisfies Tresea’s vield conditior 
and the associated flow rule. 

The yield surface is defined in a three-dimensional space. hh 
this space the two bending moments and the twisting moment 
nondimensional, are taken as rectangular 
The yield surface is closed, convex, and 


all made suitably 
Cartesian co-ordinates. 
nonlinear in character. Accordingly, there is considerable com- 
plexity in the yield condition and the flow rule appropriate to 
any plastic regime. Therefore the yield condition has been re- 
placed by a piecewise linear approximation based on an octagonal 
approach. Based on this approximate yield condition, the collapse 
load of an angle bent (which is a safe load for the structure) has 
been determined for a variety of combinations of bending and 
twisting moments. 

The difficulty arising in two and three stress-dimensional prob 
lems is that the number of permissible independent static solu 
tions, each of which determines a lower bound, is multiply in- 
finite; hence a good solution may be difficult to recognize. The 
same difficulty is also present in a kinematic approach leading to 
an upper bound. Further, since simplifying physical assump 
tions and inexact physical constants must be used in any event, 
it is not always worth while engaging in the large effort required 


for an exact mathematical solution. In such eases, an approxi- 
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mate linear method, such as the one suggested herein, may be sul- 
ficiently simple to obtain solutions easily, and at the same time 


he sufficiently accurate for practical applications 
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PPLIED MECHANICS 


A 
>{ H 


It is important that the data contained in technical papers be made readily available to design engi- 


neers. 
presentation of data and 


In order to — these needs of industry, this section of the Journal includes a concise 
nformation drawn chiefly from papers previously published by the Applied 


Mechanics Division of The American Society of Mechanical Engineers. 


Factors of Stress Concentration Due to Elliptical Fillets 





M. M. FROCHT: and D. LANDSBERG: 


Ir 1s well known that circular fillets can produce rather high 
stress concentrations in tension as well as in bending. One way 
to reduce these stress concentrations is to increase the radius of 
the fillet. 
cases in which the design requires a shoulder which limits the 
radius of the fillet 
mitigated by the use of elliptical fillets with the major axis of the 
ellipse parallel to the axis of the bar. Specifically, for given ratios 
of D/d and h/b, 
concentrations than circular fillets. 


However, this is not always feasible since there are 


In such cases the stress concentration can be 


Fig. 1, elliptical fillets will produce smaller stress 
A limited amount of data is 
already available on this subject [1, 2, 3, 4].4 The following 
curves give additional design data for two-dimensional cases in 
uniform tension and in pure bending for several ratios of D/d, 
a/b, and h/b 
using Castolite models. 
end mills the centers of which were made to follow a calculated 
‘o-ordinate system to produce an exact elliptical contour. The 
size of the end mill was chosen to be smaller than the minimum 
radius of curvature of the particular ellipse being cut and was 
In the models used the cutters 


These data were obtained from photoelastic tests 
The fillets were machined with small 


kept constant for each ellipse. 
ranged from '/) in. to 4/;.-in. diam 
Definitions: ‘The factor of stress concentration k is defined in the 


usual way, 
k = Omax/Onon 


where O.x is the maximum stress at the discontinuity, and @ yon is 
the nominal stress based on elementary formulas 
For fillets in tension, 


Cum = P/A 


where P is the applied axial load, and A is the cross-sectional area 
of the smaller shank 
For fillets in pure bending, 


From = Me/I 
where M is the maximum bending moment at the discontinuity, / 


‘The results presented in this paper were obtained in the course 
of research sponsored by the United States Air Force, Wright Air 
Development Center, Wright-Patterson Air Force Base, Ohio, under 
contract No. AF33(616)-2831 with Illinois Institute of Technology. 

? Research Professor of Mechanics and Director of Experimental 
Stress Analysis, Illinois Institute of Technology, Chicago, II. 

‘ Associate Research Engineer, Department of Mechanics, Illinois 
Institute of Technology, Chicago, II. 

* Numbers in brackets indicate References at end of paper. 

Discussion of this paper should be addressed to the Secretary 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1959, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, March 27, 1959. 
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is the moment of inertia of the cross section of the smaller shank 
about the neutral axis, and c is the distance from the neutral axis 
to the extreme fibers of the smaller shank. 

The experimental data are presented in Figs. 1-8. 
typical stress pattern showing the rather sharp reduction in the 


Fig. 9 is a 


factor of stress concentration when a circular fillet is replaced by 
an elliptical fillet. In Figs. 1 and 3 the upper curves represent the 
values of k for circular fillets for different values of D/d. It is 
seen that, as the ellipse increases in length, or more precisely as 
a/b increases, the values of k drop sharply. Inspection of the 
curves shows that it is not necessary to go to extremely long el- 
lipses in order to produce substantial mitigation of stress concen- 
tration. Thus, in Fig. 1 for D/d = 1.5 and b/h = 2, the value of 
k drops by approximately 30 per cent when a/b is changed from 
1to2. It will also be noticed that as a/b goes from 2 to 3 the drop 
in k is only about 14 per cent. 

It is well known that the stress concentrations produced by 
circular fillets are substantially greater in tension than in bending 
Figs. 5-8 show that elliptical fillets tend to equalize the stress 
concentration in tension and bending 


Acknowledgment 


The assistance of Messrs. Cheng, Thomson, and Wang in pre- 


Extrapolation 


° Experiment 


yp 
° 
1 


TUTTTTT TTT TTT TTT TTT TTT Ty Try 


| 





~ 


| 
/ 





o/be 15 





a 





14+ 
3b 
E 
2r- 
ae Mr a 
s ~~~~.9/b* 4 inital 
oOo 4 4 ee Shr a ee eed 
2 3 
D/d 


Tension, b = h/2 


Transactions of the ASME 


Fig. 1 














—— b*#*h/2, experiment 


—-— »b*h/4,experiment 


---- Extrapolation 








~~ 


~ 
Phen 
~ 
-— 
--—<.. 
~— > — 3 


2 3 “ 
o/b 





Fig. 2 Tension 


—-— »b*h/2, experiment 
—*— b#*h/4, experiment 


-~--- Extrapolation 


Circular fillet 








Fig.4 Bending 


Journal of Applied Mechanics 


DESIGN DATA AND METHODS 


---- Extrapolation 






Experiment 





Fig.3 Bending, b = h/2 


=---- Extroepolotior 


Experiment 





- 
| 
- 
| 
| 
L 


1-0 
Fig. 5 Comparison of tension and bending, D/d = 3, b h/2 


september 1959 449 














DESIGN DATA AND METHODS 








Fig. 6 Comparison of tension and bending, D/d = 2,b = h/2 





Extrapolation 





Fig. 7 Comparison of tension and bending, D/d = 1.5,b6 = h/2 


paring the models and obtaining and processing the data is 
gratefully acknowledged. 

NOTE. An approximation to the factor of stress concentra- 
tion for elliptical fillets can be obtained from the available data for 
circular fillets in which h/r = 1, where r is the radius of the circular 
fillet and A is asin Fig. 1. If ris set equal to the maximum radius 
of curvature of the ellipse, then r = a?/b, and r/d = a*/bd. The 
factor of stress concentration for a circular fillet with h/r = | 
corresponding to r/d = a*/bd is approximately equal to the factor 
of stress concentration for the elliptical fillet having the specified 
values of a, b, and d. Comparison of the experimental values for 
elliptical fillets with those for circular fillets given in [5, 6] shows 
that this approximation is quite close for fillets in tension and is 
about 10 per cent low for fillets in bending. 
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Fig. 9 Typical stress pattern for elliptical fillets in bending 


D = 3.0 in. d = 1.0in. t = 0.2 in. 
h = 1.0 in. a = 2.0 in. b = 0.5 in. 
a/b = 4 D/d = 3 b = h/2 
Load = 156.41 Ib Moment 117.3 tb-in. 
k = 1.01 
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On the recommendation of the Executive Committee of the ASME Applied Mechanics Division, it was 


decided to initiate a section devoted to brief notes on technical matters in mechanics. 


These notes 


must not be longer than 750 words (about 2'/, double-spaced typewritten pages, including figures) and 
will be subject to the usual review procedure prior to publication. After approval such notes will be 


published as soon as possible, normally in the next issue of the Journal. 


The notes should be sub- 


mitted to the Technical Editors of the Journal of Applied Mechanics. 


Creep of an Elastic Belt on a Pulley 





G. V. TORDION' 


\ NEW, more gene ral 
elastic belt on a pulley as well as the expressions for the creep 


relation between belt tensions of an 


velocity distribution and creep losses are obtained, using the 


theory of the ideal compressible fluid flow 


Nomenclature 
E = modulus of elasticity of the belt, psi 
Pp, Po = mass density of the belt material, lb see?/in 
q = cross section of the belt, in. 
h = belt width, in 
1, T;, T: = belt tensions at ¢, ¢ = 0, and ¢ = a, respectively, 
Ib 
a, 0), 0: = belt stresses due to 7’, 7), and 72, psi 
oa, = belt stress due to centrifugal inertia, psi 
R = radius of the pulley, in 
Vy = tangential velocity of the pulley, in/se« 
V = belt velocity, in/sec 
AV=V-—- Vy = creep velocity of the belt relative to 


pulley, in sec 
BE 

= \ = longitudinal wave velocity, in/se« 
p 


p = pressure between belt and pulley, psi 

uw = friction coefficient between belt and pulley 

¢ = polar co-ordinate angle cf an element on the pulley 
measured with respect to fixed space, rad 


a = uctive contact angle, rad 


Let us consider that the belt is an elastic, homogeneous, iso- 
tropic one-dimensional body like a string Moreover, the belt 
being endless, we can consider that the supply of belt matter 
The total 


tangential acceleration of mass passing the element. will be 


through a space-fixed are element dg is continuous 


d\ ol ' ol 
or Rog 


Since OV /Ol vanishes for the stesdyvy motion, Vowill be a funetion 


of g alone, then 


' Professor of Machine Design, Laval University Juebee, P. Q 


(‘anada. 


Discussion of papers in Brief Notes should be addressed to the 
Secretary, ASME, 20 West 39th Street, New York, N. Y., and will 
be accepted until October 10, 1959, for publication at a later date 


Discussion received after the closing date will be returned 

Nott 
understood as individual expres 
of the Society Manuscript received by Applied Mechanics Division 
July 15, 1958; final draft re 1959 


Statements and opinions advanced in papers are to be 
sions of their authors and not those 


ceived February 27 
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The forces acting on the mass element are shown in Fig. 1. Ws 
can write the equations of motion in tangential and radial dire« 
tions 

V di 


phidgy 
R dg 


= «J uphhtdg l 


V2 


pRigy ev dg phbdg - 


For a steady one-dimensional and compressible mass flow, the 


continuity equation will take the form 


d(pV) 
0 
Rdg 
or 
AN dp 
p + V Tt ; 
dg le 


Since the belt) material is considered to be elastic, its density 


will be a linear function of the tension (Hooke’s law W: 


neglect the cross-section change, then 


(: ;) ‘ 
? = i 
p p E 


Introducing the stress 0 = 7'/q, rearranging the terms, and elimi 
nating the pressure p between Equation (1) and (2), we get 





= pRbdy 


i959 451 


Belt element on a driving pulley. 


Fig. 1 
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Since from Equation (4) 


dp po do 1 do (6) 
= = ) 
dg E dg co? dg 
we obtain from Equation (3) 
dV V da 7) 
? dg a dg M 


This relation introduced in Equation (5) leads to the nonlinear 
differential equation for V, 0, and p: 


; ( V\?| do 
Co dg 
We take the first approximation, linearizing the equation. The 


belt speed is V = Vo + AV, where the creep velocity AV is small 
in comparison with the pulley velocity Vo. 


+ po = ppV? (8) 


In the same way the 
influence of the density change on the inertia forces in the radial 


direction is of second order, too; therefore p = po. With poVo? = 


o, (stress due to centrifugal inertia) and Vo/eo = M (Mach 
number) we get 
da 
+ = o = e G. (9) 
dg 1 — M? 1 — M? 


The solution for a driving pulley must satisfy the boundary con- 
then 


09 =0,+ a, exp] — . ¢ (10) 
1 — M? 


This is the stress distribution along the active contact angle. 


dition: g =0,¢0 =0o,+ 4¢,; 


Since for the end of the active contact angle g¢ = a, the stress 


is © = 02 + @,, we obtain the main relation between the belt 


stresses a; and a2 (0; > o2) on a driving pulley 


0; = 02 exp . a 11 
itedieds | 


Two particular cases have to be distinguished: 


1 For the nonelastic belt the wave velocity co is infinite and 
therefore the Mach number is zero. 

2 For the elastic belt, but on a nonrotating pulley, the speed 
V. is zero and therefore the Mach number is also zero 


Only in these cases the classical relation (Muler, 1765 

Oo, = o2 exp [ua] (12 
The use of the fluid concept is necessary to show how 
the pulley speed affects the belt stresses. We can see that the 
u/(1 — M?) increases with 
Since only the first-order theory is 


is valid. 


“apparent” friction coefficient Z = 
increasing pulley velocity. 
presented here, this relation is a good approach for M < 1. 
From Equation (7) we can develop the formula for the creep 
velocity distribution along the active angle of the pulley 
AV o; 


ee {1 — exp (—fi¢) | (13 
0 ta 


We have for ¢ = @ the maximum creep 
— 


(4 = 0; 
Vo max 7 E 


This formula is well known and it is usually derived in a different 
manner.® 8 


(14) 


?C. Bach, “Die Maschinen Elemente,”’ ninth edition, Stuttgart, 
1903, p. 269. 

3M, ten Bosch, ‘‘Vorlesungen ther Maschinenelemente,”’ 
edition, Springer, Berlin, 1940, p. 302. 


second 
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The power loss due to creep of the belt on the driving pulley is 
given by the integral 


J e=0 E Jo 


¢ 
qVo 

— 4 —%70)\|ldo = — ( _— 2 

exp(—2fi¢) ld¢ —— a 02) 
2E 

Since the transmitted power is g(a; — @2)Vo, we finally obtain a 


simple expression for the belt efficiency, valid also for a driven 
pulley (a; > a2) 


eff. 15) 


ll 
| 


A Modification of Rayleigh’s Principle 
for Calculating Beam Frequencies 


F. M. LEWIS' 


Tue following modification of Rayleigh’s principle was de- 





signed with a view to obtaining a method of beam-frequency cal- 
culation of good accuracy but minimum labor. Application is 
limited to hinged end, cantilever, and free-free beams. As ap- 
plied to the calculation of the lowest mode frequency of beams, 
Assume 


Rayleigh’s principle is stated as follows. a “‘reasona- 


ble’ curve of ordinates y for the relative amplitude curve. If 


the beam vibrates in this curve the potential energy in extreme 


l : d*y\? 
= El dx (1 
2 dr? 


position is given by 
’ l M? dr 
PE = . 
2 « El 


and the kinetic energy in mean position by 


Then equating PE to KE 


. ow 1 ( 29 PE y , 
j= = » 
2r Qe \ fwy? dr 


In application to irregular beams where the moment of inertia 
changes from end to end, a purely arbitrary choice of y, even 
if it satisfies the end conditions, may lead to an unrealistic value 
of PE and, in consequence, low accuracy for w. 

Good accuracy can be obtained by assuming for y the gravity 
This gives the commonly used formula 


a | oS wy dx 
Or S wy? dr 


deflection of the beam 
(4) 


For beams of irregular loading and stiffness distribution, the 
computation of the gravity deflection y, which involves several 
integrations or equivalent operations, makes formula (4) less 
simple in application than it appears. 

We avoid these difficulties inherent in (3) and (4) by assuming 
slightly different reasonable curves in computing PE and KE. 
In (3) let the rea- 
sonable curve used in computing PE be that produced by a load 


Consider the case of the hinged end beam. 


1 Professor of Marine Engineering, Massachusetts Institute of 
Technology, Cambridge, Mass. 

Manuscript received by ASME 
November 21, 1958. 
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F acting at the center and of such magnitude that it produces 
unity deflection there. Let the curve used in computing KE be 
any other curve of unity deflection at the center and of a “‘reasona- 
ble’ shape. The reactions are F/2, and the bending moments 
are Fx/2, Fx,/2 for the left and right halves, respectively (see 
Fig. 1). Equating the internal energy as given by (1) to the ex- 
ternal work done by F, there is obtained 


1 p E/2 paride las F*z,*dz; es - 
+ = —Ff (5) 
2 7 O 4EI 0 4EI 2 
and since PE = '/.F 
2E 
(6) 


PE = "a 
f * xdzx + f * 2,2dz; 
0 I @ I 


The integrations for z and zx, are for the right and left halves 
of the beam, respectively, with the origin taken at the ends in 


both cases. Then from (3) 


1 4Eq v9 


eL/2 . L/2 
| xredr [ z,dz, f , 
f- wy*dr 
J0 I J0 I 


The wy? integral is over the length of the beam. 

This formula can be modified in various ways. 

Let us assume that the J distribution can be approximated by 
a stepwise distribution in the manner of Fig. 2; let the loads be 
concentrated; then 


1 12Eg 


f= 
2n L/2z,° — z,’ L/22,"° — 2."° | ous 
+ Wy? 
0 I 0 I 


an easy assumption for y is the curve y = sin (w2r/L). 

The accuracy of these formulas can be assessed by comparison 
with the known exact solution in simple cases. 

For the simple beam with uniform total load W and uniform 


inertia distribution J 


. L3 
rr,? — z,3 = 27," — 2," = 
8 
(9 
wr \? W 
DW | sin = ‘ 
L 2 
W, = total load 
l 96ETg 9.796 Elg | 
f = = (10 
2r WL 2r WL 
7? 9.869 
while the exact constant is = 
2r 2n 


In Fig. 3 is shown the load and inertia distribution of a turbine 
shaft and the complete calculation follows. A one-step Stodola 


calculation for this gives f = 148. 


Free-Free Beam 

For the free-free beam a load F is applied at the center, and 
loads F'/2 at the ends, of such magnitude that the relative ampli- 
tude of the ends and the center is unity. Then PE is the same 
as for the hinged end case. For the [Wy? term we assume a y 
which has unity relative deflection of the center to the ends but is 


80 adjusted that 
(11) 


2Wy = Oand LWyz, = 0 


where z, is the distance of any load from the center of gravity. 
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These equations mean that no external forces or moments act on 
An initial assumption 
sin (w2/L) 


the system. y is determined as follows 


y, is made. It is convenient to use a’sine curve y, = 


for this with zero amplitude at the free ends. Subtract from 
this the zero-noded mode or lateral! displacement given by 
rWy, a2 
Yo Ss «) 
4 Zu 


and the one-noded mode, or rotation around the center of gravity, 
given by 
Tm Wy, z. 


2Wz,? 


(13 


so that the y to be used in (8) is 


(14) 


r3i—2z ; x," weil z,'* Li 
I I Sl 
assume y, = sin (wr/L), then yo = 2/m7, y, = 0, y = sin(w2z/L 


— 2/mr and with W, = total load (8) yields 
22.51 
2n 


The exact constant is 22.4 


Ely 


Va 
=.) 


This method is of utility in calculating the two-noded mode 
of a ship, taking account of the stiffness and load (including fluid 
inertia) variation along the ship 


Cantilever Beams 

For the cantilever beam the PE is computed by assuming a 
load F at the free end of such magnitude that it produces a unit 
deflection there. With x me 
quency formula is then 


asured from the free end, the fre- 


I Eg " 


LG) 


or 
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1 sky ? ‘ 
= . . nee: aa (16) 
Qn 1 (d(z,? — 2,*)/L| DWy? 


For « uniform cantilever the assumption y = | 
with the origin at the support, (16) leads to 


cos (wr/2L) 


3.635 ky 
oe Vwi 


The exact constant is 3.52 

Rayleigh’s theorem in its pure form will always give 4 tre- 
queney which is too high. The modified form here may yield a 
frequency either high or low depending on the choice of y for 
the load summation. Obviously other modifications of the same 


nature are possible 





Table 1 
Stiffness Summation 
x x xh? — Ka ! (» Xa*)/l 
30 27,000 
t eft 7.5 42 26,578 490 54.20 
; 2.5 15.6 406.4 118 3.44 
0 0 15.6 30.8 1.98 
30 27,000 
17.5 5,360 21,640 490 44.20 
Right 7.5 422 4,938 1025 4.82 
2.5 15.6 406.4 118 3.44 
0 0 15.6 30.8 1.98 
z 114.06 
Load Summation 
x -iny ( 180° x 180° x 
x 180 L sin ( L ) w Wsin ( ) 
2.50 7.5 .0019 4l .08 
rem |i: 22:5 0169 227 3.84 
7 }16.25 48.75 .5660 400 224.40 
25.00 75.0 .9310 400 372.40 
2.50 7.5 .0019 41 .08 
Right J, 2-90 22:5 :0169 188 3.18 
ent 117.50 52.5 6300 580 365.00 
(26.25 78.75 . 9630 400 385.20 
z 1,354.18 
1 12 « 30 x 10° K 386 
2e 114.06 & 1354.18 Si V.P.S 
Annular Plate’ 
PHILIP G. HODGE, Jr.’ 
The yield point load is computed for an annular plate, simply 


upported at its inner and outer edges and subjected to a uniform 


load orrect 


1 previously published solution is shown to be in 


AN INCORRECT SOLUTION to the problem of an annular plat 
subjected to a uniform load was recently given® and it is perhaps 
The loaded plate 


it will be discussed in terms of dimensionless 


of some interest to present the correct solution 
is shown in Fig. 1; 
variables defined by 


Wo/M, m6 VWe/M 


r= R/A bh = B/A p = PA*/6M 


where Mo is the yield bending moment; primes will be used to 
This investigation was sponsored by the Office of Naval Research 
Professor of Mechanics, Illinois Institute of Technology, Chicago 
Il. Mem, ASME 

V. 8. Chernina, “Approximate Carrying Capacity of an 
Plate Under a Uniformly Distributed Pressure,”’ J zvestia 
Vauk SSSR, No. 7, 1958, pp. 33-39. 

Manuscript received by the ASME Applied Mechanics 
February 11, 1959 
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indicate differentiation with respect to r. The bending moments 


must satisfy the equilibrium equation 


(rm,)' — me = C — 3pr? (2 
and the boundary conditions m, = UO aty = band r = 1. The 
flow law states that the strain rate vector 

q = —(W’, W's, (3 


must be directed along the outward directed normal to the vield 
curve. The velocity W must be zero atr = bandr = 1 

Fig. 2(a) shows the stress profile assumed in the incorrect solu- 
tion. A-stress solution can be found according to this hypothesis 
which satisfies Equation (1), the boundary conditions on m,, and 
the inequalities 0 < me < 1. Therefore this solution is statically 
admissible and hence furnishes a lower bound on the yield point 
The vector 
CE W 
It follows from Equa 
Therefore the 


load. Fig. 2(d) shows the associated velocity profile 


q is normal to side BC since W” = 0. However, for b < 7 
is an increasing function of 7, hence W’ > 0 
tion (3) that q is directed inward to the side BC 
proposed solution is not kinematically admissible and hence is not 
the true solution 

\ consideration of the entire problem shows that at r = 6, » 
and W must equal zero and W’ must be positive. Thus q is 
negative and the stress point can only be at the corner F. Similar 
reasoning shows that the stress peint at r = 1 must be at ¢ 
Finally, the plate may generally be expected to have compressive 
radial stresses in the top surface so that m, > 0 

Figs. 2(b) and (e) show a hypothesis which satisfies these re- 
quirements. However, although this solution is kinematically ad 
missible and leads to an upper bound on p, it is not statically 
idinissible This 


1 and m, < 


seen by observing that, if 
> 0 and m,"(E*) < 0 
‘it must satisfy 


may be easily 


. nae 
mig) = 1, then m,’(&~) 


im om 


Therefore, if there is a discontinuity 








Fig. 1 Annular plate, showing load and dimensions 
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(a) incorrect stress profile; 
(d) velocity profile 


Fig. 2 Assumed stress and velocity profiles. 
(b) incorrect stress profile; (c) correct stress profile; 


for (a); (e) velocity profile for (b); (f) velocity profile for (c). 


Transactions of the ASME 








m_"| <0 (4) 


However, it follows from Equation (2) that the discontinuities 
existing atr = £ must be related by 

Em,’] + m,| — me] = C| — dpe (5 
The pressure is given continuous, and equilibrium demands that 
m, and C which is related to the shear force be continuous. There 


fore Equation (5) leads to 
m,’| = me|/E = 1 —>0 


in contradiction to Inequality (4). Thus the proposed solution is 
not statically admissible 

The preceding incorrect hypothesis suggests the hypothesis 
The corresponding equations are 


shown in Figs. 2(¢) and (f) 


easily solved, the results being 


3 log (rh 5 
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this solution satisfies the equilbbrium 


that HW 


It is readily verified that 


equation and flow law throughout is continuous and 





vanishes at? hand 1: that wm. is continuous, vanishes at 
hand | nad is equal to Lat & ind = 1) 
For the same reasons advanced in discussing Inequality } 
ind hence mg must be continuous at & ind » n The 
requirement that me Ui) l. toge ther with the re quirement that 
the constant C be the sume in each of the three regions, leads to 
the following three relations 
2/3)(&* log (£7/6 S / ia 
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Fig. 3. Plastic regimes and yield point load as functions of inner radius 
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For a given value of 6, Equations (7) define the parameters & 
7, and the yield point load p. In practice it is more convenient 
to determine ), &, and p in terms of the parameter 9. Thus, for a 
given 7, Equation (7b) determines p and Equation (7c) then de 
fines €. A simple numerical or graphical calculation then furnishes 
the value of 6 from Equation (7a). The regime boundaries ¢ 
and 9 and the vield point load p are shown as functions of b in 
Fig. 3 

Similar solutions may be obtained if either or both edges of the 
plate are clamped. If the inner edge is clamped, the stress profil: 
runs along EFABC. If the outer edge is clamped, the stress pro 
file runs along FABCD. Finally, if both edges are clamped th 
stress profile runs along KFABCD 


become rather involved and are not here reproduced 


The resulting computations 


Matric Analysis of Statically 
Indeterminate Structures 
by the Displacement Method’ 


P. H. DENKE® and C. K. WANG 


IN THE 





displacement method of analysis for statically unc 
terminate structures, the displacements of the joints of the struc 
Matric formulations of this method 
In these 


ture appear as unknowns 


have been given by Argyris* and others formulation, 


the most important matrix is the spring matrix K. This matriy 


is usually represented as being easily derivable by inspection 


from « diagram of the structure Actually, AK can be derived 
efficiently in this way for simple structures. But in aireraft 


structures hich are complicated space frameworks composes 


of sheur panels mma bars subjected to combined ixial stres 


bending, shear and torsion, the derivation by inspection is not at 


efficient Process, Esp elally if the digital co nputer is to be utilizes 


because a fundamental principle of good computer programming 


« that the computer shall do as much of the work as possibl 


In this note it is demonstrated, on the basis of virtual wor! 


that the spring matrix can be derived b meidering sé paratel 


the staties of each joint and member of the structure blasti 
properties enter only im the tillrn factors of the individu 
members Thus the awkward and difficult: process of visuall 
ng member deformations resulting from joint displacemer il 
space Trameworl s eliminated b i simple procedure ba io 
statics 

An important feature of the following denvation i t hi 
tinetion etween internal forees and internal reaction \ 
esult of this distinction, the spring matrix K is shown t ‘ { the 
orm aSa vhich is a symmetric form when S is symmetri me 
therefore the deflection influence matrix 6 A is svmmetrn 


« demonstrated 


Thus Mas ell’s law 


Nomenclature 


\ jointed structure may be defined as one pm which the comstit 


ent members are connected at finite number of joint Dh 


number of degrees of freedom of a joint is the number of displace 


ment components required to completely define the movemer 


of the joint For instances frictionless joint in a space ruc 


ture has three degrees of freedom: a rigid joint has six 


Che work reported in tl note was done in the Strength Se 
the Douglas Aircraft Company, Inc., Santa Monica, Calif 
Strength Analysis Methods Engineer, Douglas Aircrait: Con 
pany, Ine., Santa Monica, Calif 
Professor of Architectural Engineering, University of Illine 
Urbana, Ul 
‘J. H. Arevris, “Energy Theorems and Structural Analysis 1 


ing, 1955, pp. SY 94 
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BRIEF NOTES 


Divide the forces (including moments) exerted on the ends of 
each member by the joints into a group of internal forees and 
another of internal reactions. For instance, if the member is 
under combined axial stress and bending about one principal 
axis, the three internal forces may be the axial force at one end 
and the two end moments 
the axial force at the other end and the two end shears. 


the three iuternal reactions may be 


Define a column matrix of unknown joint displacements X. 
Define also a partitioned column matrix d as a matrix consisting 
of two submatrices u and p, which contain the components of the 
joint displacements in the directions of the internal forees and 
Define the column matrix of member 
deformations e, wherein e, is the displacement of the jth internal 


reactions, respectively. 


force, when displacements of the internal reactions are reduced 
to zero by rigid body motions of the members. Also define @ as a 
column matrix of the displacements of the internal forces resulting 
from the rigid-body motions of the members to produce displace- 
ments p + p = 0. 

Define P as a column matrix of known external forces. Define 
q a8 4 partitioned column matrix of f and r, wherein f and r are 
the internal forces and reactions, respectively. Define the matrix 
J wherein J,; is the value of the ith external force resulting from 
a unit value of jth internal force or reaction. Define M as a par- 
titioned matrix of 7 and m, wherein J is a unit matrix and m is 
called the subordinate member matrix, m;, being the ith internal 
reaction resulting from a unit jth internal force. 


¥ 


Define a matrix of member stiffnesses S, wherein S,, is the ith 


) 
internal force resulting from a unit value of the jth member de- 


formation 


The Spring Matrix 


Consider the joints of the structure by themselves, without 
Assume that the internal forces or 
Then 


Per- 


their connecting members 
reactions are all zero except q,;, which has a unit value. 
the external forces acting upon the joints are given by J ij 
mit the joint displacements X,; to occur. The resulting displace- 
ment of the jth internal force or reaction is d;. Since the joints 
are rigid bodies and the external forces J, ; are in equilibrium with 
the internal force or reaction g; = 1, the work done must be zero 
LyX, — ld; =0 j=1,2 


The minus sign appears in the equation because the forces q; are 
defined as positive on the members, negative on the joints. In 
matrix notation, 


JTX —d=0 (1) 


Now consider the members by themselves, without the joints. 
Assume that the internal forces are all zero except f;, which has 
Then the internal reactions acting upon the mem- 
Permit the rigid body displacements of the 
members p,; to occur. These fj; are displacements of the internal 
The resulting displacement of the jth internal force 


au unit value. 
bers are given by m,; 


reactions. 


isa, The work done is zero. 


In matrix notation, 
T . = » 
m'p+%t=0 (2) 
Now u, is the displacement of jth internal force, and a, is the 
displacement of the jth internal force resulting from the dis- 
placements J, necessary to produce zero displacements of the in- 
ternal reactions. Therefore the jth member deformation is given 
by 


e; =u; +t; 
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and 
e=urt+iaé (3) 


Substituting (2) and p + p = Ointo (3), 


m™p = [I m7] [ “| 
p 


J u 
But M = [ Jana = [ ] 
m p 


.e = Md 
(J M)"X (4) 


I 


"e 


Now from the definition of the stiffness matrix S, 


oe ee i=1,2. 


from (1). 


Also by definition, 
and 


but 


Ss _ fry 
aah ae 


-[i]s 


Kliminating d, e, f, and g from (4), (5), (6), and (7) gives 
P =(J M)S(J M)"X 
Define the spring matrix AK implicitly by 
P=KX 


K =(J M)S(JM)' (8) 


Internal Damping of Thermal 
Origin in Thin Wires 





P. SRINIVASAN’ 


THE opsect of this note is to study the effects of wire diameter, 
This 


knowledge is essential in order to understand the performance 


length, and material of the wire on its damping ability 


of wire damping devices for alleviating high vibratory stresses 
set up in turbine blades by such effects as resonance, rotating 
stall, and stall flutter. 
presented a report on such a device and indicated the need for a 


For instance, Di Taranto? has recently 


study such as undertaken in this note. 

The mathematically simplest way to consider damping in the 
material of the wire is to assume that the damping force is a 
linear function of the strain rate, that is 

b¢ 


Damping force = & ~ (1 
ol 
' Assistant Professor of Mechanical Engineering, Indian Institute 
of Science, Bangalore, India. 
?R. A. Di Taranto, “A Blade-Vibration-Damping Device—lIts 
Testing and a Preliminary Theory of Its Operation,” JourRNAL OF 
AppLiep Mercuanics, vol. 25, Trans. ASME, vol. 80, 1958, pp. 21 
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where e is the tensile strain, and ¢ is a constant which is a measure 
of damping ability. 

On the basis of this simple law, Suyehiro* obtained an expres- 
sion for the resisted vibrations of a wire which is a simple exten- 
sion of Sezawa’s equation. In discussing the solution of the equa- 
tion, Suyehiro has shown that there exists an upper limit to the 
frequency of transverse vibrations of the wire. This upper limit 
is a function of the modulus of elasticity of the material E and 
damping coefficient ¢. In fact, 


W,= (2) 


where Ws is the upper bound for the frequency of transverse 
vibrations of the wire in radians/sec. 

Once the logarithmic decrement 6 and fundamental frequency 
of vibrations W, radians/sec are known, it is possible to estimate 
Ws. Suyehiro? has shown 


Ws = 24 (3) 


From dynamical considerations it is concluded that, for wires 
whose transverse dimensions are small compared to its length, the 
frequency cannot exceed Ws given by equation (3). 

It has been shown that 6 for practically all solid materials shows 
no such dependence upon frequency as given by equation (3). 
But equation (3) is the result of assuming a linear damping law, 
viz., equation (1). The results of this note are therefore limited 
to materials which do follow the damping assumed 

Zener‘ from thermodynamic considerations has predicted that 
damping arising from the thermoelastic source (that is, flow of 
heat back and forth) is a maximum at a frequency W given by 


27 X 0.539D 


W, = (4) 
a’ 
where 
Wy, = frequency in rad/sec at which damping is a maximum 

D = thermal diffusion coefficient 

thermal conductivity 

specific heat X density 

a = radius of the wire 


From dynamical considerations the frequency cannot exceed W gx. 
In view of this, it can be stated 


W;s>Wy, (5) 


If it is assumed that internal damping in the wire is of purely 
thermal origin, then Wz is the frequency at which this damping 
is & maximum according to Zener. Maximum damping implies 
minimum value of Ws according to equation (3). 


that is, 


In view of this, 
the equality holds in equation (5); 


W,=W;, (6) 


Equation (6) states that if internal damping is of purely thermal 
origin for wires whose transverse dimensions are small compared 
to their length, the frequency at which maximum damping occurs 
according to Zener is equal to the maximum frequency in trans- 
verse vibrations of the wire according Suyehiro. Substituting for 

*K. Suyehiro, “On the Upper Limit of Frequency of the Trans- 
versal Vibration of Prismatic Bars,’’ Proceedings of the Imperial 
Academy, Tokyo, vol. 4, 1928, p. 263. 

*C. Zener, ‘Internal Friction in Solids—General Theory of Ther- 
moelastic Internal Friction,"’ Physical Review, vol. 53, 1938, p. 90. 
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BRIEF NOTES 
Ws and W, from equations (3) and (4), respectively, we have 


W, 0.539D (7 


6 a’ 


For a cantilever we have the well-known formula 


Ww 3.52 | El ~ 
= 3.02 (3) 
' Vin I 


where EJ = bending stiffness of the section 


1 = length of the wire 
4 = mass per unit length = W/gl 
W = total weight of the wire 

g = acceleration due to gravity 


For a wire of circular cross section of radius a and density 4 


from equation (7) and (8) 
29 X 0.735 a’ Eg 
6 = ; (9 
D I? y M 
Equation (9) gives a relation between the maximum damping 
(thermal) and parameters of the wire, namely, radius, length, and 
the material of the wire 


Example: Copper wire. For copper 6 (thermal) maximum 
according to Zener‘ is  X 0.0015. Taking 
E = 16 X 10° psi 
wh = 0.322 lb/cu in 
1.124 | 
D = —— i1,?/sec 
(2.54)? 


Substituting the afore-mentioned values in equation (9) we have 


a*/l? = 0.120 «k 10°% (Ya) 


Equation (9a) gives a relation between the radius of the wire and 
its length for the material constants assumed above 

Taking the value of 1 = 3.1 in. from Di Taranto,? Fig. 4, p. 24, 
and substituting in equation (9a) the radius of the wire a = 0.0023 
inches 


The wire used by Di Taranto was 0.0025-in. radius 
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On the Lateral Buckling of a Tapered 
Narrow Rectangular Beam 


L. H. N. LEE: 


Tue bending strength of a beam with large flexural rigidity in 





the plane of bending in comparison with its lateral rigidity is 


frequently governed by the condition of its lateral stability. The 
lateral buckling of beams with constant cross sections has been 
investigated since six decades ago. In this note the elastic 


lateral buckling of a tapered rectangular beam subjected to pure 
bending in its plane is considered. The tapered beam is under 
simple lateral restraints at the two ends, as shown in Fig. | 
When two couples, M, of a certain critical value are applied at its 
and buckle sideways. This critical 


ends, the beam may twist 
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BRIEF NOTES 


y 
(1+ E5)n (1+5)n M 


MiA 
+ —_ i fy 
a et 
_ See eo , om 


i - 





“Tan z 
Fig. 1 Lateral buckling of a tapered beam 
moment may be determined by the familiar equilibrium method 


\ccording to the cones pt of the equi- 
V., ie the smallest value of 


used in stability analvsis 
librium method, the critical moment 
V which is pecessary to keep the beam in equilibrium in a slightly 
huekled form 

teferring to the co-ordinate system shown in Fig. |, the defor- 
mation of the beam is defined by « and v, the displacements of the 
ind y-directions, and by £B, 
Based on the moment- 


centroid of a cross section in the xr 
the angular rotation of the cross section 
curvature and torque-rotation relationships for a tapered rectan- 
gular strip,? it ex be shown that, for a very small angle 8, the 
ollowing system of differential equations determines the deforma- 


tion of the beam along the 2-direection 


dtu 
Ki BM 
d 
ad 
B WV (1) 
ad 
do au 
( V/ 
ad d 


lquations (1) are similar to the analogous system of equations 
for a beam of constant cross section’ except that the principal 
Hexural rigidities B and B’ as well as the torsional rigidity C will 
according to the eX Presslons 


now vary with 


Here By, Bo’, and Cy are the flexural and torsional rigidities of the 
beam at the origin, ot 
hb heb Ab 
B, k; I E; (Cy = G 3 
12 12 3 


»and A being the width and depth of the section at the origin, re 
spectively. # is Young's modulus, G@ is the shear modulus, and 
| + 6) is the ratio of the depths at the two ends of the beam 


Mliminating « from the first and the third of Equations (1), we 


obtain 
3 6 dp Vv: pg 
+ - t = 1 
lz? ( ri) ) d BC, ( 6 ) 
htt + 2 1 + 2 
/ l 
?L. H. N. Lee, “Non-Uniform Torsion of Tapered I-Beams 
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Book Co., Inc., New York, N. ¥ 1936, p. 236 
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M*? 


Setti = , 
. BoC 6? 


Kquation (4) may be reduced to the form 


2p dp 
+ 


dn? dn 


+ k?o = 0 (5 


This is « homogeneous linear equation, and the method of solving 
such an equation is well known. In this case, the general solution 


of Equation (5) is 


BO = A, sin (k log, 7) + Az cos (k log, 9) (6 


\t the ends of the beam, z = 0 and z = J, the angle 6 must be 
equal to zero. The first condition will be satisfied by making A 


= 0, and the second by letting 


sin [k log, (1 + 6)| = 0 (7 
The smallest root of Equation (7), other than the trivial zero 
vields the critical moment 
6 rvV BC 
Va = : (x 
log, (1+ 06 / 


The corre sponding buckled shape Is given by 


log, (1 + 5°) 
t 


log, (1+6 


oO = A, sin T “ 


where 4, indicates an arbitrary amplitude of a sma!'l magnitud 
Fig. | shows the mode of buckling of a beam when 6 = 1. It ea 


be shown that, when 6 — 0, the buck ing mode approaches 


sinusoidal form and the critical moment approa ‘hes that « i 


beam of unmilorm cross section 


The Stresses in Infinite Wedges 
Linearly Tapered in Width and Thickness 


H. D. CONWAY! 





The soluti ms are given fo on Diane stress Pp hlen ( a? 
nnite wedge linearly tapered in width and thickness, the co ndir 
olutions for the constant thickness cases being we 
oadings 
oad at end, (b 

f 


pressure on one face 


f ) ’ 
chosen for illustrative pu poses are: (a) concent 


concentrated couple at end, and (c) untformn 


Introduction 


IN A previous article,*? «a general solution was given for thie 


plane stress problem in polar co-ordinates with varying thickness 


h = f(r), it being found that the resulting stress funetion equation 
Wiis 

=: o o* )(! ae) 

rire v 
or* re] oF h or? 
( + ' 9) oO” (; fete) l -*) 
vr* + Ip + , + 
\ or re) o@ hr oO h oF 


a) ( oO};1o (" °°) ) 
} = () 
o 06 Lh Or \r 08 
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the stresses being given by 


Lop 1 3% 
ha = + 
r O r? 0 
o* 
hag = 
or® 
0 fio 
ht.4 m ( ? (2) 
Or \r 06 
Equation (1) is easily tractable if h = hor”, where ho and m are 


constants. 

The solutions will now be given for three infinite wedge prob- 
lems of academic and practical interest assuming linear radial 
taper, that is, for m unity 


Analysis 
(a) Force acting on end of wedge, Fig. 1. For this problem, a stress 
function is considered of the form @ = ArF(@) whence by writing 
h = her and substituting in Equation (1), F(@) is obtained giving 
sin 6} sin ké | 
@ = Ar : ae " , 
cos 6 \ cos ké \ k? = 21 v (3 
The first two functions produce no stresses and, choosing @ = A? 


cos ké for symmetry, we obtain from Equations (2 


i(1 hk? 


For vertical equilibrium 


P = J 2 hra, cos 6dé 


the constant 4 is found in terms of P, and finally 
(k* 1)P cos ké 
_ h i(h 1) sin (& + lhba + (k + 1) sin GA lia 
Jo = Te 0; hf 2(1 v } 
This solution is indeterminate fork = 1,2 = , and, by the use 


of | Hospital's rule, it is found for this value of Poisson's ratio 


2p cos éA ° 
a Oa Tez ? 
hr(2a + sin 2a 
This is also the well-known solution for the constant thickness 


Fig. 1 Infinite wedge with concentrated load at end 
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BRIEF NOTES 


case. The solution for a horizontal load is naturally obtainable 
from @ = Ar sin ké, k? = 2(1 — v), but will not be given here 

(b) Couple acting on end of wedge, Fig. 2. 
stress function of the form @ = A sin n9, whence by writing h = 
, it is found that n* = (7 


Consider first a 


hor and substituting in Equation (1 
2v). The appropriate stress function for Fig. 2 is then 


@ = An(é a) + Basin n(@ a): n? = (7 2 (6 
From equations (2 
Bn? 
ho, = sin n (6 a hag = 0 
y? 
in Bn 
AT .«4 = + cos née a 
r? ' 


Since 7,¢ is zero at 6 = UO, 2a, A B cos na and 


Bn 
Ata = - cos na cos n |@ a|) 


For equilibrium 
P 2a 
/ hr er*dé 
J 0 


which gives B in terms of the couple 


M = 


and hence 


Vn? sin n(0 la 
o Oe i) 
hor 2na@ cos na 2 sin na@ 
Mn (cos na cos nié a} 
T+ 
hor 2na@ cos na 2 sin na 


M 


Fig. 2. Infinite wedge with couple at end 
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BRIEF NOTES 


this solution would be identical with that for a 
However, this would necessitate a 


With n = 2, 
wedge of constant thickness. 
fictitious v of 3/2. 

(c) Uniform Pressure on Edge, Fig. 3. The stress function required 
hee is 


@ = r(A + Basin nd + C cos no + D6); n? = 
whence 


ho, = 3Ar + (3 n*)Br sin n@ + (3 — n*)Cr cos né + 3Dré 


hog = 6Ar + 68Brn sin né + 6Crn cos nd + 6Dré 


Ary = 2Br cos n@ + 2Cr sin nd — 2Dr; h = hor 


From the boundary conditions and Fig. 3 


0 0 hog = —hopr, T.4 


’ 


0 2a, hoe = 0, T4 


we obtain 


— cos 2na — 2na@ sin 2na)/N 


A — pho (1 


Bn = —D = phen sin 2na/N 


C = pho (1 — cos 2na)/N (10) 


where N = 6(2 2 cos 2na 2na sin 2na). The stresses, ob- 
tained by substituting Equations (10) in (9), are seen to be inde- 


pendent of r 


Minimization of Spring Torque in 
Flexible Connections to Instruments 





T. VREELAND, Jr.' 

PRECISION electromechanical measuring instruments of various 
kinds often require establishing electrical connection to the sus- 
pended part of the instrument, with minimum introduction of dis- 
turbing torques. Requirements are especially demanding in the 
case of gyroscopes. Gyroscopes of high-precision type, as used in 
inertial-guidance systems and in advanced flight-control systems, 
generally take the form of a gimbal member which contains the 
rotor and which is supported relative to the case by some form 
of minimum-friction bearings. Usually, at least three electrical 
connections are required (for the polyphase rotor drive motor), 
which take the form of wires or ribbons extending from the case 
to the gimbal member. Disturbing-torque levels about the gim- 
bal axis or axes must be kept to extremely low values; the total 
tolerable disturbing torque from all sources whatever is often of 
the order of one dyne-cm or less. Special attention must be given 
to the electrical lead-in connections (a) to minimize mechanical 
hysteresis effects, which result in erratic bias changes, and (b) to 
minimize spring rate. While spring coercion is a conservative 
type of force, it nevertheless must be kept very small, otherwise 
a shift of null of the pickoff which detects gimbal displacement 
will result in a steady spring bias 

The present note is restricted to the optimization of the elec- 
trical lead-in configuration from the point of view of minimizing 
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ELASTIC MEMBER 





| 





Fig. 1 Application of forces to an elastic ber by a gi 


pivoted at the elastic center 


spring rate. In general, the axis of the gimbal member is in- 
accessible, so that electrical connections will take the form of 
curved wires or ribbons, bypassing the axis 

Consider the elastic member with flexural rigidity EJ, in the 
form of a circular are of radius R, and length 2Ry, with one end 
fixed to a point on the instrument case as shown in Fig. 1. A 
rigid arm which represents the gimbal member is attached to the 
free end of the elastic member. Forces F, and F,, and a moment 
M), applied to the rigid arm at a point R(sin ¥/y) from the are 
center on the are bisector produce the following displacements of 


that point: 


l 
aa F, (independent of F, and M,), 


r 


F, (independent of F, and Mo), and rotation 


M, (independent of F, and F,), 


where 


2k? (yp sin 2y sin? *) 
EI (; ie wee SS i 


= ($-*2). 


1 2Ry 


— a 


and it is assumed that the values of 6/R, h/R, and a/y are all 
much less than unity. 

The point of application of F, and F, is called the “elastic 
center.’’ The torsional stiffness, or spring rate of the elastic mem- 
ber for rotation about any point other than the elastie center, is 
larger than Ko, asshown below. Minimum spring rate then occurs 
when the axis of the gimbal member passes through the elastic 
center 

A simplified method for computing the torsional spring rate for 
rotation about any point in the plane of the are is given below 
Consider a rotation a, of a rigid gimbal member about point z, y, 


and M 


as shown in Fig. 2. The rotation is produced by F,, F,, 
i 


acting at the elastic center. 


The rotation produces displacements 


6, = ay, 6, = 


—ar, 


of the elastic center. These displacements are related to F,, PF. 


and Vv 


as follows: 
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Fig. 2 Application of forces to an elastic 
pivoted at a point other than the elastic center 


Fig. 3 Trajectories of n = K,,/K, for several rotation centers, for the 
special case y = 1/2 
Kay, F, = and M, = Kya 


= Kaz, 


The same displacements are produced by ap lying a statically 
I I y ap] 

and M,, to the rigid gimbal 

+ Fy —_ 


where M,, = M 
The torsional spring rate 


equivalent set of reactions Fis Foi 
member at the point of rotation (7, y), 
Fz, or M,, Kay? + K,az* 


about z, y is then M,,/a, or 


= Kya + 


=. : P of F af 2) 
K,, = Ko + K,y? + K,z (2) 
The minimum spring rate occurs for rotation about the elastic 
} 


center r = y = 0. Equation (2) may be used to calculate the 


torsional spring rate about any point z, y after evaluation of the 

constants Ay, A,, and K,, equation (1 

of radius R, length 2Ry, and flexural rigidity E/ 
Centers of rotation which lie on the ellipse 


[for a particular member 


= nk When K, = K, (sin ¥ 


the torsional spring rate about any point on 


have a torsional spring rate K,, 
0, y = tan y 

a circle of radius r 

elastic center is K,, = nK 
Values of n K,,/K 


Fig 3 for the sper ial case wherein 


for several rotation centers are shown in 


Journal of Applied Mechanics 


BRIEF NOTES 
~~ -% 
: R . 


Acknowledgment 
Acknowledgment is due to Messrs. J. M 
Ebert of Autonetics Division, North American Aviation, Inc., for 


Slater and W. A 


suggesting the investigation reported herein and for helpful dis 


cussions, 


Steady-State Response of Linear 
Vibration Systems With Viscous Damping 





= |Ki(n — 1)/K,]'/? with its center at the 


MORTON E. GURTIN' 
The basic matrix* equation for forced vibration is 


Vij + Cq + Kq = felt 


Guderley* demonstrates that any nth order equation of this form 
may be transformed into one of the first order by a suitable change 


of co-ordinates In the present case, the following form sug 


gested by Foss,‘ as well as by other investigators**’, is used 


Bz + Dz = f'e’* 


where 


and the homogeneous equation then gives 
a Bl+ Di=0 


If N was the original number of degrees of freedom, then (5) will 


vield 2N eigenvectors and eigenvalues 


1General Engineering Laboratory, General Electrie Company, 
Schenectady, N y 

2? The following matrix nor 
letter will denote a matrix, and a 
superscript will denote the transpose 
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vol. 6, December, 1958, pp. 335-353 
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ag’ | 


(6 
y’ { ») 


The eigenvalues and vectors will occur as complex conjugate 


a, and / -} 


pairs and the modal matrix will be of the form 
Ad i be al 7) 


Due 
If each mode 


The bar over a letter denotes the complex conjugate 
to orthogonality, 0'BO and 0'DO are diagonal 
is normalized such that 


O'RO = 


then 


H'DO = la,] = 


0) 00 & 
The steady-state solution of equation (2) will be of the form 
wl 


“jf 


ind equation (2) becomes 
JwBy + Dy = f’ 1! 


lf the eigenvectors and eigenvalues are known, the solution to 
equation (11) can be written immediately® 


_ Jiwqol 
! ) @ { 


However, since 


= Saver! Jot 
oT V6 F if 


it follows that 


+ (Of) jw 


(14 


jul(a, + &,) 


To put (14) in more familiar form, the following definition is 


made: 


aa yy 16 


taken from MeCalley.® 
this definition of a@,, equation (14) becomes 


With 


where equations (15) and (16) are 


’F. B. Hildebrand, ‘Methods of Applied Mathematies,"’ Prentice- 
Hall, Inc., New York, N. Y., 1956, pp. 44-45 

’ Discussion of Foss in Journat or Appiiep MECHANICS, vol. 26 
rans. ASME, vol. 81, 1959, pp. 306-307. 
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Concerning the Further Understanding 
of the Shakedown Theorems 
Used for Structural Analysis 


MELVIN ZAID' 


Ir 1s the purpose of this note to clarify certain concepts that 





are basic to the use of the shakedown theorems associated with 
an ideally plastic material. Although the following discussion is 


intended to apply specifically to two-dimensional frame-type 
structures, the complete understanding of such structures is 
useful in the extension of theory to more complex problems 

As is 


shakedown is that a residual stress (and bending moment 


well known, a necessary and sufficient condition for 
dis- 
tribution must exist such that, when this is added to the elasti 
stress (and moment) distribution obtained from considering all 
combinations of external loads, the allowable stress state (and 
limit moment distribution) must not be exceeded 

The above statement holds for any ideal elastic-plastic strue- 
bending 


ture without the need for explicit consideration of 


moments However, since it is convenient to consider moments 
in frame-type structures, the conditions on those quantities 
are usually included in the shakedown criterion; thus in the 
frame analysis it is customary to consider separately the over-all! 
moments in the frame as well as the detailed stress distribution 
at each cross section. It can be shown? that these considerations 


lead to the following two inequalities 


+ M.;° < M, 


where V/ is the residual moment, and 
V,.” and M,,’ are the minimum and maximum elastic moments 
at the r 


In order that the frame 


is the limit moment, .V 


section 
structure shake down, it is necessar) 
and sufficient that inequalities (1) and (2) be satisfied. It is im- 
enforces over-al] structural 
detailed 


stress restrictions for the occurrence of shakedown 


portant to note that inequality (1 


» 


restrictions and inequality (2) entorces cross-section 


Eliminating V/_. from inequality (1), one obtains 


M M..” < 2M 


‘ e 


It is seen that inequality (3) is very much like inequality (2) ex 


' Scientific Research Staff, Republic Aviation Corporation, Farn 
ingdale, N. ¥ 
P. S. Symonds and B. G. Neal 
Methods of Structural Analysis— Part 
Institute, vol. 252, 1951, pp 469-492 
Manuscript ASMI 
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tecent Progress in the Plastic 
II.’ Journal of the Franklin 
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cept that it concerns the plastic range of the structural ‘“‘hinge’’ 
without consideration of the internal hinge stresses. 

For the purpose of further discussion we will classify the col- 
lapse loads in the following manner. The largest external loads 
which satisfy inequalities (1), (2), and (3 


called the 


lapse loads (P, 


will be respectively 
structure shakedown loads (P,), the section evelic col- 
and the ft In 


addition, the structure incremental collapse loads (/’,,.) are de 


structure evelic loads 
fined as the smallest loads under which a co'lapse mechanism is 
still possible 
Considering, first, only the effeets of moments, the structure 
shakedown load (P? ix the smaller of the two structure collapse 


loads, ol 
min (Pine. P. 


It is this and only 
The over-all shakedown load (P? is the smallest of all the 
loads both 


this load which will satisfy inequality (1 


separate collapse which consider moment and de 


tailed stress, or 
nits 


that 2? 


1. we see 
rin 


| quation (4) Is the usual definition of shakedown that appe 


n literature 
It should be 


t residual 


to find 
with the 


noted again that it will be impossible i set 


which ean be associated elastic 


moments 


subject to the incremental collapse load, which will 


moments 


ompletely satisfy inequality (1), unless iality (3) is also 


satisfied. That is, “structure 


meg 


shakedown is defined by tIn- 


‘ mpism be formed 


juality l not onl requires that no mec 


through incremental deformations, but in addition there must be 


no repeated reversals olf onc or more hinges 


To illustrate the foregoing discussion, a particularly simple Cand 


ilmost obvious) example is presented for the case where structure 


velic collapse pre dominates structure incremental collapse lt 


is not at all uncommon to find this occurrence in more compl 


and less obvious) cases 


Consider a uniforn 
simply supported « 
Che ra 

" 1, and the 


From mmequ 


tral load (P 


limit nu 


is given Py 


oment is t iken to tn 


lit ,) the section 


shown to be 


Phe struetus 


is also the limit lo 


From the foregoing we see, for I 


evelic collapse predominates inerement il mitist 


considered for the omplete satistaction ob mmequtualit | Th 


reader will find it instructive to assign a set of residual moments 


to the structure Increment tl collapse load, for this range of n and 


see how inequality (1) is violated 
Neal Phe Plastic Methods of Struct Joh 
Wiley & Sons, Inc New York, N. 1956 

‘P. G. Hodge, Jr Plastic Analysis of Structures raw-Hill 
Book Co., In« New York. N. ¥ 
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A Series Solution for Ellipsoidal Shells 
ROBERT SCHMIDT' 


\ SERIES SOLUTION of Meissner’s equations for ellipsoidal shell» 





of revolution subjected to axisymmetrical load is obtained for the 
case of uniform thickness. The edge moments and forces are pre 
sented for a particular shell with clamped edge 

In @artesian co-ordinates an ellipse can be represented by the 


equation 


The middle surface of the shell is formed by revolution of an are 
ol the ellipse (1 
middle 


perpend 


, about the y-axis. The radii of curvature of the 


surface in the meridional plane and in the norma 
ilar to meridian are 

+ Asm’ ¢ 

A sin val 


and fe a 


‘ hia, XA l 
tween the axis of revolution and the 


Me Ssrner ¢ 


and ¢ is the angle tx 
radius BR 


juations for 


respectively, where 


The homogeneous shells of untforn 


thickness? are 


(RQ 


dg 


P ) RQ = Bhi 


v)i 


m the direction 


Assistant Professor of Pheoret 
ersity of Hlinois, Urbana, II 

S. Timoshenko Theory of Plat are 
New York, N. Y., 1940, p. 45¢ 
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l3c? i 


a 
tt (1 — tc? + AL)* ie + 2c? + Al)*[4c? + (8 


dJ 
9AL*] lt + (c? + AL)X8 9c? — yc? 10At)/ = wl, (Ab) 
tf 


where wp = Eha*c®/D 
The solution of Equations (4) is assumed in the form of the 


series . 


(5a.b 


Bul 
Oe", 5.<< n=0,1 


Substitution of these series in Equations (4) yields the following 


recurrence formulas: 


ten + 1)(n + 2)Agsr + c7[2(2 — 3c?)n(2n + 3 


- 2)n? — 1 4 


vjc*JA, + A[A(3 
3)A 


2A2n(2n 


+ QBs e*{4(1 4X )n? 


1)(n 


+ 2(3 13 )n 8+ (9 + v)c?21B 


2Ac*(6(2A 1)n? — (1 — 3A)n + (1 — v)e?|B 


9A)n — c%(1 + v)|B, 


+ A4(4A — 3)n? + 27 


- 2A%(2n? 5n + 2)B, BA 


where n O2L63..- «a oR, = 6 

The recurrence relationships indicate that there are 
independent constants, Ap and Bo, in the series. The 
determined from the conditions at the 


O, are 


only two 


values of 
these two constants are 
edge. The conditions at the crown of the shell, Q = V 
automatically satisfied by the choice of the variables J and J. 
This implies that the shell under consideration may not have an 
opening at the crown (¢ = Q), i.e., it may have only one edge 
Example. The values of the moments and forces at the clamped 
edge of an ellipsoidal shell subjected to uniform external pressure 


p are calculated in this example. It is assumed that 


vy = 0.3; a = 20h; c = 0.8; 
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and 


g = 30°, i.e., 4 = sin? g = 0.25 at the edge 


The membrane theory yields the following formulas for the 
radial displacement 9,, and rotation V,,: 


" pk? sin ¢ (: 
In = Eh 


VY, = c. Jr cot¢g{iv— + (1 
m Eh ' » 


- 


ld R? (; ' 
. i tT 
r dg 2 
The boundary conditions require that the radial displacement 7 


and the rotation V vanish at the clamped edge, i.e., 


7=7, +™ = 0, (9a,h 


SII Rad 
= E cos g — > a (/ sin | 


J sin g/Ehc*R 


where 


» = (10 


vy, = (11) 
The values of the coefficients in series (5) are calculated using 
Equations (6) to (11) 

Other relationships necessary for the completion of this problem 
can be found in the cited reference.* 

The values of the moments and forces at the edge of the shell 
are: 

Meridional moment M, = —0.0101 pa? 
Ms = 0.00268 pa? 
No = —0.372 pa 

= +0.239 pa 
0.123 pa 


Circumferential moment 
Meridional tension 
Circumferential tension No 


Shearing force Q= 


Thirteen terms in series (5) are necessary to obtain the indicated 
accuracy. 

The method of analysis described herein is not suitable for 
ellipsoidal pressure-vessel heads, as the convergence of series (5 


becomes unsatisfactory for large values of ¢ 
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Axially Symmetric Buckling 
of Shallow Spherical Shells 
Under External Pressure 





S. R. BODNER.?, The author has demonstrated a novel ap- 
proach to the problem of the snap through buckling of spherical 
caps. The emphasis on the relation between the deformation 
state prior to buckling and the buckling characteristics is well 
taken. The change in buckling mode with the geometric parame- 
ter p suggested by the experimental results appears, by all 
accounts, to be directly related to changes in the prebuckling 
deformation state. The writer believes, however, that the change 
in mode is from an axially symmetrical pattern for low values of 
p (p< 
values of p. 


about 20) to one that is not axially symmetric at higher 
For the higher range of p the prebuckling normal de- 
flection and compressive membrane stresses are maximum away 
from the center of the spherical cap. Sinee the membrane 
stresses are of great importance in the buckling problem, it is 
likely to expect asy mmetric buckling modes to deve lop For large 
p the buckle pattern does not extend over the complete shell so 
that buckles would tend to form in the regions of largest com- 
pressive stresses : 

It is worth while noting that the experimental results have al- 
most invariably indicated nonaxially symmetric buckling when- 
ever p is greater than about 20. In addition to the author's 
references, the writer is familiar with some, as yet unpublished, 
AVCO 


well-controlled 


experimental work on spherical caps performed at the 
Manufacturing Corporation. These were fairly 
tests and the specimens always buckled in an asymmetrical man- 
As the author points out, further changes in the mode 
The 


extreme case of fh hemispherical shell 18 characterized by a com- 


ner. 
pattern can be expected to occur as p continues to increase 


plicated buckled shape that is, of course, not axially symmetric 

A similar effect has been shown to oecur in the nonlinear prob- 
lem of the large deflection of circular plates. For sufficiently 
large deformation, a plate subjected to uniform lateral or edge 
loading buckles from a symmetric bent or buckled state into an 
asymmetric pattern due to induced compressive stresses around 
the plate edge. In the spherical-cap problem, the additional 
compressive stresses away from the center also arise due to the 
restraint at the edge Although the investigation of asymmetric 
buckling states is a formidable problem, the writer believes that 
further understanding of the buckling of spherical caps lies in this 
direction. 


ABNER KAPLAN.’ The author is to be commended for having 


1958, issue of the 
AS\II vol. 80 


1 By E. L. Reiss 
JOURNAL OF APPLIED MECHANICS, vol. 25, TRANS 
1958, pp. 556-560 

Assistant Profess« 
R. I 

7 \l. Yanowitch 
Communications on Pur 
661-572 


4 Member of Technical Staff, Space Technology Laboratories, Inc 


published in the December, 


vw of Engineering, Brown University, Providence 


**Non-Linear Buckling of Circular Elastic Plates,’ 


e and Applied Mathemati vol. 9, 1956, pp 


Los Angeles, Calf 


Journal of Applied Mechanics 


Diseuniow 


presented a very intriguing explanation for the apparent scatter 
in the experimental results for the buckling of shallow spherical 
shells and for using this explanation to develop an approximate 
theory. It is a good example of the results which can develop 
from the interaction between theory and experiment. It is 
hoped that this will lead eventually to a complete understanding 
of the buckling behavior of shallow and not so shallow spherical 
shells. 

The author discusses at length the reasons for the differences 
between his theoretically determined transition points and those 
determined by the peaks in the experimental results. The writer 
believes, however, that a more likely reason for the discrepancy 
lies in the limitation of the theory. 

The theoretical transition points are determined from the re- 
versal of curvature at the center for an infinitesimal deflection 
However, at a given value of p, this curvature can change with 
increasing finite deflection. Therefore, it should not be unex- 
pected that the buckling-mode transitions will occur at a lower 
value of p than is predicted by the theory 


Author's Closure 


The author wishes to thank Professor Bodner and Dr. Kaplan 
for their pertinent comments 

In the paper, the peaks in the buckling loads are related to the 
change in the mode of deformation of the shell from one axially 
Professor Bodner conjectures that 


symmetric state to another 


the pe aks are a result of the « hange n the mode from a symmetric 


to an unsymmetric state. This may be true and could explain the 


first transition, or peaking point. However, if the conjecture is 


correct, it would then be difficult to explain the second transition 


unless it is assumed that a considerable change in the unsym 


metric deflection mode occurs. The results* of a numerical solu- 


tion of a nonlinear formulation for axially symmetric buckling 
indicate that the mechanism of buckling of a real shell may vary 


with p. Shells with p < 20 (the first mode) appear to buckle ac- 


cording to the “energy criterion.’’ For larger values of p the 


actual buckling may be more closely related to the “classical 


However,. the theoretical and experimental results 
} 


criterion.” 
are, at this time, too scarce to draw definite conclusions ir iis 
respect 
Yanowitch?® has discussed the possibility of a “‘second buckling 

that is, an unsymmetriec buckling about an initially symmetric 
buckled or bent shape This second buckling is related to the 
existence of a large compressive circumferential membrane stress 
To ob 
tain this state of stress the boundary conditions must be suf 
ficiently ‘‘mild.’’* 
then the circumferential membrane stress is everywhere tensile 
Calcula 
although 


concentrated in a ring adjacent to the edge of the plate 
For example, if the edge of the plate is built-in, 


and the possibility of a second buckling is less likely 


tions®’ made for built-in spherical shells show that 


*H. B. Keller and E. L. Reiss, “Spherical Cap Snapping,” to ap 
pear 

*H. B. Keller and EF. L for the No 
linear Bending of Circular Plates,”’ Communications on Pure and Ap 
plied Mathematics, vol. 11, 1958, pp. 273-292 

7E. L. Reiss, H. J. Greenberg, and H. B. Keller, ‘‘ Nonlinear Defle 
tions of Shallow Spherical Shells,"’ Journal of the Aeronautical Sciences 


vol. 24, 1957, pp. 533-543 
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DISCUSSION 


the circumferential membrane stress is everywhere compressive, 
However, experimental 
to 


Hence, as Pro- 


there is region of concentration. 


boundary conditions may deviate sufficiently from built-in 


permit the development of a compressive ring 
fessor Bodner suggests, the question of unsymmetrical buckling 
may be quite complicated and certainly merits further con- 
sideration 

Dr. Kaplan's comment concerning the variation of mode ol 
deformation with P as well as ¢ is substantiated by the results of 


ealeulations with the nonlinear formulation of the problem 


Analysis of the Thermoelectric 
Effects by Methods of 
Irreversible Thermodynamics’ 


lucia 
An 


ilternative Interpretation of the Onsager relations, based on some 


authors have 


Oo. K. MAWARDI.? The 
presentation of the derivation of the thermoelectric effects 


Ziven a very 


vell-known properties of linear operators, may be of general in- 
terest One of the main advantages of this derivation Is its com- 
pactiess 

The 


starting point of the discussion is Iquation (10) of the 


This equation, which reads 


is 


da 


in the notation of the paper be interpreted as the seales 


produet ol two vectors The first of them, J the 
nents J. and J the other, T, has the 


This leads us to write dS’ /dr formally 


hay 
has COTnpo 
and components 7 and 


ur 
AS 
= JT 
ly J 
(12 


transtormation 


the relations, Equations (11) and 


can be imagined to ex 


Similarly Onsager 


the paper press a linear 


J (HT 


nb Which O is the transformation operator 


The foregoing is explicitly expressed by 


J 


or in mates form 


is the transformation matrix 


The pair of relations (1) and (5) of this discussion will vield all 


the results of the paper at onee 


In order to show this, we start by rewriting (3) and (4) with 


ur)’ expanded, i.e 

‘By G.N 
ber, 1958, issue of 
ASME, vol 
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Considering (1) as playing the role of a conservation relation, and 


2) as describing the dependence of the input and output of som 


four-pole network of characteristic matrix £, we can draw, by 


spection from (6) and (7), the equivalent network, Fig. 1. From 


the operation of the “network” of Fig. 1, we deduce the following 


results 


1 Open-cireuit performance of the right-hand side of the net 


vork, ie. J 0 


' 


wit! 


This is I 


Che coetficient of proportionality K “a constant 


to T Its 


Is respec 


value is found from (6) and (7 ourter's 


law of heat conduction 
2 Since we 


the study, J, 


Tr 0 corresponds to the 


eflects il 
Howe 


interesting case of the isotherma 


always want to include heat-conductior 


0 (open circuit) has no meaning 


tion. This is equivalent to short-circuiting the left-! sicle 


our cireuit, which leads to 


Phe 


law 


constant A Ihis is, of 


The 


is Independent ot mu 
this situation 


short-circuit current for 


TM 


vhich is the heat required to maintain the conductor at 


temperature as a result of the Joule’s heat 


To deduce 


network of Fig 


the Thomson effect we must remember that the 


| refers to local properties In order to 


arrive 


it the relations for the large we have to compound in cascade net 


works similar to that of Fig. 1 The result of this combination 


is shown in Fig. 2 


lin A 


functions ol 


If we consider the conductor subadivice 
each of length Ag 
21 \ 


conserved J s U 


to be segments 
then the variables 7 


the 


mT)’ are 


successivel\ Sines eharge carriers are 
On the other hand, the phonons are not con- 
served so that J.’ # O This is consistent with our re presenta- 
tion since it is apparent from Fig. 2 that imposing the requirement 
Manipu 
of this discussion leads us to 


10 the 


of constant J implies a variable J with respect to 2 


lation of Equations (6) and (7 an 


expression dentical to Equation found by other ap 


proach of the authors 


Transactions of the ASME 
































(b) 


Fig. 3 


The Peltier effect and the Seebeck effect are also estimated 


readily by the approach outlined in this discussion. Here we 
wish to estimate the behavior of two four-pole networks con- 
nected in cascade 

One of these corresponds to material A, the other to material 
B. We have two possible methods of compounding the net- 
In the first arrangement, A and B have J, identical, Fig 
This is the compounding necessary to 


works 
3(a) of this discussion 


study the Peltier effect In the other alternative, J, is identical 
Fig. 3(b) 


The quantity 


represents the difference in the transfer function for the currents 


On the other hand, 


Cas 


transier functions for the po- 
back to 


that 


difference in the 
the four-pole networks By 
of the 


represents the 
tentials across relerring 


K.quations 6) and (7 discussion, one finds at one« 


ay 


€4n/T 


J. S. THOMSEN.’ The authors have presented a worth 
while analysis of thermoelectric phenomena from the viewpoint 
of irreversible thermodynamics and Onsager’s principle. It is 
well to emphasize, as they have done, that this principle may be 
regarded as an additional axiom of macros« opic thermodynamics 
without reference to the statistical concepts which led Onsager to 
first state this law 

There is 
cussion and clarification 
is used: it is stated that this is identical to electrical potenth il for 


It might be he Ipful to 


however, one point which might merit further dis 


The term “electrochemical potenti ail 


an isothermal, homogeneous conductor 
give a discussion of the physical significance of this quantity in 
cases where it is not identical to the electrical potenti il 

seem to be differences in the role of this 


Equation (10) ir 


Furthermore, there 


term in the expression for entropy production 
Department of Mechanical Engineerme 
Baltimore, Md 


Assistant Professor 
The Johns Hopkins University 
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DISCUSSION 
the paper l Jenbigh ' ives a corresponding result which involves 
only electrical potential; possibly his derivation contains implicit 
assumptions which are not entirely valid here. De Groot® and 


Sommerfeld’ obtain which both electrical and 
chemical potentials appear, but apparently not in the combina 
all three, of course, obtain the same 
Kelvin that the 


production expression should have some direct physical signifi 


expressions in 


tion given by the authors; 
relations. However, it would seem entrop) 
cance so that only one of the forms can be rigorously correct 
A further discussion of the physical meaning of electrochemica 
potential in the present application should help to clear up this 


point 


Authors’ Closure 


Professor Mawardi has given « very interesting discussion o1 


two alternate coupled flow equations 


His first 
which is helptul in regard to compactness of notation 


representations ol the 


shorthand vector representation 


method is to use a 
Howe vel 


clear how this method can be used in analyzing the 


His second method is to use an electric circuit analog 


Such 


it Is not 
problem 
to represent the thermoelectric effect a method can be 
useful in obtaining results without actually solving the algebrai 
expressions Concerning this latter approwm h, however, there 
are certain minor modifications that must be made in Professor 


Mawardi’s discussion in order for the analog to be consistent 
First, in the circuit of Fig. | it is 
differentiate 


tern 


with the actual phenomenon 
voltage-dividing network cat 
Mr’ 
with 


not clear how the 
pT) of the 

UT After a Mawardi, he in 
dicated that a feedback loop from the Input T’ should be includes 


t was agreed that the splitting of 


between the components and 


discussion Professor 


for that purpose In any case 
the input MT 

The second modification concerns the block diagram of Fig. 2 
J. £= O. ae 


is not necessary for the analy sis. 


Since, as pointed out in the text irrent source or sink 


must be incorporated in the network of Fig 2 This current 


source or sink would simulate the condition of a transverse hea 


transfer that takes place in the thermoelectric conductor 


Professor Thomsen, in his discussion of our paper, brought 


up the very interesting point of differentiating the electro 


chemical potential from the electrical potential 
solid electrical conductor, the electrochemical potenti il differen 


In the case of 


is identical to the difference in Fermi levels between two points 


This quantity can be easily measured micré 


Therefore splitting the electro 


the conductor 
scopically in a solid conductor 
chemical potential into electrical potenti il and chemical potentin 


is phenomenologically meaningless 


outil Fracture Instability in Shear’ 


B. M. WUNDT. 


tion to the problem of fracture d 


This paper constitutes an outstanding 
The 
ios salt 


LCrOsCOpi aepects o 


namics mechanical eng 


neer whose interest is centered on the n 


ture will be indebted to the author for his analysis of condition» 


under which a slowly growing cra change into a fast-mo 
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ing, unstable crack. The model is an infinitely large body with a 
longitudinal crack exposed to a uniform shear strain Tr. 

The author describes the behavior of cracks in terms of well- 
known variables, shearing strain y, shearing stress 7, yield stress 
K, modulus of shear G, initial crack length co. In addition, he 
introduces two important parameters, the fracture strain in shear 
Y, and material size parameter p. 

With the help of these parameters he succeeds in defining the 
extent of the plastic zone ahead of the crack as a function of ap- 
plied shear stress and introduces a mathematical condition for in- 
stability. 

The two parameters y, and p are not well understood as yet. 
The author assumes that they are essentially constant, but it is 
not out of the question that either one may be a function of other 
variables such as state of stress, physical properties, and micro- 
structure. It is hoped that properly executed experiments will 
succeed in clarifying the foregoing parameters and that the 
author will extend the theory to behavior of cracks under different 
states of stress which have hydrostatic tension. 

Although the instability criterion proposed by the author seems 
reasonable, the following question emerges. It is seen from Fig. 4 
that, when near the instability point, after a rather slow growth 
accompanied by stress increases, the crack begins to enlarge at an 
accelerated rate but at a practically constant stress level. If 
equations (17) apply at this stage of crack growth, the plastic-zone 
ratio remains constant because the stress hardly changes. There- 
fore the plastic zone R ahead of the crack increases steadily in 
proportion to the currently increasing crack length. Intuitively 
it seems that under such conditions the crack tends to be ar- 
rested rather than to become unstable and fast propagating. It is 
more likely that when instability occurs the plastic-zone ratio 
may decrease with increasing crack length rather than remain 
constant. The author’s comments will be appreciated. 

It appears possible to obtain an insight and a rather rough 
estimate of material size parameter p. For this we turn to 
Neuber’s plastically deformed region ‘“building-block’’ concept 
(5) of the paper. We assume a thick and wide plate with a cen- 
trally located crack 2c, which is subject to a uniformly distributed 
tension stress S,, at sections away from the crack. The tension 
stress distribution ahead of the crack under elastic conditions is 
given by 


S = K/V/2 


where K is the stress intensity factor and r is the radial distance 
from the tip of the crack to the point in question on a line coincid- 
ing with the crack extension ({4],* Equations (8), (9); [2], Equa- 
tion (10); [1], Equations (6), (7)) 

The average stress across the width of the building block is 


2p 
0 


({1], Equation (9)), and 


S 


ave 


Save? = 


K = Suv, V p/2 


It is further assumed that the “elementary structural unit’’ p, 
stress S 


AVE 


ahead of the notch, cracks open when the average 


reaches some characteristic fracture stress; for instance, the 


“elusive technical cohesive strength’ S Therefore, 


K=S.Vp/2 and p = 2K?2/S 


If the writer is permitted to make another, rather far-fetched 
assumption, Le., that the strain-energy-release concept is applica- 


ble to the process of fracturing across p, then 


‘ Numbers in brackets designate References at end of this discus- 
sion, 
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1p 
rm GE ' 
K? = ({1], Equation (6)) 
wil — pv?) 
where 
G = strain-energy release rate 
E = modulus of elasticity 
vy = Poisson’s constant 
Therefore, 
K? CE C.E 
pez -=22 J =a Z = 
SZ ml — v?)S? ml — v?)S? 


We have replaced G with G., the critical fracture extension force, 
fracture toughness.‘ Obviously, the numerical coefficients in the 
foregoing expression are only roughly approximate and only an 
order of magnitude for p may be obtained in this manner. 

However, as a result of this heuristic approach it follows that 
the elementary structural unit p is proportional to fracture tough- 
ness G,. This means that for a given crack length c, the ratio 
c/p decreases with increasing fracture toughness C and the crack 
initiation as well as crack instability occurs at a higher stress than 
in case of a smaller p. 

This deduction seems reasonable and follows from Fig. 4 of the 
paper. 

Continuing this intuitive approach the following relationship is 
obtained. It can be shown that in case of tension applied to a 
wide place with a crack 2c long, the length of plastic zone along 
the crack may be represented as 


R = mG.E/S,? (See [6]) 


S, is yield strength in tension and m is a number, which contains 
Poisson’s ratio and whose magnitude depends on the state of 
stress at the tip of the crack. m appears to be about 10 times as 
large for plain stress as for plain strain and its exact value is not 
yet known. If the uniformly distributed stress at the far end of 
the plate is designated S,, then the relation for crack propagation 


Is 


({4], Equation (5a)) 


and 
CE = rl — y%)cS,* 


Therefore, the plastic zone 
C.E S. \* 
R = mM =n ( 
S,? S 
u 


and 


However, n is a number not too well defined This equation for 


the plastiec-zone ratio in tension along the extending crack 
17a) in the paper, derived for shearing strain 


is very 
similar to Equation 
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Author's Closure 


The author wishes to thank Mr. Wundt for his intense interest 
in the paper and his pertinent questions. 

In regard to the physical significance of the fracture strain y, 
and the structural size parameter p, torsion experiments have been 
made on circumferentially notched bars by Mackenzie [7] and 
longitudinally notched bars by Kayan [8]. Both direct observa- 
tion and deduction from the effect of notch radius on fracture 
initiation have shown that the fracture strain y, is just that in an 
unnotched specimen, and the structural size parameter p is 
Hult 


Theoretical and experi- 


of the order of a few grain diameters. {9} has obtained 
similar values for p in fatigue tests. 
mental work on crack propagation in these cases should be carried 
out, as well as studies of the effect of hydrostatic pressure, as 
Mr. Wundt. 


plastic solutions for plane stress or plane strain is likely to be 


suggested by The problem of obtaining elastic- 
very difficult, for not only is there one more component of stress 
and strain, but also the deformation is such as to change the shape 
of the body even before cracking begins. 

The intuitive feeling that an expanding plastic zone, even at a 
constant stress level, should arrest rather than promote the crack 
probably comes from an impression that more energy is absorbed 
the larger the plastic zone. But the incremental nature of the 
plastic stress-strain relations means that the strain, and hence the 
energy absorbed in the plastic zone, depend not only on the size of 
Thus 


the strain in a plastic zone spreading at nearly constant stress 


the zone but also on the history of the plastic deformation. 


due to the growth of a crack may be considerably different from 
that in a zone produced by increasing the stress on a crack of fixed 
length. Furthermore, the longer the crack the more deformation 
can be supplied from its elastic surroundings 

Instability actually arises from the fact that if the stress on the 
body is applied at distances large compared to the crack depth, 
then the growth of the crack will produce a negligible decrease 


Thus as 


soon as the stress required to propagate the crack begins to de- 


in the applied stress, even in the fixed-grip condition 


crease, there is a stress difference available to produce accelera- 
tion, and the crack becomes unstable immediately, without the 
necessity of the stress falling so far that the plastic zone becomes 
of constant size 

It seems to the writer that rather than using the ‘‘strain energy 
release rate’? G to explain p, one should use the structural size 
constant to explain G, if indeed that concept is still desirable 
If in the shear case one defines values of G for initiation under 
increasing stress and for instability on cutting under constant 
stress so that 


CG 


, (1) 
c 


then for low stress levels the combination of Equation (17a) with 


CG 
7; = and Tt = 
, 
first Equation (6) and then (21) (neglecting unity where it appears 
explicitly) yields similar equations: 


k? exp ( V 27, Y,) 


tT, = Vy = and T, = \ , (2) 
y© ( 


Comparison of Equations (1) and (2) yields the following ex- 


pressions for S: 
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and G, = pky, exp (V2y, v,) 3) 


At higher stress levels Equations (3) would be more complicated 


Gi = pky, 


It is not possible to give an explicit expression for the value of G 
for the instability of a crack under increasing stress, but the 
numerical results obtained so far indicate that it would be greater 
than G. by a small factor. It should be pointed out that in this 
formulation of fracture mechanics, the quantities p and y, are 
properties whereas the critical value of the strain energy release 
rate G is not; it depends on the history of loading. 

The use of a critical radius of the plastic zone to describe the 
condition for instability is also subject to the disadvantage that 
it depends on history, but the radius of the plastic zone is more 
concrete and more useful in determining, for example, whether 
plane stress or plane strain conditions exist, as pointed out by 
Irwin (reference [1] of the discussion 

It is interesting to note that the Griffith fracture criterion for 
brittle materials can be stated in terms of the fracture hy pothe SIs 
used in this paper, if one equates the structural size to the lattice 
spacing a, and the fracture strain to the theoretical elastic strain 
of, say, 1/, Elasticity theory shows that, inserting a factor of 
two to account for nonlinearity, the strain one structural size 


ahead of a sharp crack is given by 


20 ¢ 
—— Vx 


Again allowing for nonlinearity, the surface energy can be ap 


proximately related to the fracture strain and the modulus of 


elasticity by 


€,Fa/4 


a= 
Combination of the above equations yields 


oO. = Vv ak / 2X 


which is similar to the original Griffith equation and identical to 


an equation derived by Orowan [10] based on a crack whose 


minimum radius was of atomic dimension. Thus one form of 


fracture hypothesis can be used for both brittle and ductile frac- 


ture 
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Laminar Flow in a 
Uniformly Porous Channel’ 


C. W. GORTON.? The authors are to be commended for solving 
an important problem Ina complete yet concise manner 

There is one question the writer would like to ask concerning 
the form of the stream function introduced by Berman. | qua- 
tion (27) and Fig. 3 of the paper show that the inlet-velocity pro 
file has a different shape depending on the wall Reynolds number 


Shouldn’t solutions exist for prescribed inlet-velocity profiles? 
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In other words, doesn’t this paper present a family of solutions 
compatible with the assumption that Yr, A) = g(r)f(A)? 


J. A. NOHEL.’ 
on & most interesting and stimulating problem. 


The writer would like to compliment the authors 
Not being an en- 
gineer, he will restrict himself solely to mathematical questions 


1 The writer carried out the suggested reduction of the system 


(2) and he finds the following: 


a) The relation (8) indeed holds, but subject to the condition 
that f(A), f(A), f(A) are finiteon 0 SA S 1 

(b) Utilizing (8), (5), and (6) and (7) in the first part of (2), the 
reviewer obtains not (9) but the relation given later, namely 


(16): 


+ Rise? — pf’) = 0 


However, adding and subtracting f’f” inside the bracket in the 
foregoing relation, one can immediately obtain relation (9) as a 
first integral of the cited equation. It also should be remarked 
that, to obtain either (9%) or the foregoing equation, one must 
assume that 
O*p 
OroA 


O*p 
oAOr 


which probably follows on physical grounds 


2 Special cases: 


a)Casel. R= 0 


f(Ay= >A A 


0 if and only if ky = —3 
First of all, it is not at all clear what the case R = 


is a solution of (9) with Rk = 
(b) Case IT. 
» means. The statement “Equation (13) is exactly the same 
It is 


suggested that this be worked out by letting 1/R = ¢, regarding € 


regardless of whether ? = + © or »"’ is also not clear. 


small, and considering the cases € > 0 and € < 0. Also, in case 
Ila f(A) = sin (#/2)A solves (13) if and only if kK, = */4 
Also in case /7, f(A) = XA solves (13) if and only if ky. = 1. 
(c) However, the ‘solutions’ 


given in all special cases are 


~olutions of the more general equation on (16 
3 Solution for arbitrary Rk 


(a) Obvious misprint in (19). The first boundary condition 
should be @(0) = 0 

(b) The solution here should not be called “general solutions,’ 
since (18) being nonlinear may have many other forms of solu- 
tions 

(c) To make the arguments of the paper rigorous, what is 
needed is an existence, and especially a uniqueness theorem for 
the original problem (2), (3), (4); this is probably quite difficult 
The “proof” of convergence does not seem convincing; the state- 
“this single term, in al/ 


ment above relation (25), referring to 


is vague 


CASES, 


! A mathematical problem. It would seem relevant to con 
sider the following problem: Divide (16) by R and let 1/R = € 
Solve the physical problem for € = 0 and study in detail the be- 
Note that the 


the equation changes from three to four when one passes from 


havior of solutions for « # 0 but small order of 


the cases € = 0 to the case € # 0. This type of problem is called 


a “singular perturbation problem,’’ and has been studied ex- 


tensively by Levinson and some of his students.‘ 


lec h- 
Uni- 


Mathematics, Georgia Institute of 
on leave at Mathematics Research Center, U.S. Army 
versity of Wisconsin, Madison, Wis 

‘N. Levinson, “A Boundary-Value Problem for a Singularly Per- 
turbed Difterential Equation,’’ Duke Mathematical Journal, vol. 25 
no. 2, June, 1958, pp. 331-342: 
cluded in this work 
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Authors’ Closure 


The authors wish to thank Professors Gorton and Nohel for 
their constructive discussion regarding the paper. 

Professor Gorton brings up a key point when he inquires into 
the effect of varying the shape of the inlet axial velocity profile 
It is entirely possible that the solutions given in the paper might 
be unstable in the sense that a given arbitrary inlet profile might 
not actually develop into the similar profiles given in the paper 
Clearly, the 
solutions given in the paper are “fully developed” flows in the 


The authors have not investigated this problem. 


sense that the shape of the velocity profiles is completely speci- 
At the 


is completely «ar- 


fied by the choice of stream function used in the paper. 
the position of the inlet, x = 0, 
hitrary for these similar solutions. 


same time, 


Professor Nohel’s comments are all quite correct and clearly 
need no further discussion on the authors’ part. He is quite 
justified in being dissatisfied with the proof of convergence, sine« 
the acceptance of the proof requires acceptance cf a fact which 
the reader could not possibly establish without considerable 
further study. The authors felt that space requirements pro- 


Mr. White's 


joctoral dissertation contains more detailed information, along 


hibited further detailed discussion of convergence 


with a discussion which definitely helps to dispel doubt con- 
cerning general behavior of the series solution 


Buckling of Struts of Variable 
Bending Rigidity’ 


1. A. EL-DEMIRDASH.? Fig. 1 of this 
three struts of variable cross section as included in DIN 


show ~ 
120 


discussion 


The corresponding coefficients: 
BM, = 0.34 + 0.660,/Io)'?, a, = 0.20 + 0.80((1/lo)?| 
and 
uw. = 0.61 + 0.391,/1o) 
» 


are plotted in Fig For the sake of comparison, the coefheients 


mw = '/ (1+ Yaa)? po = 4[(11 — Yaa)/log al? 
and 


ws = 


the author for m = 1, 2, and 4 


as found by respectively 4 
plotted on the same figure 


A study of all six curves shows the following characteristics 


| For a > 0.5, the values wi, we, and wy are practically the 

This means that the buckling load will be almost the same 
, a or 4 

, 


2 As a@ approaches 0, the values of we and wy fall down quickly 


same 


whether m = 1, 


toward 0. In other words, if the end sections are very small with 

respect to the central section, the buckling load becomes nearly 0 

This result is not practicably acceptable 

3 For a plate-girder section with straight tapered flanges ol 

constant ares, the power m => 2 However, the values of uw 

nearly coincide with uw, and not with gw, 
t On the whole, the values gw), we, and wy as found by the 


iuthor are less than the values uw, and obviously nu, of DIN 120 


‘By M.M 
JOURNAL oO} 
pp. 537-540. 

? Professor, Faculty of Engineering, Cairo University, Giza, Egypt 
U.A.R 


\bbassi, published in the December, 1958, issue of the 
Apptiep Mecuanics, vol. 25, Trans. ASME, vol. 80 
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Fig. 2 


Consequently, the corresponding critical loads will be smaller 
than the values calculated according to the specifications 


It follows that the approximation given by the author is more 
conservative or less economical than that contained in DIN 120. 
Which of the two assumptions is a better practical approximation 
is the concern of exact calculations or experimental investigation 

For a uniform strut of constant moment of inertia subject to the 
the author 


action of a linear or a ¢/x? variation of the axial load, 


xIves 
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| a 
= 
a log a 


respectively. These two factors are plotted against a? in Fig. 3 


The following characteristics are here observed: 

1 As a? decreases from | to 0, the factor yw, increases steadily 
from | to 2.25 
axial load, while the latter corresponds to a triangular loading 


The first condition refers to the case of a constant 
2 For a? > 0.7, the factors uw, and yw, are almost 
However, wu, is always slightly less than pw, On the 
0.7, the factor yw, increases rapidly 


> 0.5 or a 
identical 
other hand, for a? < 0.5 or @ « 
and then very rapidly toward « This extreme case has no 
practical significance 

3 For the special case of a triangular variation, Pas. = 2.25 
P In other words, the strut can carry an average load which is 

s bigger than the critical constant load. Or, the strut car 
carry the maximum load by a reduced length ly = */s/ 

Referring to the case of a vertical bar hinged at the ends and 
submitted to the action of its own weight g per unit length in ad 
dition to the end load P, the critical value of the end load is given 


by the equation 


mEI ” 
Pos P 
/2 r? 
The factor m depends on the ration = gi + P The correspond 


ing values of m and n are found in Timoshenko's “Theory of 
Elastic Stability.’ 


Using the same notations as before 


ind 

m 

A ’s 

T 
The corresponding curve is shown in Fig. 3. For a? > 0.36 o1 
a > 0.6, this curve almost coincides with the curve of w,. How 
ever, for smaller values of a? the w-values are smaller than the 
corresponding 4,-values Atm =Oora’? =O, 4=n=>I!1 


This is less than the value 2.25 given by the author 


According to Timoshenko, the strut can either carry an average 
load about less than the critical constant load for its tota 


length, or the full maximum load by a reduced length | 


which is more than ?/o as found by the author Here again the 
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question which of the two assumptions constitutes a better prac- 
tical approximation is answered by an exact mathematical solu- 
tion or by a laboratory test. 

Last but not least, it must be mentioned that, in all the fore- 
going, the critical load has been derived as function of the Euler 
load. This latter depends on the elastic modulus F of the ma- 
terial. 
to the case of elastic buckling, where the critical stress lies within 


It is, therefore, obvious that all these investigations refer 


the elastic limit of the material. It remains the object of future 
investigation to study buckling beyond this limit for struts of 
variable bending rigidity, or for uniform struts under the action of 


a varying nxial load. 


Author's Closure 


The author wishes to thank Dr. El-Demirdash for his criticism 


and for his valuable suggestions. 


The Wedge Under a Concentrated 
Couple: A Paradox in the Two- 
Dimensional Theory of Elasticity’ 


W.H. HOPPMANN, Ii.” 
this problem is to be commended, but it appears to the writer 


The initiative of the authors in attacking 


that their attempt to explain a ‘‘paradox’’ by transform theory in 
analyzing singularities of systems of linear differential equations 
is somewhat beside the point. 

For a continuous range of the apex angle @ a regular solution 
of the linear differential equations of elasticity exists. However, 
as @ approaches a certain value, called by the authors as, the 
stresses and corresponding relative displacements become un- 
bounded throughout the region of the wedge. Consequently, the 
problem ipso facto becomes one in the general theory of elasticity 
(finite deformation). The phenomenon may appear odd to one 
accustomed to dealing only with linear problems; however, the 
logic of the situation is clear-cut. 

One must face up to the fact and not seek the answer in trans- 
form solution of linear differential equations which obviously do 
not hold in the neighborhood of Os The problem Is apparently 
not one of singularities in linear theory. In any event the writer 
is of the opinion that analysis in terms of the complete nonlinear 
theory of elasticity will throw the necessary light on the problem 


G. HORVAY.’ 
of the way stress singularities may creep into innocent-looking 
stated 


The authors have presented a fascinating study 


solutions and play havoe with carelessly uniqueness 


theorems and Saint Venant principles. In particular they call for 
increased vigilance in the use of the mathematical fiction, ‘“‘con- 
centrated load.’ To the writer the paper had added significance. 
It clarified, at long last, the method of selecting the integration 
path in inverse Mellin transforms. The comments which are pre- 
sented in this discussion make their entry into the problem at the 
far end of the sector, rather than at the vertex; they aim to give 
an alternate explanation for the appearance of the two critical 
sector angles 2w, = m and 2w) = 1.439 (e = even, 0 = odd) 

! By Eli Sternberg and W. T. Koiter, published in the December, 
1958, issue of the JournNAL or AppLiep Mecuanics, vol. 25, Trans. 
ASME, vol. 80, 1958, pp. 575-581. 

? Professor of Mechanics, Department of Mechanics, Rensselaer 
Polytechnic Institute, Troy, N. Y. 
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Consider the circular sector of radius 1 and central angle 2w, 
subject to some boundary-layer distribution (which has no over- 
all force or moment resultant, so that the problem is one of statics). 
The stress function may be written as‘ [see equation (3) of an 
earlier paper by the writer and K. L. Hanson‘]: 


@=%,+%,+ (1 


where, for 0 < w < w/2 
9 i Pot 4 ‘ 
®, = aor? + r*™/*°[(a, + br?) cos 7O/2w 
+ (e + dyr*) sin 70/2w) + r*/” [(a2 + ber?) cos 76/w 


) 


dor®) sin TO/w)] (2a 


+ (Ce 


while for r/2 < w < @ the a, ¢ terms have to be replaced by 


r~*/*! Bor? cos 70/w + Der? sin 70/w] (2b) 


The nine coefficients in (2) are determined from the nine con 
ditions which impose individual self-equilibration on the three 
®, and ®, then represent the effects 
of self-equilibrating loads acting on 6 = twandonr = 1 


boundaries, 9 = +w,r = 1. 


, respec- 
tively (leaving the other boundaries stressless), and thus are solu- 
The 
problem of ; leads to two infinite sets of characteristic boundary 


: . I I I II 4 
traction pairs, say to7,,¢7, andtoT, ,¢ k = 2, 3, 4, 


tions of appropriate biharmonic eigenvalue problems. 


The corresponding stress functions ®, have the radial variation 
H, ? = ar® rtm + by 1%: 3a 
or 


ars*t +4 fyySetl (334 


H,(r) = 


depending on whether the eigenvalue parameter 


1) sin 2w, k = 2,4 


(¢ — 1) sin 2w, k =3,5,7,... 


is complex or real. Equation (5) was studied previously by M 


L. Williams,’ C 
a host of Russian investigators (Papkovitz, Kitover, Prokopov 


Ricci,’ and according to Goodier-Hodge® by 


and so on). The equation was studied, in a variational approxi- 


3 of that 


mation, also in the writer's earlier paper,*!® and in Fig 

4G. Horvay and K. L. Hanson, “‘The Sector Problem,” JourNAL o+ 
AppLiep Mecnanics, vol. 24, Trans. ASME, vol. 79, 1957, p. 574 
and p. 316, 1958. For the sake of easier cross reference we retain the 
symbols w, ¢, £, », of this paper; they appear asa,{+1,& + 1,7 i 
the authors’ paper. A detailed analysis of a sector, on the basis of the 
outlined in the foregoing, is given in the paper, “Thermal! 
Stresses in a Sector Prism,”’ by K. L. Hanson and G. Horvay, Pro- 
ceedings of the Third National Congress of Applied Mechanics, 1958 


steps 


p 347. 
Ibid., equation (27 
® For the complete sector, 0 r< 1, use the two roots f% with equal! 


positive real parts when ¢% is complex, and use of the two larger roots 
Cer, Cert When (is real. Equation (5) hastwo further roots: 2 ci 
When the sector is incomplete, 0 < ri < r < 1, the corresponding 
powers must also be included in Hy(r). 

7M. L. Williams, “‘Stress Singularities Resulting From 
Boundary Conditions in Angular Corners of Plates in Extension, 
JOURNAL OF APPLIED MercHANICc3, vol. 19, Trans. ASME, vol. 74 
1952, p. 526. 

'C. Ricci, ““Tavola di Radici di Bass Modulo di un Equazio In- 
teressante la Scienza della Construzione,’’ Publication 296, Istituto 
per le Applicazioni del Calcolo, Roma, 1951. 

* J. N. Geodier and P. G. Hodge, ‘Elasticity and Plasticity,’’ John 
Wiley and Sons, New York, N. Y., 1958. 

T. K. Silverman, “Approximate Stress Functions for Triangular 
Wedges,"’ JouRNAL OF APPLIED MECHANICS, vol. 22, TRANS. ASMI 
vol. 77, 1955, p. 123, has studied a closely related problem. 
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paper there were plotted, versus w, the real and imaginary parts 
of the roots {2, fs, ¢. Clearly, & — 2 gives the rate of decay 
of the stress associated with ¢,. The plots show that when w 
exceeds w,, the decay constant & — 2 becomes negative, and 
when w exceeds w, also £; — 2 becomes negative.'' Hence the 
self-equilibrated boundary tractions, distributed along r = 1, but 
clearing the radii @ = +w, funnel their effects, for w > Werit, into 
the vertex of the sector, and create there infinite stresses. Since, 
by Fig. 3,‘ there exist, for 20 < 27, at most two linearly inde- 
pendent characteristic boundary tractions with negative decay 
constants, there exist at most two linearly independent singular 
self-equilibrating stress distributions that may he created at the 
vertex whose behavior contradicts the conventional formulation 
of Saint Venant’s principle; namely, the even distribution which 
belongs to ¢ and enters the problem when w > w,, and the odd 
distribution which belongs to ¢; and enters the problem when w > 
wo. Their expression is given, in a variational approximation, 
in equation (24).* If overlapping sectors, 2w > 27, are also per- 
mitted then, as seen from Fig. 3,4 further singularly behaving 
self-equilibrating tractions— associated with ¢,, [,, and so on—are 


also possible. 


P. M. NAGHDI."* 
concludes that the classical solution of Carothers is valid only in 


This illuminating paper on the title problem 


the range’? 0 < 2a fm. 

Breakdowns similar to that in Carothers’ solution occur also in 
other two-dimensional problems of the linear theory of elasticity; 
e.g., in the case of a wedge under uniform normal surface traction 
on one face only,'* where again a formal breakdown occurs at 
a@ = @ ~OU715r. The writer would appreciate the authors’ 
comments on the question of the range of the validity of this latter 


solution.'* 


W.R. OSGOOD.'® Would the authors elaborate on their foot- 
note 13? 
validity only for angles of the wedge in the range 0 < 2@ < m, the 
m/2. Whereas 
the components of stress ¢, and 7,¢ obviously become infinite at 


Since the classical solution apparently has physical 
“real’’ critical angle would appear to be a* = 


@ = Qs, there is nothing in equations (1) and (2) which indicates 
that a = 7/2 is a limiting angle. 

Something else bothers the writer about the authors’ critical 
angle. By choosing an angle less than as but sufficiently near to 


it, for any value of r > a, o, may be made as large as one pleases, 


however small Q is Does not this in itself deprive the solution of 
physical meaning? It is not a question of the infinite stresses 


associated with a concentrated load 


Authors’ Closure 


The authors agree that their analysis of the wedge under a 
concentrated couple is beside the point raised by Professor Hopp- 
mann. If the discusser were to be consistent he would have to 
dismiss a/l solutions which possess infinities in the stress dist ribu- 
tion and thus violate the approximative assumptions underlying 
the linear theory of elasticity. In particular, he would be forced 
to banish all problems involving concentrated loads from con- 
sideration within the linear theory. Professor Hoppmann’s mis- 
givings in this particular instance are prompted by the paradoxical 
behavior of the classical “solution’’ to the problem at hand, the 


11 In the text of footnote 4, w, was correctly stated as 90 deg, but wo 
was roughly referred to as 135 deg. 

'? Professor of Engineering Science, 
Berkeley, Calif. Mem. ASME. 

13 See ‘“‘Note Added in Proof,’’ as well as footnote 13 of paper. 

148, Timoshenko and J. N. Goodier, ‘‘Theory of Elasticity,’’ second 
edition, McGraw-Hill Book Company, Inc., New York, N. Y., 1951, 
pp. 123-125. 

16 Professor of Mechanics, Department of Mechanics 
Polytechnic Institute, Troy, N. Y. Mem. ASME 


University of California 
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stresses of which become infinite throughout the entire wedge 
region (rather than merely at the point of application of the 
couple) when the opening angle approaches the value 2a 
1.437. 

The notion of a concentrated force or couple represents a 
meaningful and useful idealization of physically realistic loading 
conditions provided the formulation of the corresponding singular 
problem is based on a suitable limit process. Such a limit process 
was adopted by the authors as the defining criterion of validity 
for the solution to Carothers’ problem, the conventional formula- 
tion of which was demonstrated to be incomplete. As shown in 
the paper, the classical results are obtained in the limit as the 
replacement loading is contracted to the apex, for an arbitrary 
choice of this distributed loading, if and only if the opening angle 
is confined to the range 0 < 2a < wr. Consequently, Carothers’ 
solution is valid for opening angles up to and including w but in- 
valid for all opening angles exceeding 7; 
validity the correct stress distribution is finite except at the 


within its range of 
apex. (The fact that a transforin technique was used as a con 
venient tool for carrying out the preceding limit process has, of 
course, no bearing on the conclusio is reached ) 

In view of this state of affairs, Professor Hoppmann’s objex 
tion, which rests on the pathological behavior of a demonstrably 
incorrect solution to a deficiently formulated problem, is hardly 
tenable. In fact, the proposed escape into nonlinear elasticity 
theory appears to us to beg the central issue of the paper, which 
is inherently one that has to be settled within the framework of 
the linear theory 

Dr. Horvay’s observation that the characteristic equation 
35)"* is also encountered in the plane problem of a circular sec 
tor, loaded along the curved portion of its boundary, is interest- 
ing and reflects a close connection between this particular sector 
The list of 


publications in which Equation (35) arises can no doubt be further 


problem and the wedge problem under discussion 


augmented 
Professor Osgood’s final comment, tothe effect that the behavior 


of Carothers’ solution (2) at and near @ = as provides sufficient 
grounds for questioning the meaning of the entire solution, is well 
taken 


tion of the range of opening angles (if any 


It is precisely this behavior which prompted our investiga 
for which formulas 2 
are in fact valid. That question is related to the concept of con- 
centrated load inasmuch as the incompleteness of the conven 
tional formulation of concentrated-load problems is responsibl 
for the pseudo character of Carothers’ results when 2a@ > 7 


As emphasized by Professor Osgood—and insufficiently empha 


sized in the paper'’—the actual critical opening angle is w rather 


than 2a,. There is, of course, no a priori reason why “solution 
2) should display a formal breakdown at 2a@ TT, 


In fact 


analogous to 
its singular behavior at @ = Qs since the conventional 
’ 


derivation of Carothers 
antisymmetric, the breakdown which stems from the symmetric 


results presupposes that the solution is 


component of the replacement loading is bound to remain hidden 


in (2). Incidentally, there are intuitive indications” that Caroth 
ers’ results cease to be valid for 2a mw: the shear stress 7,¢ in 
2), which is positive for 0 < 2a < m, undergoes a twofold re 
versal in sign on any are r = const, -~@ < 6 < a, when 2a >7 

The authors welcome Professor Osgood’s request for an 


elaboration on the effect of the symmetric component of the r 
placement loading which, they feel now, should have been dis 
cussed more explicitly in the paper The basic equations needed 
in this connection were derived previously by Tranter (reference 
[15] of the paper). In the case of the symmetric component of 

Numbers in parentheses refer to the equations in our paper 

7 Cf, the clarifying Note Added in Proof 

'8 The authors are indebted to Professor R. D 
observation 


Mindlin for thi 
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the normal replacement tractions the boundary conditions (10) 
ire to be replaced with 


oo(r, a) = og(r, —a@) = gir) O<r< ), 
qir) = 0 (a<r< @); (a) 
Te(r, a) = Ta(r, —~a) = 0 (O<r< &), 


let the Mellin transform of 7*q(r) be denoted by ¢(s), whence 


a 
j(s) = f, q(r)rt dr. (b 


Since the entire loading is to be statically equivalent to a couple, 
its symmetric component must be self-equilibrated, i.e., @(—1) = 
0. The stresses corresponding to the loading (a) are again given 
by (30), where the transformed stresses now take the form 

s G(s) ns 

¢, = I(s + 2) sin (s + 2)a@ cos 86 


H(s, a, 


~ (s + 4) sin s@ cos (s + 2)6), 


2 G(s) ; 
[s sin sa@ cos (s + 2)6 

H(s, a) c 
— (s + 2) sin (s + 2)a@ cos 89 |, 


gis) ' 
= (s + 2)[sin (s + 2)q@ sin sO 


H(s, a) 


— sin s@ sin (s + 2)6], 
ind the funetion H(s, @) is defined by 


Hix, a) = (s + 1) sin 2a@ + sin 2(8 + la. (d 
Here, as in the antisymmetric case, the transformed stresses are 
regular at s = —1 and the line of integration Re(s) = c¢ in (30) 
must again be chosen in the strip of regularity of the s-plane con- 
taining the point s = —1. Likewise, the behavior of the solution 
is a — 0 while r and @ are held fixed is governed by the leading 
terms in the residue expansions for the stresses (30) when the con- 
tour is closed in the half-plane Re(s) > —1. These dominating 
terms, in turn, stem from the zeros of H(s, a) that have the small- 
est real part and lie in Re(s) > —1. One easily verifies that 
H(s, a) has no zeros in the strip —1 < Re(s) < 0 if 2a < a. 
(on the other hand, for 2a > m there exists a real negative zero yu; 
if 2a = m, the critical zero is uy = 0. Consequently, the leading 
terms in the residue expansions for the stresses due to the sym- 
metric load component, which are analogous to the dominating 
terms (44), (47), (50) in the stresses due to the antisymmetric load 
component, are of the order p~?~“, where uw > 0, wu = 0, uw < 0 
weording as 2a < 7, 2a = 7,2a >. Hence the leading terms 
irising from the symmetric load component are dominant over 
those appropriate to the antisymmetric load component in the 
range of wedge angles 7 < 2a < It follows that Carothers’ 
results (2) are invalid also in this range unless the replacement 


2a. 


loading is artificially restricted to be purely antisymmetric. 

Professor Naghdi’s pertinent question concerning the range 
of validity of another well-known solution to a wedge problem, 
i.e., Levy's solution for a wedge under a uniform normal loading 
applied to one face and extending to infinity, is indeed intimately 
related to the present analysis. Here again the conventional 
formulation of the problem fails to characterize its solution 
uniquely and the classical results break down for the same critical 
wedge angle 2a» 

\ physically natural definition of the solution to Levy's prob- 
lem is obtained by considering, first, the modified problem in 
which the uniform normal loading on one face extends only over 
the finite interval 0 <r < a, and by subsequently proceeding to 
» while (r, 8) remain fixed. The modified load- 
ing may again be decomposed into its antisymmetric and sym- 


the limit as a — 
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metric components. The corresponding solutions in integral form 
are once more given by (30) in conjunction with (26) to (28) and 
(c), (d), respectively. In the present instance s = —1 is a pole of 
the integrands in (30) since neither #(—1) nor @(—1) vanish here 
The line of integration must now be taken immediately to the left 
of s = —1 and the stresses for r < a may be evaluated by com- 
pleting the contour in the half-plane Re(s) —1. 

It is readily seen that the zeros of both G(s, a) and H(s, a) are 


distributed symmetrically with respect to the line Re(s) = —1 
Moreover, f(s) and g(s) now have a simple pole at s = —2 


Hence the leading terms in the residue expansions for the stresses 
due to the antisymmetric load component, asa— ©, are at present 
of order unity for 2a < 2a@* and of order p’: for 2a > 2as%, where 
8; < O for 2a@ > 2a and is once more given by Fig. 2 of the paper 
at the critical opening angle 2a* the pole s = —2 is a double 
pole and the stresses are of order log p. The leading terms in 
the analogous residue expansions due to the symmetric load com- 
ponent, asa — ©, are found to be of order unity when 2a < 4 
and of order p* when 2a@ > 7, where u < 0 is the zero of H(s, a) in 
the strip —1 < Re(s) < 0; it should be noted that for 2a = m th 
pole s = —2 remains simple in the symmetric loading case. 
Combining the foregoing conclusions regarding the antisym- 
metric and the symmetric load component, one sees that finite 
stresses result in the limit asa — © only for wedge angles in the 
range 0 < 2a < 7; the limit solution in this range coincides with 
Levy's solution. If 2a of the solution to 
the modified problem fails to exist and henée the classical solution 
is invalid for 2a > w. Although Levy’s solution exhibits no for- 
mal breakdown at 2a@ = 7, its invalidity for opening angles exceed- 
ing m may be anticipated on intuitive grounds: when 2a > 


> w, the limit as a — « 


the tip of the wedge becomes a reentrant corner at which an in- 
finite concentration of stress is to be expected ; yet the classical 
results contain no such singularity at r = 0 


A Simple Approach to an Approximate 
Two-Dimensional Cascade Theory' 


It is always a welcome sign to see that there 
There are not too many 


HANS KRAFT.’ 
still are men working on cascade theory. 
of them in this country. The reasons for this state of affairs are 


not hard to see: 


1 Caseade theory is a very difficult subject 

2 Too many people have already written off or are writing off 
the turbine as an important prime mover. In the air the rocket 
is expected to replace the gas turbine, and on land electricity of 
the future is expected to be generated by fusion power without 
need for prime movers. However, we will need air transporta- 
tion and electricity up to the time when this has all come about 


It seems that for at least another generation we, or rather some 
of us, will have to grapple with the intricacies of this theory 

The author tries to deal with the first objection, which is the 
More power to anybody who 
However, the modern 


difficulty of computing a cascade. 
can arrive at a truly simple formula 
electronic computer is introducing itself so fast in the industry 
that one may wonder whether too much sincere effort should be 
Once a servant is availa- 
This has a great 


expended toward further simplification 
ble who can do such dirty work, let him do it 


1 By M. J. Schilhansl, published in the December, 1958, issue of the 
JourNAL or AppLiepD Mecnantcs, vol. 25, Trans. ASME, vol. 80 
1958, pp. 607-612. 

2 Aerodynamics Engineer, Large Steam 
partment, General Electric Company, Schenectady, N. Y 
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advantage. The problem can be treated without simplifications. 
This eliminates the worry as to what extent whatever simplifica- 
tions have been made are justified. For sharply curved, highly 
loaded cascade profiles, both the vortex distribution of the profile 
proper and the influence coefficients of the others can behave in a 
very peculiar manner. Besides, in this case, it is not permissible 
to have sources lying outside of the profile. 
The primary purpose for most cascade computations must 
It is not intended to find the lift vector 
What is primarily wanted is a pressure 


always be kept in mind. 
and turning moments 

distribution along the profiles which will help to study the charae- 
ter of the boundary layers both on convex and concave-partition 
flanks. 
it becomes quickly apparent that this pressure distribution must 


In a cascade, especially the highly loaded turbined blade, 
be known fairly accurately. After all, the loss (or drag) is only a 
small percentage ol the lift and it is the loss that is required to 
he known to enough accuracy to be able to make a meaningful 
choice between some alternatives. 

This brings up the question of the optimum profile for given 
deflections. Here one does not compute fields for given cascades 
but tries to compute the shape of a caseade profile for good 
boundary-layer behavior 

The Large Turbine Department of the writer’s company has 
worked on both approaches We now have a good method to 
compute the flow around the given cascade, no matter what 
shape, and no holds barred as to accuracy. The only limitations 
are those of two-dimensional, incompressible potential flow. Such 
a computation takes less than 15 min on a 704 computer. The 
method will be published at some later date 
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Introduction to a Study of Mechanical Vibration. By G. W. Van San- 
The Macmillan Company, New York, 1958. Second Edition. 
xvi and 310 pp., illus. $8.50 


REVIEWED BY R. PLUNKETT’ 


ten. 


Cloth, 9 * 6in 


Tuts little volume is very aptly named; it is indeed an intro- 
duction to the subject and presented in a very lively manner 
The author takes his courage in both hands and covers many im- 
portant aspects of the subject that are untouched by our standard 
texts. In addition to the usual coverage of simple lumped and 
distributed systems (including some very useful tables of fre- 
quencies), traveling waves, acoustics, balancing, damping phe- 
nomena, fatigue (human and metal), instruments and instrumen- 
tation, and physiology of the human ear are at least introduced! 
The presentation is descriptive rather than analytical and is 
greatly influenced by the author's obvious preference for the ex- 
perimental approach. As a result, this is not a textbook, but it 
should be very valuable for the practicing engineer who wants a 
quick survey of the whole field and some practical help in indus- 
trial problems. It is unfortunate that such a useful book suffers 
from a great many typographical errors which are aggravated by 
Most 


a poor translation from the Dutch of these errors are triv- 
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We also will show a computation which is in use to obtain 
favorable profiles 

While these results are very gratifying, they have their limits 
and still leave very much room for additional effort. It is in thir 
sense that the author’s contribution is so much welcomed and the 


hope is expressed that he will do more of the same 


Author's Closure 
I would like 


out a point of great significance, namely, the question: Ar 


to thank Mr. Kraft for his comments; they bring 
approximate solutions justified at a time at which so much effort 
has been put into the development of digital and analog com 
puters? 

I still think that approximations are not yet obsolete and never 
will be, for the following reasons: 

First, when talking to undergraduate students about a two 
dimensional approach to turbine theory, I had the impression that 
a mere explanation of the basic concepts of cascade theory, « 
remark about the computation to be done by a digital computer 
and a discussion of the numerical results, was not as well under 
stood by the students as a representation of the subject as given in 
my paper. Thus it might be of some help for the education of the 
coming engineering generation 

Second, even if the infallibility of a digital computer is admit 
ted, there is no guarantee of infallibility of the programming per 
sonnel. In a case in which the results turned out by a computer 
do not agree with expectation, an approximate method might 
offer a quick judgment whether or not something went wrong 


Book Kevieuws 


ial, if annoying, but a few are serious. The chapters on instru 
ments are mainly a description of N. V. Philips’ products 

All in all, this is a useful book for practicing mechanical en 
gineers which, with a little more care, could have been indisper 
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Mathematics of Physics and Modern Engineering. 
and R. M. Redheffer. McGraw-Hill Book Co., 
1958. Cloth, 91/4 * 6'/, in., ix and 810 pp., illus 


REVIEWED BY H. P. GREENSPAN’ 


Tuts text is the successor to the senior author's ‘Higher Mathe 


matics for Engineers and Physicists It is intended to provide 


a sound introduction to applied mathematics and therefore 4s 


great number and variety of topics are discussed. The text 


consists of nine chapters, each of which is virtually independent 


of the others 1 Ordinary Differential | quations 2 Infinit 
Series; 3 Functions of Several Variables; 4 Algebra and 
Geometry of Vectors, Matrices 5 Vector Field Theory LL 
Partial Differential Equations; 7 Complex Variable; 8  Probs 


bilitv: & Numerical Analvsis. In addition, determinants and 
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BOOK REVIEWS 


Laplace transforms are treated in separate appendixes. Empha- 
sis has been placed on balancing the presentation so that the 
rigorous developments and the applications complement each 
other. All material is amply illustrated by worked examples, 
and the numerous problems at the conclusion of each section are 
relevant, meaningful, and occasionally thought-provoking. It is 
praiseworthy that attention the formulation of 
physical problems and not only to their solution, as is so often the 


is given to 


case. 

The major difficulty in evaluating this work is to decide exactly 
what constitutes an effective introduction to a subject and the ex- 
tent to which the material can be used. Unfortunately, when the 
sope is broadened, the penetration into any single subject must 
be made somewhat shallow. The subject matter of this text is 
certainly sufficient for an intensive year’s course. It is the 
authors’ contention, however, that the material is sufficient for four 
or five semester courses and that separate courses can be made 
from either Chaps. 6 or 7 or the combinations of 4 and 5 or 8 and 
9. The individual chapters are too “introductory’’ to compete 
with the more complete texts that already exist in each field. 
For example, the discussion of series solutions of ordinary dif- 
ferential equations is weak, primarily because little mention is 
made of singular points. Analysis of the hypergeometric dif- 
ferential equation is left as an exercise, and there is no discussion 
of first-order partial differential equations. The chapter on 
complex variables contains little on conformal mapping, almost 
nothing on multivalued functions, branch lines, branch points, 
Riemann sheets, and analytic continuation. In discussing the 
Laplace transform no inversion formula is introduced and the 
reader is told to consult the tables. Similar remarks apply to 
Chaps. 1 and 6 to 9. Although the individual chapters would 
have difficulty standing separately, together they constitute an 
extremely effective and worth-while text. It will be very suc- 
cessfully used in introductory courses which survey several areas 
of applied mathematics 
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k of Aut ti Computation, and Control. Vol. 1—Control 
Fundamentals. Edited by Eugene M. Grabbe, Simon Ramo, Dean 
Ek. Wooldridge. John Wiley & Sons, Ine., New York, 1958. 
Cloth, 9'/4 X 6'/¢in., xx and 999 pp., illus. $17. 
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Tuis ts the first part of a three-volume handbook which is in- 
tended to bring together the principles and techniques lying be- 
hind the allied and interwoven fields of control and data process- 
ing 

This first volume is in the form of an extensive and essentially 
The Math- 
214 pp.), ranges clearly and concisely from sets and 
finite difference, differ- 


theoretical introduction. first section, ‘‘General 
ematics”’ 
relations through-—among other topics 
ential and integral equations, to Boolean algebra, probability, and 
statistics. Following upon this are comparatively short sections 
on “Numerical (90 pp.), “Operations Research’’ 
(129 pp.), and “Information Theory” (114 pp.). The volume is 
concluded by a rather longer section (427 pp.) on the theory of 


“Feedback Control.” 


Analysis”’ 


In passing, the foreword, by Gordon 8. 


3 Assistant Professor of Engineering, Brown University, Providence, 
R 
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Brown, is a good summary of the status of automation in the con- 
temporary scene. 

The second volume is to treat the design and application of 
computers and data processors; and the third, systems engineer- 
ing, process control, and component design. 

The general editors have succeeded commendably in co-ordinat- 
ing the contributions of the many specialist authors. Each sec- 
tion is well written and arranged, each gives a clear outline of its 
particular subject matter in its logical relationship to the other 
sections. 

The treatment is too laconic for the book to be used directly as a 
text—and, indeed, it is not so intended—but it will certainly be 
useful for providing advanced graduate students with a per- 
Primarily, the book is directed toward 
practicing engineers—and others may either 
broaden and consolidate their knowledge of the over-all field or to 
refer to some aspect of automation outside their own area of 
To assist in this, each chapter contains a list of 


spective of the whole area. 


who wish to 


specialization. 
the relevant primary source material. 

Summarizing, the reviewer can only hope that the succeeding 
volumes reach the same high standard as the first. Certainly the 
first volume will be a valuable asset in any library 
for many years. 


personal or 


otherwise 
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By Lydik 8. Jacobsen and Robert 8. Ayre. 
Co., Inc., New York, 1958. xii and 564 pp., illus. 
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Here is an excellent new book on mechanical vibration in 
theory and practice; it is notable for the new material included 
and for the new proportions allotted to the various parts of the 
subject material. More than half the book is devoted to the 
study of systems having only one degree of freedom, but in this 
the authors give full rein to the modern interest in transients and 
nonlinearities. They emphasize strongly the phase-plane dia- 
gram, especially for the representation of step form shock excita- 
tion of vibration, and they develop well the great intuitive ad- 
vantages of this method. 

This has inevitably curtailed the treatment given to systems of 
more than one degree of freedom; a reasonable compromise is, 
however, made by following carefully through the solutions to a 
number of specific numerical types. Lagrange’s equations do 
not appear here, nor is there any mention of normal co-ordinates 
or such things. 

The aim has been to produce a textbook for the first course in 
the subject, suitable for senior or early graduate level but also 
for the practicing engineer. The reader is expected to be familiar 
with elementary linear differential equations. When treating 
multi-free systems, matrix notation is introduced, but matrix 
manipulation is not used. The authors are to be commended on 
many excellent problems, on an extensive bibliographical list, 
and on certain omissions, such as the matter of the balancing of 
rotors, which is relegated to a place among the problems. The 
book will undoubtedly have a strong effect on the teaching of 
vibration theory in our colleges. 


4 Associate Professor of Mechanical Engineering, Yale University, 
New Haven, Conn. 


Transactions of the ASME 





Journal of APPLIED MECHANICS Information, fou Author 





Please 

address all 
communications 
to: 


Technical Editors 
Journal of Applied 
Mechanics, ASME 
Division of Engineering 
Brown University 


Providence 12, R. I. 


® Manuscripts should be submitted in final form to the Technical Editors. Each 
manuscript must be accompanied by a statement that it has not been published 
elsewhere nor has it been submitted for publication elsewhere. A paper which 
would occupy more than five pages of the Journal may be returned to the author 
for abridgment. 


e The author should state his business connection, the title of his position, and 
his mailing address. A short abstract (50 to 100 words) should be included on 
the first page immediately preceding the introductory paragraph of the paper. 


e Three copies of the manuscript are required. One of these must be a carefully 
prepared printer's copy, typed in double spacing, on one side of the page only, 
with wide margins, on 8'/; by 11-in. opaque white paper. Mimeographed manu- 
scripts, if prepared with exceptional care, can be accepted provided they are com- 
pletely edited. 


e As far as possible, all mathematical expressions should be typewritten. Greek 
letters and other symbols not available on the typewriter should be carefully in- 
serted in ink. Care should be taken to distinguish between capital and lower- 
case letters, between zero (0) and the letter (O), between the numeral (1) and the 
letter (/), etc. A letter representing a vector cannot be printed with an arrow 
above or below it. The letter should be underscored with a single wavy line, 
wherever it appears in the text, to designate boldface type. A list of symbols 
carefully marked for the use of the editor (thus: «x, Greek l.c. kappa), if it has not 
been included in the body of the paper, should accompany the manuscript on a 
separate page. 

¢ Before preparing a manuscript the author should study printed articles in the 
Journal, with special attention to the form and style of mathematical expressions. 
tables, footnotes, references, and abstract. Numbers that identify mathematical 
expressions should be enclosed in parentheses. Numbers that identify references 
at the end of the paper should be enclosed in brackets. Care should be taken to 
arrange all tables and mathematical expressions in such a way that they will fit into 
a single column when set in type. Equations that might extend beyond the width 
of one column (fractions that should not be broken or long expressions enclosed 
in parentheses) should be rephrased to go on two or more lines within column 
width. Fractional powers are preferred to root signs and should always be used 
in more elaborate formulas. The solidus should be used instead of the horizon- 
tal line for fractions wherever possible. 

e A normal paper should not exceed five pages in the Journal. It is about 6000 


words or twenty to twenty-five double-spaced typewritten pages inclusive of draw- 
ings. A Brief Note should not exceed 750 words or about one column in the 


Journal inclusive of drawings. 


e Originals and two copies of figures must accompany the manuscript. Line 
drawings should not be larger than 8'/, X 11 inches and should be planned for 
reduction to column width. Lettering should be large enough to be clearly 
legible when the illustration is reduced. The originals of line drawings must be 
in India ink on white or pale blue tracing paper or tracing cloth. Photographs 
of equipment or test specimens must be glossy prints and should be used spar- 
ingly. Captions for figures should be typed double-spaced and included as the 
last page of the manuscript. The figure number and author's name should be 
written in the margin or on the back of each illustration. 

e Titles of papers should be brief. 

e Authors can obtain copies of the ASME Manual MS-4, “An ASME Paper,” from 
the Technical Editors and are urged to do so before drafting their papers in fina! 
form. 

e Papers published in the Journal of Applied Mechanics must be presented at a 
Meeting, either in person or by title. Scheduling of papers is in the hands of 
the Secretary of the Applied Mechanics Division. Authors should indicate their 
preference in this respect to the Technical Editors when submitting a paper. 


e An author is entitled to 25 preprints free of charge (in the case of two authors, 
15 each; three or more authors, 10 each). Larger quantities of preprints or re- 
prints can be ordered from Editorial Department. The American Society of 
Mechanical Engineers, 29 West 39th Street, New York 18, N. Y. Quotations 
will be sent on request. 


ASME Publications Committee 





FOURTH U.S. NATIONAL CONGRESS OF 


smug, —_~‘ppliod Mechanic 


AWN UNCEMEN The Fourth U. S. National Congress of Applied Mechanics will 


be held on the Berkeley campus of the University of California 








during June 18-21, 1962. The cooperating societies and othe 
interested organizations are urged not to schedule conflicting 


meetings on these dates. 


Research workers in the theoretical and applied mechanics of 
solids and fluids are invited to submit papers for consideration by 
the Editorial Committee. Further announcements concerning the 
preparation of papers and deadlines for submission will be made 


as the Congress draws nearer. 


The members of the organizing committee on the Berkeley 
campus are: 
Professor W. GoLpsMITH, Secretary 
Professor E. V. LAITONE, Treasure? 
Professor R. M. RosENBERG, Chairman of the Editorial 


Committee 


Professor W. W. Soroka, General Chairman 


Inquiries regarding the Congress should be addressed to Pro- 


lessor W. Goldsmith, Secretary, Division of Mechanics and Design, 


University of California, Berkeley 4, California. 








